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Abstract
The granular-media-based push-bending process has been developed to manufacture thin-
wall elbow tube with t/D≤0.01 (the ratio of wall thickness to outer diameter) and R/D≤1.5 
(the ratio of bending radius to outer diameter). In the process, a tubular blank is filled with 
granular media and then pushed into a die to form an elbow shape. To investigate the 
process, a FEM-DEM coupling model has been developed, in which FEM is used to simulate 
bending deformation of tubular blank, and DEM is used to calculate contact forces between 
spherical particles in granular media. In this work, an improved numerical formulation is 
proposed in order to reach mechanical equilibrium quickly and accelerate the convergence 
of DEM simulation, when the new contacts are no longer created and the old contacts are 
no longer deleted in granular media. Using the proposed numerical formulation, the 
improved FEM-DEM coupling simulation for granular-media-based thin-wall elbow tube 
push-bending process is less time-consuming than before under the same simulation 
condition. 
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1 Introduction
The thin-wall elbow tubes with t/D≤0.01 and R/D≤1.5 (where t is 
wall thickness, D is outer diameter, and R is bending radius) are 
widely used in rocket engine pipelines [1-3]. In the bending 
process of elbow tube with quite small t/D and R/D, the forming 
defects such as wrinkling and fracture is difficult to be avoided, 
and the dimensional precision is difficult to satisfy the 
requirements due to the springback and cross-sectional 
ovalization. Push-bending process is demonstrated to be 
applicable for manufacturing elbow tubes with small R/D [4-5]. 
The recently developed granular-media-based push-bending 
process can be used to manufacture the thin-wall elbow tube 
with t/D≤0.01 and R/D≤1.5 as required [6]. The granular-media-
based thin-wall elbow push-bending process involves filling a 
tube with spherical granular media and pushing the tube into a 
die to bend a tubular blank into an elbow shape. The spherical 
granular media introduced as filler has great potential for its 
flexibility [7], resistance to high forming temperature [8-9], and 
characteristics of pressure-transmission [10-11]. In addition, the 
spherical granular media is controllable and predictable 
because of its regular shape.

To investigate the granular-media-based thin-wall elbow push-
bending process, a 3D FEM-DEM coupling model is developed 
[12]. In the coupling model, FEM is used to simulate bending 
deformation of tubular blank (continuum), and DEM is used to 
calculate contact forces between spherical particles in granular 
media (discrete media). DEM is a dynamic method, and damping 
is applied to the equations of motion in order to absorb 
vibration energy and reach mechanical equilibrium. The biggest 
time overhead in the coupling model is absorbing vibration 
energy in DEM simulation to reach mechanical equilibrium. To 
accelerate the convergence of DEM simulation, a static 
energetic method is proposed in the present paper.

Generally in the earlier stage of DEM simulation, some new 
contacts between pairs of particles are detected and created, 
and some old contacts are broken and deleted. But in the later 
stage of DEM simulation, the new contacts are no longer 
detected and created, the old contacts are no longer broken 
and deleted, and a static energetic formulation can be used to 
determine mechanical equilibrium.

2 Mechanical model
The granular-media-based push-bending process is illustrated 
in Fig.1. A tubular blank with predetermined dimensions and 
filled with granular media is inserted into the die and then 
deformed according to the shape of the die. The tubular blank is 
bended under the forming force of punch, constraint force of 
die, and interaction of granular filler. The forming force of 
punch and constraint force of die is simulated with FEM. The 
contact forces between neighbor particles in granular media is 
simulated with DEM.
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Fig. 1 The illustration of the granular-media-based thin-wall 
elbow push-bending process: (a) before bending, (b) bending.

2.1 Kinematics

In the DEM simulation, when the new contacts are no longer 
created and the old contacts are no longer deleted in granular 
media, the positions of the spherical particles are collected in 
the 3×1 column matrixes:

xi = [xi 1 xi 2 xi 3 ]T (1)

where xil denotes the l-th position component of the i-th particle. 
The spherical particles in the granular media are labeled by the 
indexes i=1, 2, 3…N. The symbol [ ]T denotes the transpose of a 
matrix.

In the same way, the centroid displacements and the rotation 
components of particles are collected in the 3×1 column 
matrixes:

vi = [vi 1 vi 2 vi 3 ]T

wi = [wi 1 wi 2 wi 3 ]T
(2)

 where vil denotes the l-th displacement component of the i-th 
particle, and wil denotes the l-th rotation component of the i-th 
particle.

The contact kc formed by the particle i and the particle j, in 
shown in Fig.2.

Assuming that elastic deformations are localized in very small 
neighborhoods of the contact points, so that, the relative 
displacement between the rigid part of the two particles near 
the contact point x(kc ) is:

Δδkc = (vj − vi ) + R n~ kc (wj + wi ) (3)

 where R denotes the particle radius, n~ kc  denotes the 
antisymmetric matrix formed by the components of the unit 
normal vector nkc .

n~ kc = [ 0 nkc 3 − nkc 2

− nkc 3 0 nkc 1

nkc 2 − nkc 1 0 ] (4)

 If the contact point x(kc ) is formed by the particles i and j, we 
have:

nkc = (xj − xi )
|xj − xi |

kc = 1, 2, …, Mc (5)

 If the contact point x(kc ) is formed by the particles i and the 
boundary wall, we have:

nkc = (xB kc − xi )
|xB kc − xi |

kc = 1, 2, …, Mb (6)

 where xB kc  denotes the contact point of index kc between the 
particle i and the boundary wall.

Assuming that the relative displacement Δδkc  is small, the 
change of distance between the two neighbor particles’ centers 
can be determined as the normal component of their relative 

displacement, which is set equal to an incremental normal 
overlap:

− Δαkc = nkc
T Δδkc = nkc

T [ (vj − vi ) + R n~ kc (wj + wi ) ] =
nkc

T (vj − vi )
Δαkc = − αkc , if Δαkc < − αkc

kc = 1, 2, …, Mc

(7)

 where Δαkc  is positive if the distance between the two centers 
decreases, while Δαkc  is negative if the distance between the 
two centers increases. When Δαkc  is negative, Δαkc  can not be 
smaller than the initial normal overlap αkc . Mc is the total 
number of contacts in the granular media.

Fig.2 Relation between normal overlap and displacements of a 
pair of spherical particles in contact. The dashed circles denote 
the initial positions and the solid circles denote the positions 
after loading.

In a similar way, the incremental tangential relative 
displacement due to the elastic deformations of particles can be 
written as:

Δγkc = ( I − nkc nkc
T )Δδkc

= ( I − nkc nkc
T ) [ (vj − vi ) + R n~ kc (wj + wi ) ]

= ( I − nkc nkc
T ) (vj − vi ) + R n~ kc (wj + wi ) kc = 1, 2,

…, Mc

(8)

 Further, eq.(8) can be rewritten as:

Δγkc = γ~ kc Δαkc (9)

 where γ~ kc  denotes the slope vector with respect the unit 
normal vector nkc  of the contact elastic relative displacement 
Δδkc .

In the same way, when the particle i is in contact with the 
boundary wall, we have:

− Δαkc = nkc
T ( v̄ B kc − vi )

Δγkc = ( I − nkc nkc
T ) [ v̄ B kc − vi + R n~ kc wi ] =

γ~ kc Δαkc kc = 1, 2, …, Mb

(10)

 The unknown displacements and rotations of the particles are 
collected in the 6N×1column matrix U:

UT = [VT WT ]
VT = [v11 v12 v13 … vi 1 vi 2 vi 3 … vN 1 vN 2 vN 3 ]T

WT = [w11 w12 w13 … wi 1 wi 2 wi 3 … wN 1 wN 2 wN 3 ]T
(11)

 The incremental normal overlaps of contacts between spherical 
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particles are collected in the Mc×1 column matrixes ΔαC. The 
incremental tangential relative displacements are collected in 
the 3Mc×1 column matrixes ΔγC. In the same way, the 
incremental relative displacements of the contacts between 
spherical particles and the boundary wall are collected in the Mb
×1 column matrixes ΔαB and in the 3Mb×1 column matrixes ΔγB. 
Then, the equations from (3) to (10) can be summarized as:

{ Δδ = [ − Δα
Δγ ] = AT ΔU

Δγ = Υ~Δα

[Υ~ ] = [ γ~ 1 γ~ 2 … … γ~ Mc +Mb ]

(12)

 where AT = [ nT 0

( I − nnT ) R n~ ]  is a (4Mc+4Mb)×6N matrix 

composed by unit normal vectors nkc .

2.2 Statics

Due to the deformations of particles, the compressive normal 
forces and tangential forces are developed. The equilibrium 
equations of the particles can be written as:

AF = AC FC + AB FB = T FC
T [NC

T VC
T ]

FB
T = [NB

T VB
T ] (13)

where NB is the Mb×1 column matrix of the normal compressive 
contact forces and VB is the 3Mb×1 column matrix of the 
tangential contact forces exerted on the boundary wall; NC is 
the Mc×1 column matrix of the normal compressive contact 
forces exerted in the contacts between spherical particles and 
VC is the 3Mc×1 column matrix of the tangential contact forces; T 
is the 6N×1 column matrix of the external forces (such as 
gravity, boundary forces).

2.3 Contact-Stiffness Model

After the equilibrium and kinematic relations are established, a 
contact force-relative displacement law must be introduced. The 
DEM simulation in this work is performed using PFC3D solver. 
PFC3D provides two stiffness models: a linear model and a 
simplified Hertz-Mindlin model. In the linear model, the forces 
and relative displacements are linearly related by the constant 
contact stiffness. Here, the linear contact model is adopted, 
which can be written as:

{ Nkc = kn αkc

ΔVkc = ks Δγkc

(14)

 where kn and ks are the normal and shear-contact stiffnesses.

The above relation (14) can be summarized in the form of 
matrix as follows:

{ N = Kn α

ΔV = Ks Δγ
(15)

2.4 Incremental work

We assume that in a given equilibrium state the elastic 
displacement vector is δ̄ = ( ᾱ , γ̄ )  and that a small incremental 
elastic displacement vector Δδ = (Δα , Δγ )  is further applied. 
Then the incremental work done by the contact forces can be 
written as:

∫
δ̄

δ̄ +Δδ

F (δ )T dδ = F̄ T Δδ + 1
2 ΔFT Δδ (16)

 In the same way, the incremental work done by the external 
forces can be written as:

∫
Ū

Ū +ΔU

TT dU = T̄ T ΔU + 1
2 ΔTT ΔU (17)

 In view of (12) and (13), the equation (17) can be rewritten as:

∫
Ū

Ū +ΔU

TT dU = F̄ T AT ΔU + 1
2 ΔTT ΔU = F̄ T Δδ + 1

2 ΔTT ΔU (18)

 An incremental total energy is defined as:

Ψ(ΔU ) = ∫
δ̄

δ̄ +Δδ

F (δ )T dδ − ∫
Ū

Ū +ΔU

TT dU = 1
2 ΔFT Δδ −

1
2 ΔTT ΔU

(19)

2.5 Minimum principle for incremental total energy

In the following, we will assign a superscript * both to any 
kinematically admissible system of incremental displacements 
and to any mechanical quantity associated to it by means of eq. 
from (12) to (19). Then we have:

Ψ(ΔU∗ ) − Ψ(ΔU ) = 1
2 (ΔF∗T Δδ∗ − ΔFT Δδ∗ ) + 1

2 ΔTT (ΔU −
ΔU∗ )

(20)

 In view of (12) and (13), the equation (20) can be rewritten as:

Ψ(ΔU∗ ) − Ψ(ΔU ) = 1
2 (ΔF∗T Δδ∗ − ΔFT Δδ∗ ) +

1
2 ΔFT AT (ΔU − ΔU∗ )

= 1
2 (ΔF∗T − ΔFT )Δδ∗ + 1

2 ΔFT (Δδ − Δδ∗ )

= 1
2 (Δδ∗ − Δδ )T K (Δδ∗ − Δδ )

(21)

 where K = [Kn 0
0 Ks ]  is the stiffness matrix, which is diagonal 

and definite positive. it can be noted that, Ψ(ΔU∗ ) − Ψ(ΔU )  is 
always positive. So it can be concluded that, The incremental 
total energy Ψ(ΔU∗ )  attains its minimum if the kinematically 
admissible system of incremental displacements is such to 
satisfy the equilibrium equations (13).

3 Numerical model
The minimum principle for incremental total energy Ψ(ΔU∗ )  
proposed in the section 2, can be used to accelerate the 
convergence of DEM simulation. The numerical form of the 
minimum principle can be written as:

min 1
2 ΔU∗T ⋅ AKAT ⋅ ΔU∗ − 1

2 ΔTT ΔU∗

s . t . {
KAB

T ΔU∗ = ΔFB

AT = [ nT 0

( I − nnT ) R n~ ]
K = [Kn 0

0 Ks ]

(22)
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 where FB denotes the contact forces exerted on the boundary 
wall, which is equal to the external boundary force.

In this work, the movement and interaction of spherical 
particles is modeled by PFC3D. In the later stage of PFC3D 
modeling, when the new contacts are no longer detected and 
created, and the old contacts are no longer broken and deleted, 
the equation (22) is introduced in order to reach mechanical 
equilibrium quickly. The improved DEM formulation is shown in 
Fig.3.

Fig.3 The improved DEM formulation based on the minimum 
principle for incremental total energy

Generally the tangential contact force is smaller or much 
smaller than the corresponding normal contact forces. 
Especially in the later stage of DEM simulation, the particles are 
unbalanced mainly subject to the normal contact forces. In 
order to require modest sizes of computer memory, 
considering the incremental work is mainly done by the normal 
contact forces, the numerical srategy can be rewritten as:

min 1
2 ΔV∗T ⋅ AKn AT ⋅ ΔV∗ − 1

2 ΔTT ΔV∗

s . t . { AT = nT

Kn AB
T ΔV∗ = ΔFB

(23)

 The equation (23) is also introduced into the improved DEM 
formulation shown in Fig.3 to observe the computational 
efficiency.

The numerical calculation of the minimum principle is 
performed on MATLAB. The MATLAB provides a solver 
“quadprog” for quadratic objective functions with linear 
constraints. The solver “quadprog” finds a minimum for a 
problem specified by:

min⏟
x

1
2 xT Hx + fT x

s . t . { A ⋅ x ≤ b

Aeq ⋅ x = beq
lb ≤ x ≤ ub

(24)

where H, A, and Aeq are matrices, and f, b, beq, lb, ub, and x are 
vectors. The solver “quadprog” in MATLAB can be used to solve 
the equation (22) or (23).

 The improved DEM formulation completed after a PFC3D final 
check, because of the FEM-DEM coupling settings and the 
introduction of the equation (23) that the tangential contact 
force is neglected.

4 The examination of the numerical model
The improved DEM formulation is examined numerically using 

the 3D FEM-DEM coupling model reported by Liu et al. [12]. The 
units of length/mm, force/N, time/s, stress/MPa are used in the 
coupling model.

In the FEM model, an elbow tube of stainless steel (1Cr18Ni9Ti) 
with wall thickness t=0.3mm, outer diameter D=30mm, bending 
radius R=90mm, is formed. The material parameters of 
1Cr18Ni9Ti stainless steel are listed in Table 1, and the stress-
strain curve is shown in Fig.4.

Table 1. Room temperature mechanical properties of 
1Cr18Ni9Ti

Young's mo
dulus(GPa)

Poisso
n ratio

Density 
(kg/m3)

Yield stren
gth(MPa)

Tensile stre
ngth(MPa)

Elong
ation 

(%)
202 0.29 7850 219 755 48

Fig.4 Stress-strain curve of 1Cr18Ni9Ti

The FEM model of ABAQUS [13] shown in Fig.5(a), considers 
nonlinear geometry through a large-strain description of elbow 
tube, and material is considered both elastic and elastic-plastic 
(1Cr18Ni9Ti stainless steel). The FEM model is three-
dimensional, and four-node reduced-integration shell elements 
(S4R) are employed for modeling of the thin-wall elbow tube. 
Contact forces between particles and tube are imposed on the 
four nodes nearby the particle-tube contact points in the form 
of concentrated force. Regarding the number of elements in the 
longitudinal direction, at least 5 elements per particle size are 
employed in the tube. Friction coefficient between die and tube 
is set 0.05.

Fig.5 The FEM-DEM coupling model of the elbow tube push-
bending: (a) FEM model, (b) DEM model.

It is shown in Fig.5(b) that, the cast iron granular media with 
particle diameter 1.58mm is modeled as filler by DEM. The 
granulometric distribution of granular media is uniform 
(monodisperse). Wall boundary is created according to the tube 
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shape determined in FEM. The linear model with constant 
stiffness is employed to model the particle-wall and inter-
particle contacts. The friction coefficients of both particle-wall 
and inter-particle are set 0.05. The properties of cast iron 
granular media are listed in Table 2.

Table 2. Mechanical properties of cast iron granular media

Young's modulus 
(GPa)

Shear modulus 
(GPa)

Poisson's 
ratio

Density 
(kg/m3)

150 58 0.3 7300

 In the FEM-DEM coupling program, at the ith increment, the 
shape of tube is calculated in FEM under the force boundary 
conditions (contact forces between particles and tube) 
determined at the (i-1)th increment in DEM. The contact forces 
distribution in granular media is calculated in DEM under the 
displacement boundary conditions (tube shape) determined at 
the (i-1)th increment in FEM.

The PFC3D, ABAQUS and MATLAB use different default 
computational accuracy to complete the simulation or 
optimization. The default computational accuracy of the solver 
“quadprog” in MATLAB (tolerance≤10-6) is much smaller than 
that of PFC3D (the maximum unbalanced force≤10-2). For 
comparison, the completed condition of PFC3D simulation is set 
to “the maximum unbalanced force≤10-6”.

The time-consuming results of the different FEM-DEM coupling 
models with no minimum principle, with the equation (22) and 
with the equation (23) under the same simulation condition, are 
listed in Table 3.

Table 3. The time-consuming results of the different FEM-DEM 
coupling models

Not using the 
minimum principle

Using the 
equation (22)

Using the 
equation (23)

Time consum
ing(hour) ≈210 ≈170 ≈120

 It is shown in Table 3 that, the improved FEM-DEM coupling 
simulation using the minimum principle eq.(22) or eq.(23) is less 
time-consuming than the previous coupling model.

5Conclusions

Considering the new contacts are no longer created and the old 
contacts are no longer deleted in the later stage of DEM 
simulation, an improved numerical formulation is proposed in 
order to reach mechanical equilibrium quickly and accelerate 
the convergence of DEM simulation. The improved numerical 
formulation is based on the minimum principle for incremental 
total energy in granular media. The improved DEM formulation 
is examined numerically using the 3D FEM-DEM coupling model 
of the granular-media-based thin-wall elbow tube push-bending 
process. It is demonstrated that the improved FEM-DEM 
coupling model is less time-consuming than the previous under 
the same simulation condition.
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