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ABSTRACT 

Heat transfer in a copper film irradiated by a femtosecond (fs) laser pulse train and by an integrated dual laser beam of a nanosecond pulse with a fs-

pulse train was studied using the semi-classical two-temperature model. The critical point model with three Lorentzian terms was employed to 

characterize transient optical properties for the laser energy deposition. The effects of pulse number and separation time on the thermal response were 

investigated. The results showed that with the same total energy in a fs-pulse train, more pulses for shorter separation time, e.g., 1 ps, and fewer 

pulses for longer separation time, e.g., 100 ps, can achieve higher lattice temperature. For a dual laser beam, the lattice temperature can be increased 

by setting the pulse separation time as short as possible, e.g., 1 ps. 
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1. INTRODUCTION 

Femtosecond (fs) laser interactions with thin metal films have received 

intensive attention in the past two decades due to their unique 

characteristics in material processing (Baheti, 2010). To date, it has 

been possible to generate almost any arbitrary pulse shapes by recent 

development of optical devices. A pulse train generally consists of 

many ‘trains’ with a repetition rate of KHz to MHz, in which each train 

may contain several pulses at a separation time of 100 fs to hundreds of 

picoseconds (ps). In theoretical study, two-temperature models (TTM) 

(Anisimov et al., 1974; Chen and Beraun, 2001) are often employed to 

investigate the effects of pulse train on laser-material interactions 

(Huang et al., 2011; Jiang and Tsai, 2007; Sim et al., 2010; Jiang and 

Tsai, 2005; Li et al., 2009; Stoian et al., 2002; Chowdhury et al., 2003; 

Du et al., 2011). 

Thermophysical and optical properties of materials are the two key 

factors that govern numerical solution accuracy in modeling ultrafast 

laser material interactions (Ren et al., 2012; Fisher et al., 2001; Ren et 

al., 2011). The former controls thermal transport and temperature 

distributions in a heated medium, while the latter dictates laser energy 

deposition that influences the thermal response. The dynamic change in 

surface reflectivity (R) and absorption coefficient (α) due to 

temperature change caused by an ultrashort laser pulse could 

significantly alter the laser energy deposition for the succeeding pulses, 

leading to different thermal response than that described by using 

constant optical properties at room temperature. This may be 

particularly important for a solid target irradiated by a femtosecond 

pulse train or by an integrated dual laser beam of nanosecond (ns) and 

femtosecond pulses. 

In this paper, a critical point (CP) model with three Lorentzian 

terms for interband transition (Etchegoin et al., 2006) is employed to 

describe transient optical properties of a metal film during laser pulse 

train irradiation. The semi-classical TTM (Chen et al., 2006) is 

proposed to simulate non-equilibrium heat transfer in the target. All the 

thermophysical properties employed are valid for a wide range of 

temperature (Ren et al., 2011). Numerical analyses are performed for a 

copper thin film. The effects of number of pulses in a single train and 

separation time between pulses on the thermal response are 

investigated. To understand the performance of dual ns-fs laser beams, 

the effects of change of the optical properties instigated by the addition 

of femtosecond laser pulses on the thermal response are also studied.  

2. SEMI-CLASSICAL TWO TEMPERATURE MODEL 

Consider that a free standing copper film of thickness L and initial 

temperature Ti is irradiated by a laser pulse train on the front surface (x 

= 0). For simplicity, the problem is approximated to be one 

dimensional under the assumption that the laser spot size is much larger 

than the film thickness. Each femtosecond pulse train consists of 

several pulses with separation time of tsep, and the repetition rate of 

trains is frep. The laser pulse is Gaussian in temporal with a FWHM (full 

width at half maximum) duration tp. 

Different from the TTM, the semi-classical TTM (Chen et al., 

2006) considered the electron drifting effects. The three governing 

equations characterize the movement of electrons and the energy 

transport in the electrons and lattice. In the TTM modeling, the thermal 

conduction in lattice is often neglected for pure metals due to the fact 

that the thermal conductivity of lattice is much smaller than that of 

electrons. However, the heating process by a laser pulse train generally 

is much longer than that by a single pulse. Thus, the thermal conduction 

in the lattice could be important for precise description of the lattice 

response, especially when melting occurs. The semi-classical TTM 

considered in this work are given as follows:  
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where m is mass of an electron, v electron drifting velocity, t time, kB 

Boltzmann constant, T temperature, e charge of an electron, C heat 

capacity, µ0 = 4.8×10-3 (m2s-1V-1) mobility of electrons, β = -1.42×10-

4Te/TF (V/K) electric field coefficient with Fermi temperature TF, k 

thermal conductivity, G electron-phonon coupling factor, and S laser 

heat density. The subscript e and l denote electron and lattice, 

respectively. The laser heat density in Eq. (2) for the entire pulse train 

can be expressed as: 
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where K is the number of trains, N is the number of pulses in each train, 

R(0, t) is surface reflectivity, α(x, t) is absorption coefficient, and J is 

laser pulse fluence. Both the surface reflectivity and absorption 

coefficient could vary from pulse to pulse even though all the pulse 

fluences are identical (Jij = constant). The lasing time of each pulse is 

assumed to be 4tp because the laser power outside this time period is 

small.   

3. ULTRFAST SOLID-LIQUID PHASE CHANGE 

During a laser pulse train heating, melting and re-solidification could 

take place if pulse fluences are sufficiently high. The solid-liquid (S-L) 

phase change induced by ultrashort laser pulses is controlled by 

nucleation dynamics, instead of energy balance. The S-L interface can 

be heated well above the normal melting point during the melting 

process, in which case the solid becomes superheated. Similarly, the 

interface can be cooled far below the normal melting point in the 

solidification process, in which case the liquid becomes undercooled.  

The energy balance at the S-L interface is in the form (Faghri and 

Zhang, 2006): 
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where the subscripts s and ℓ are associated with solid and liquid, 

respectively; ρ is mass density; hm is latent heat of fusion; 
�su  is the S-

L interfacial velocity. For a rapid melting/re-solidification process 

controlled by nucleation dynamics, the S-L interfacial velocity can be 

computed by (Kuo and Qiu, 1996): 
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where Rg is the gas constant for metals, Tm is normal melting point, Tl,I 

is interfacial temperature, and )/exp(00 mgm TRhuV −=  with uo being 

the maximum interfacial velocity. For copper, V0 = 1302.8 m/s.  

4. OPTICAL AND THERMOPHYSICAL PROPERTIES 

Recently, the CP model with three Lorentzian terms was validated 

experimentally by Ren et al. (2011) for copper, showing that the surface 

reflectivity and absorption coefficient can be accurately characterized 

for laser wavelength of 200-1000 nm. It is thus adopted here to describe 

dielectric permittivity:  
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where ε∞ is dielectric constant, ωD plasma frequency, ω laser frequency, 

γ damping coefficient which equals reciprocal of electron relaxation 

time (τe), B a weighting factor, and Ω, φ and Γ energy of gap, phase and 

broadening, respectively. The constants in Eq. (7) for copper can be 

found in Ren et al. (2011). 

The optical properties R and α can be determined from Fresnel 

function (Fox, 2010): 
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where c is light speed in vacuum, and the normal refractive index f1 and 

extinction coefficient f2 are functions of ε1 and ε2: 
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The thermophysical properties such as electron heat capacity (Ce), 

electron relaxation time (τe), and electron-phonon coupling factor (G) 

employed in this work are valid for a wide range of temperature. Their 

analytical expressions are as follows (Ren et al., 2011): 
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where ,qsll �βφ = ,qsee �βφ = ,sqbll �βϕ = ,sqbee �βϕ = Fε  is Fermi 

energy, kF Fermi velocity, ρ density, s longitudinal sound velocity, mopt 

effective electron mass, m mass of an electron, q the phonon wave 
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vector, βl = Tl / kB, βe = Te / kB, and �/2 smopt=η . For copper, Ξ = 

3.99 eV, qb = 8.97×109 m-1 with mopt = 1.39 m. The constant 3.54 is to 

cater to the relaxation time of 10.0 fs at room temperature (Ren et al., 

2011). The electron thermal conductivity (ke) is given by (Anisimov 

and Rethfeld, 1997): 
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where Fee TT /=ϑ  and Fll TT /=ϑ

 
with TF denoting Fermi 

temperature; χ and η are constant. For copper, TF = 8.16×104 K, χ = 

377 Wm-1K-1, and ζ = 0.139 (Chen and Beraun, 2005). 

The bulk thermal conductivity (keq) is the sum of electronic 

component (ke) and lattice component (kl).  For pure metals, kl is much 

smaller than ke and is taken to be 1% of keq for copper in this work 

(Klemens and Williams, 1986). The temperature-dependent bulk 

thermal conductivity, specific heat and mass density of copper in solid 

and liquid phase can be found in Ren et al. (2011). 

5. NUMERICAL ALGORITHM 

The electron momentum equation, electron energy equation, lattice 

energy equation, and the equations for phase change are solved 

numerically using a finite difference method. In each time step, the 

laser heat density is evaluated with the values of R(0, t) and α(x, t) that 

are obtained from Eqs. (7)-(9) with electron and lattice temperature at 

the previous time step. Meanwhile, the dynamic thermophysical 

properties are updated. Equations (1)-(3) are then solved for new 

electron drifting velocity and temperatures of electrons and lattice with 

the updated laser heat density and thermophysical properties. If either 

melting or re-solidification occurs, the S-L interfacial velocity, 

temperature and location are calculated using the numerical method 

proposed by Zhang and Chen (2008). After that, the electron and lattice 

temperature fields are solved again from Eqs. (1)-(3). The new 

temperature fields are used to re-assess the phase change. The above 

procedure is repeated until the maximum difference of the temperatures 

between two successive iterations is less than 10-5 K. Then, the 

calculation is marched to the next time step. 

6. RESULTS AND DISCUSSION 

The numerical analyses are performed for a copper film of 1-µm 

thickness at an initial temperature of 300 K. The effects of number and 

separation time of laser pulses are first studied for the film heated by a 

single laser train. Two different femtosecond laser trains are 

considered: one consists of three pulses and the other six pulses. All the 

pulses in each train have the same fluence, wavelength 800 nm, and 

duration 100 fs. The total fluence is 1.0 J/cm2 for all the trains, and 

three separation times between pulses are 1, 10 and 100 ps. Then, the 

effects of combined nanosecond laser pulse and fs-pulse train are 

investigated. The parameters of the nanosecond laser pulse are: λ = 800 

nm, tp = 1 ns, and fluence 0.5 J/cm2. 

Figure 1 shows the time evolution of electron and lattice 

temperature at the surface irradiated by the two femtosecond laser 

trains, respectively. The pulse separation time considered here is 100 

ps. For comparison, the results for the film irradiated by a single 

femtosecond pulse of fluence 1.0 J/cm2, same as the total fluence of 

each train, are also presented in Fig. 1(a). It can be seen in Figs. 1(b) 

and 1(c) that in each case the peak electron temperatures produced by 

the pulses are gradually increasing due to the incubation effect. 

However, the highest electron temperature decreases with increase of 

pulse number. This is mainly because of the lower laser energy carried 

by each pulse in the train with more pulses, leading to a smaller change 

of surface reflectivity as shown in Fig. 2. The maximum surface  

 
(a)  

 
(b)  

 
(c) 

 

Fig. 1 Evolutions of electron and lattice temperature at the irradiated 

surface by femtosecond laser pulse trains with total fluence J = 

1.0 J/cm2 and tsep = 100 ps: (a) single pulse, (b) three pulses, and 

(c) six pulses. 
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Fig. 2 Changes of surface reflectivity by different pulse trains with tsep 

= 100 ps.  

 

reflectivity is changed from 0.958 at room temperature to 0.841 for the 

single pulse, 0.867 for the three pulses train, and 0.891 for the six 

pulses train.  The smaller change in surface reflectivity results in less  

laser energy deposition into the film, and thereby generating lower 

electron temperature. The highest lattice temperatures for the three 

cases are 1814 K, 1438 K and 1118 K, respectively. The small bump in 

the lattice temperature at about t = 260 ps in Fig. 1(b) is due to re-

solidification. In addition to the less laser energy absorption, the lower 

lattice temperature produced by a train with more pulses results from 

slower thermal energy transferred from electrons to the lattice due to 

the smaller electron-phonon coupling. This suggests that for a relatively 

long pulse separation time, for example 100 ps, a train with fewer 

pulses could generate higher lattice temperature should the total laser 

fluences in each train be identical. It is also found that the changes in 

absorption coefficient simulated are much less significant, as compared 

to those in surface reflectivity. 

Figure 3 demonstrates the influence of pulse separation time on the 

electron and lattice temperature for tsep =  1 ps and 10 ps. Comparing 

the results in Figs. 1 and 3 shows that the highest electron temperature 

increases with decrease of separation time, and so does the lattice 

temperature. It, however, is interesting to note the maximum lattice 

temperatures: 2441 K for the three pulses and 2532 K for the six pulses 

in the 1-ps separation time case and 2282 K and 1961 K in the 10-ps 

separation time case. The above results along with those in the 100-ps 

separation time case imply that heat conduction in electrons and lattice 

is another important factor that affects temperature and optical 

response. For a shorter pulse separation time, the electrons and lattice 

may not have enough time to transfer most of the thermal energy to 

deeper parts of material before the next pulse arriving. Thus, the 

incubation effect could be more significant for a laser train with more 

pulses. This can be seen from Fig. 4 that depicts the transient change of 

surface reflectivity. The orders of the maximum change in the surface 

reflectivity are: 6, 3 and 1 pulse for the 1-ps separation time (Fig. 4(a)), 

3, 6 and 1 pulse for the 10-ps separation time (Fig. 4(b)), and 1, 3 and 6 

pulses for the 100-ps separation time (Fig. 2).  These results of surface 

reflectivity give further explanation for the thermal responses shown in 

Figs. 1 and 3. To obtain higher lattice temperature, more pulses should 

be used in a train for shorter separation time such as 1 ps and fewer 

pulses should be used for longer pulse separation time such as 100 ps.  

Figure 5 compares the lattice temperatures at the irradiated surface 

by a combined nanosecond and fs-laser pulse and by the nanosecond 

pulse alone. It is found that the two maximum lattice temperatures are 

489 K and 2153 K. The rise of temperature by the nanosecond laser 

pulse alone is 189 K. Recall that the peak lattice temperature induced  

by the femtosecond pulse alone is 1814 K (Fig. 1). It thus appears that 

an integrated fs-ns dual beam can enhance thermal response through 

optical property changes by adding a nanosecond pulse. The bump 

shown in Fig. 5 is due to material solidification.   

The lattice temperatures at the irradiated surface by the dual beams 

of a nanosecond pulse with a three fs-pulses train are shown in Fig. 6 

for three pulse separation times: 1 ps, 10 ps and 100 ps. As expected, 

the lattice temperature decreases as the pulse separation time increases. 

The highest temperatures are 2793 K, 2656 K, 1741 K, respectively. 

The change of rise of the lattice temperature is increased by 16% for the 

1-ps separation time, 19% for the 10-ps separation time, and 27% for 

the 100-ps separation time, respectively, as compared to those cases of 

the three-femtosecond pulse trains in Figs. 1(c) and 3. Recall that the 

peak lattice temperature is 2153 K for the combined nanosecond and 

femtosecond pulse (Fig. 5) and 1814 K for the femtosecond pulse alone 

(Fig. 1). These results indicates that for a dual beam with a 3 fs-pulses 

train, the shorter the separation time is, the more the lattice temperature 

increases 

Figure 7 shows the lattice temperatures at the irradiated surface by 

a dual beam of the nanosecond pulse and a 6 fs-pulses train with 

separation time of 10 ps. In this case, the highest lattice temperature is  

 
(a) 

 
(b) 

 

Fig. 3 Time histories of electron and lattice temperature at the 

irradiated surface by femtosecond laser pulse trains with total 

fluence J = 1.0 J/cm2: (a) tsep = 1 ps and (b) tsep = 10 ps. 
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(a) 

 
(b)  

 

Fig. 4 Change of surface reflectivity by femtosecond laser pulse   trains 

with total fluence J = 1.0 J/cm2: (a) tsep = 1 ps and (b) tsep = 10 

ps.  

 

 
Fig. 5 Lattice temperature at the irradiated surface induced by a dual 

ns-fs laser beam and by the nanosecond pulse alone.  

 
(a) 

 

 
(b) 

 

 
(c) 

 

Fig. 6 Lattice temperatures at the irradiated surface induced by the dual 

laser beam of a nanosecond pulse and a three femtosecond 

pulses train: (a) tsep = 1 ps, (b) tsep = 10 ps, and (c) tsep = 100 ps. 
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Fig. 7 Lattice temperatures at the irradiated surface induced by the dual 

laser beam of a nanosecond pulse and a six femtosecond pulses 

train with tsep = 10 ps. 

 

2306 K, which is lower than 2656 K produced by the dual beam with 

the 3-pulse train and the same separation time. Further simulations for 

the dual beam with a 6-pulse train give the maximum lattice 

temperature 2928 K for the 1-ps separation time and 1402 K for the 

100-ps separation time, compared to 2793 K and 1741 K for the dual 

beam with a 3-pulse train, respectively. 

From the above results for the dual laser beams, it can be 

concluded that with the recent laser pulse train technology, the lattice 

temperature response can be enhanced by setting the pulse separation 

time as short as possible, for example 1 ps. 

 

7. CONCLUSIONS 
The temperature-dependent optical and thermophysical properties are 

incorporated into the semi-classical two-temperature model to study 

thermal response for a copper film irradiated by a femtosecond laser 

pulse train and by an integrated dual laser beam of a nanosecond pulse 

with a femtosecond pulse train. To study the effects of pulse number 

and separation time on the thermal response, two laser trains, consisting 

of three and six pulses each, and three separation times between pulses, 

1 ps, 10 ps and 100 ps, are examined. In the numerical analysis, the 

total fluences are the same for all the trains, 1.0 J/cm2. All the pulses in 

each train have the same fluence, wavelength 800 nm, and duration 100 

fs. The parameters of the nanosecond laser pulse are: λ = 800 nm, tp = 1 

ns, and fluence 0.5 J/cm2. For comparison, the results of the copper film 

irradiated by a single femtosecond pulse of fluence 1.0 J/cm2 are also 

presented. The following conclusions are drawn: 

(1) The change of optical properties at high temperatures is the 

main factor that alters the thermal response of a metal film 

induced by ultrafast laser heating.   

(2) Pulse separation time controls the incubation effect. The shorter 

the separation time is, the less the heat is conducted. Thus, 

lattice temperature can be enhanced by a laser pulse train with a 

shorter pulse separation time, especially for separation time less 

than 10 ps.  

(3) To obtain higher lattice temperature, more pulses should be used 

in a train with shorter pulse separation time such as 1 ps and 

fewer pulses in a train with longer pulse separation time such as 

100 ps.  

(4) Although the peak power of a nanosecond laser pulse is very 

small compared to that of a femtosecond laser pulse at similar 

level of fluence, combining a fs-pulse train to a nanosecond 

laser pulse can enhance the thermal response, especially for 

shorter pulse separation time. 

(5) The lattice temperature produced by a dual laser beam of a 

nanosecond pulse and a fs-pulse train can be increased by 

setting the pulse separation time as short as possible, for 

example 1 ps.  

NOMENCLATURE 

Ae material constants for electron relaxation time 

B weighing factor of Lorentz oscillators 

C heat capacity (J/m3-K) 

c speed of light in vacuum (m/s) 

e charge of an electron (C) 

f1 normal refractive index 

f2 extinction coefficient 

frep repetition rate of pulse train 

G electron-phonon coupling factor (W/m3-K) 

ħ reduced Plank constant 

hm latent heat of fusion (J/kg) 

J laser fluence (J/m2) 

k thermal conductivity (W/m-K) 

kB Boltzmann constant 

kF Fermi velocity 

L film thickness (m) 

m electron mass (kg)  

mopt effective electron mass 

q phonon wave vector 

R reflectivity 

Rg specific gas constant (J/kg-K) 

s longitudinal sound speed 

S volumetric laser heat source (W/m3) 

t time (s) 

tp FWHM pulse width (s) 

tsep separation time of pulses 

T temperature (K) 

TF Fermi temperature (K) 

Tm normal melting point (K) 

u interfacial velocity (m/s) 

v electron drifting velocity (m/s) 

u0 maximum interfacial velocity (m/s) 

x coordinate (m) 

Greek Symbols 

α absorption coefficient (m-1) 

β electric field coefficient (V/K) 

ε total emissivity 

ε1 real part of dielectric function 

ε2 imaginary part of dielectric function 

εF Fermi energy 

γD Lorentz oscillator damping coefficient (1/s) 

µ0 mobility of electrons at room temperature (m2s-1V-1) 

ρ mass density (kg/m3) 

τ electron relaxation time (s) 

υe-ph collision rate between electron and phonon (s-1) 

ω laser frequency (Hz) 

ωp plasma frequency (Hz) 

ϕ Lorentz oscillator gap 

Γ Lorentz oscillator spectral width 

Ω Lorentz oscillator strength 

Subscripts 

e electron 

eq thermal equilibrium state 

i initial condition 

l lattice 

ℓ liquid 

s solid 

sℓ solid-liquid interface 
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