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ABSTRACT  

An analysis has been carried out to study the mixed convection flow, heat and mass transfer of an incompressible electrically conducting Maxwell 

fluid past a vertical stretching sheet in the presence of chemical reaction with thermal diffusion (Soret) and diffusion-thermo (Dufour) effects. The 

governing nonlinear partial differential equations along with the appropriate boundary conditions are non-dimensionalized using suitable similarity 

variables. The resulting transformed ordinary differential equations are then solved numerically by shooting technique with fourth order Runge - 

Kutta method. The influence of various physical parameters on the flow, heat and mass transfer characteristics are discussed through graphs and 

tables. The results are physically interpreted. A comparison with the previously published results has been carried out and the results are found to be 

in good agreement. The conclusion is drawn that the flow field, rate of heat and mass transfer coefficients are significantly influenced by Dufour, 

Soret and Eckert numbers.   
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1. INTRODUCTION 
 

The flow studies of non-Newtonian fluids attract a great deal of 

research in engineering and industry with its promising applications, 

such as the extrusion of polymers fluids, solidification of liquid 

crystals, animal bloods, exotic lubricants and colloidal suspension. 

Several fluids including polymer solutions, shampoo, paints etc. exhibit 

a non-linear relationship between the stress and rate of strain. There is a 

simplest subclass of the rate type fluids known as the Maxwell model.  

This model excludes the complicating effects of shear-dependent 

viscosity from any boundary layer analysis and enables, one to focus 

solely on the effects of fluids elasticity on the characteristics of its 

boundary layer (Sadeghy et al. 2005; Vieru et al. 2008; Hayat et al. 

2008; Fetecau et al. 2009; Heyhat and Khabazi 2010). Examples of 

such fluids include glycerin, cruidoils or some polymeric solutions etc. 

Hayat et al. (2008) developed an analytic solution for unsteady MHD 

flow in a rotating Maxwell fluid through a porous medium. Tan and 

Masuoka (2007)) discussed linear convective stability of a Maxwell 

fluid layer in a porous medium. Some recent investigators (Abel et al. 

2012; Mukhopadhyay 2012) dealt with the flows of Maxwell fluids.  

     The heat transfer analysis of MHD Maxwell fluid flow past a 

stretching sheet in the presence of thermal radiation effect can be quite 

significant. This is due to fact that many processes in engineering areas 

such as in design of reliable equipment, electrical power generation, 

nuclear plants, gas turbines and various propulsion devices or aircrafts, 

missiles, satellites. The influence of thermal radiation on MHD flow of 

a Maxwell fluid over a stretching sheet was discussed by Aliakbar et al. 

(2009). Hayat and Qasim (2010) investigated the influence of thermal 

radiation and Joule heating on MHD flow of a Maxwell fluid in the 

presence of thermophoresis. Hayat et al. (2011) have presented 

radiation effects on MHD flow of Maxwell fluid in a channel with 

porous medium. Thermal conductivity and thickness of the walls in the 

convection of viscoelastic Maxwell fluid layer was discussed by Perez-

Reyes and Davalos-Orozco (2011). Satya Narayana et al. (2015) have 

analyzed the effects of thermal radiation and heat source on MHD 

nanofluid past a vertical plate in a rotating system. MHD boundary 

layer flow of a Maxwell fluid past a stretching sheet in the presence of 

nanoparticles was investigated by Nadeem et al. (2014). Samir Kumar 

Nandy (2015) has studied an unsteady flow of Maxwell fluid in the 

presence of nanoparticles toward a permeable shrinking surface with 

Navier slip. Ramesh et al. (2016) discussed the stagnation point flow of 

Maxwell fluid towards a permeable surface in the presence of 

nanoparticles. Many researchers (Alizadeh-Pahlavan and Sadeghy 

2009; Hayat et al. 2009 & 2012; Abbas et al. 2010, Motsa et al. 2012; 

Abel et al. 2012) have studied the problem of Maxwell fluid flow over a 

stretching sheet analytically and numerically under different 

geometries. 

     The Maxwell fluid flow on MHD heat and mass transfer problems 

with chemical reaction is of great practical importance in many 

branches of science and engineering. The processes, such as drying, 

evaporation at the surface of a water body, energy transfer in a wet 

cooling the tower, and the flow in a desert cooler etc. Hayat et al. 

(2008) analyzed the MHD flow and mass transfer of UCM fluid past a 

porous shrinking sheet with chemical reaction species. Unsteady flow 

of a Maxwell fluid over a stretching surface in presence of chemical 

reaction is undertaken by Mukhopadhyay and Rama Subba Reddy 

(2012). Noor (2012) analyzed for MHD flow of a Maxwell fluid past a 

vertical stretching sheet in the presence of thermophoresis and chemical 

reaction. MHD flow of a Maxwell fluid past a vertical stretching sheet 

in the presence of thermophoresis and chemical reaction was presented 

by Stanford Shateyi (2013). Satya Narayana et al. (2013) investigated 

the Hall current and chemical reaction effects on MHD micropolar fluid 

in a rotating frame of reference. Chemical reaction and Radiation 

absorption effects on MHD micropolar fluid past a vertical porous plate 

in a rotating system presented by Satya Narayana et al. (2013). Several 

authors (Mukhopadhyay and Bhattacharyya 2012; Vajravelu et al. 
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2012) have carried out their research work to investigate the effect of 

chemical reaction on some mass transfer related Maxwell fluid flow 

problems. Venkateswarlu and Satya Narayana (2015) analyzed the 

chemical reaction and radiation absorption effects on the flow and heat 

transfer of a nanofluid in a rotating system. Recently, Satya Narayana 

and Venkateswarlu (2016) have presented the heat and mass transfer on 

MHD nanofluid flow past a vertical porous plate in a rotating system. 

     Heat and mass transfer occur simultaneously between the fluxes and 

the driving potentials are of more intricate in nature. The energy flux 

caused by a composition gradient is called Dufour or diffusion-thermo 

effect and temperature gradients can create mass fluxes is called the 

Soret or thermal-diffusion effect. The thermal-diffusion and diffusion-

thermo effects are neglected on the basis that they are a smaller order of 

magnitude than the effects prescribed by Fourier’s and Fick’s laws. 

Bishnoi and Goyal (2012) have presented Soret Dufour driven 

thermosolutal instability of Darcy Maxwell fluid. Three dimensional 

flow of an UCM fluid under magnetic field was investigated by Hayat 

et al. (2012). Ramesh Chand and Rana (2014) have analyzed the double 

diffusive convection in a layer of Maxwell viscoelastic fluid in porous 

medium in the presence of Soret and Dufour effects. Bilal Ashraf et al. 

(2015) discussed three dimensional flow of Maxwell fluid with Soret 

and Dufour effects. Hayat et al. (2015) have examined Soret and 

Dufour effects in three dimensional flow of Maxwell fluid with 

chemical reaction and convective condition. Recently, Venkateswarlu 

and Satya Narayana (2016) investigated the influence of variable 

thermal conductivity on MHD Casson fluid flow over a stretching sheet 

with viscous dissipation, Soret and Dufour effects. 

     To the authors’ knowledge (from the literature), no attempt has been 

made so far to analyze the Maxwell fluid flow, heat and mass transfer 

past a stretching surface with Dufour and Soret effects in the presence 

of chemical reaction and joule heating. The problem which is discussed 

here is a fundamental one that arises in many practical situations such 

as polymer extrusion process. Keeping this in view, the main objective 

of the present work is the numerical investigation of thermo diffusion 

and diffusion thermo effects over a stretching sheet with radiation and 

viscous dissipation. Similarity solutions are obtained and the reduced 

ordinary differential equations are solved numerically using shooting 

technique with Runge-Kutta integration scheme, which is more 

economical from the computational point of view. The effects of 

different flow parameters encountered in the equations are studied with 

the help of their graphical representations and tables. 

 
2. MATHEMATICAL FORMULATION OF THE 

PROBLEM 

We consider the two dimensional steady mixed convective heat and 

mass transfer of viscous incompressible boundary layer flow of a 

Maxwell fluid past a vertical sheet embedded in a porous medium. The 

origin of the system is located at the slit from which the sheet is drawn. 

The x- axis is considered in the direction along the sheet and the y- axis 

is normal to the surface. The flow is generated due to the stretching of 

sheet by applying two equal and opposite forces along the x-axis. A 

uniform transverse magnetic field of strength B0 is imposed along the y-

axis and the chemical reaction is taking place in the flow. We assume 

that magnetic Reynolds number of the fluid is small so that induced 

magnetic field and Hall effect may be neglected (which is a valid 

assumption on a laboratory scale). We also proposed that the plate is 

maintained at variable temperature and concentration, Tw (x) > T∞ and 

Cw (x) > C∞ respectively, where T∞ is the uniform temperature of the 

ambient fluid and C∞ is the uniform ambient concentration.   
Under the usual boundary layer approximation, the governing 

equations describing the conservation of mass, momentum, energy and 

concentration in the presence of thermal radiation, Joule heating and 

chemical reaction are governed by the following equations. 
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The appropriate boundary conditions for the problems are given by 
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The radiative heat flux qr is defined by the Rosseland approximation 

as follows 

4
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The fluid phase temperature differences within the flow are sufficiently 

small so that
4

T  may be described as a linear function of temperature. 

Hence, expanding 
4

T  in Taylors series about the free-stream 

temperature T∞  and neglecting higher order terms, we have   
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Let us introduce the following non-dimensional quantities as: 
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With the help of the above relations, the governing equations finally 

reduce to  
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The boundary conditions (5) then become  
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The physical quantities of engineering interest are skin friction 

coefficient, the local Nusselt number and the local Sherwood number. 

 

Skin friction is caused by viscous drag in the boundary layer around the 

plate, and then, it is important to discuss the skin friction, from the 

knowledge of velocity, free skin friction form can be calculated as 

follows: 
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The rate of heat transfer between the fluid and the plate is studied 

through non-dimensional Nusselt number. The rate of heat transfer in 

terms of Nusselt number is given by 
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Where the wall heat flux is 
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The local Sherwood number Sh is given by 
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It is worth mentioning that in the absence of magnetic parameter, 

porous parameter, Grashof number and modified Grashof number the 

equation (2) of present study reduce to equation (11) of Sadeghy et al. 

(2005), while in the absence of Maxwell parameter the equations reduce 

to those of Chen and Chav (1998) for different physical situations. 

     

3. NUMERICAL PROCEDURE 

 
The equations (10)-(12) are extremely coupled non-linear ordinary 

differential equations of third order and second order, respectively. 

Analytical solutions are not possible for the complete set of equations 

and hence we solved numerically by most efficient fourth-order Runge-

Kutta integration scheme with shooting method. The utmost vital factor 

of this method is to choose the appropriate finite values ofη → ∞ . In 

order to determine η∞ for the boundary value problem stated by 

equations (10)-(12), we start with some initial guess value for some 

particular set of physical parameters to obtain (0)f ′′ . The solution 

procedure is repeated with another large value ofη∞ until two 

successive values of (0)f ′′  differ only by the specified significant 

digit. The last vale of η∞ is finally chosen to be the most appropriate 

value of the limit η → ∞ for the particular set of parameters. The value 

ofη  may change for another set of physical parameters. Once the finite 

value of η is determined then the coupled boundary value problem 

given by equations (10), (11) and (12) are solve numerically using the 

shooting method.  In this method the third-order non-linear equation 

(10) and second-order equations (11), (12) have been reduced to seven 

simultaneously ordinary differential equations for seven unknowns. In 

this way all the six initial conditions are determined. Now it is possible 

to solve the resultant system of equations by employing shooting 

technique with Runge-Kutta scheme. 

 

4. RESULT AND DISCUSSION  

   

The numerical solutions are obtained for velocity, temperature, 

concentration, the skin friction coefficient, the local Nusselt number, 

and the local Sherwood number for different values of governing 

parameters. The obtained results are displayed through figures and 

Tables. The accuracy of the present work has been validated by 

comparing the values of skin friction co-efficient (0)f ′′  with the 

reported results of Subhas Abel et al. (2012) and Sadgehy et al. (2005). 

It is witnessed that our results are in good agreement with the results 

obtained by the previous researchers as seen from the tabulated values 

in Table 1. 

 

Table 1: Comparison of the skin-friction co-efficient (0)f ′′  for 

different values of β with Sadgehy et al.[34], Subhas Abel et al. (2011). 
 

β  Sadgehy 

et al. 

(2005) 

Subhas 

Abel et al. 

(2009) (A)     

Present 

Study (B) 

Percentage of  

error 
100

B A
X

B

−  

0 

0.4 

0.6 

-1.0000 

-1.1008 

-1.0015 

-0.9999 

-1.1018 

-1.1501 

-0.999963 

-1.101849 

-1.150164 

0.0063 

0.0049 

0.0064 
 

 

Effects of Deborah number/Maxwell parameter β on velocity, 

temperature and concentration profiles are shown in figures 1(a), 1(b), 

and 1(c) respectively. From figure 1(a), it is seen that an increase 

in β leads to a decrease in the velocity and hence the boundary layer 

thickness decreases. This is due to the fact that the increase of β  leads 

to thinning of the intrinsic fluidity of the material. It is obvious from 

figures 1(b) and 1(c) that the temperature field increases and 

concentration distribution decreases by increasing Maxwell 

parameter β . These results are same as noted in the Ref. (Subhas Abel 

et al., 2009).          

       Figures 2(a)–2(c), respectively, show the velocity, temperature and 

concentration distributions for different values of Eckert number Ec . 

We have considered viscous dissipation term to increase the fluid 

motion. From this term we obtained dimensionless parameter Ec . This 

parameter is called the fluid motion controlling parameter. From figures 

2(a) and 2(c), it is observed that, the velocity and concentration profiles 

decrease with the increase of Eckert number Ec . Whereas reverse trend 

is observed in the case of temperature profile (fig. 2(b)). This is due to 

the fact that heat energy is stored in the liquid due to the frictional 
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heating. Thus the effect of increasing Ec is to enhance the temperature 

at any point in the thermal boundary layer. 
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      Fig. 1 Effect of β on (a) Velocity (b) Temperature  

                      (c) Concentration profiles         
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           Fig. 2 Effects of Ec on (a) Velocity (b) Temperature  

                          (c) Concentration profiles        

 

    Figures 3(a), 3(b), and 3(c), respectively, show the velocity, 

temperature and concentration distributions for different values of the 

chemical reaction parameter Kr . It is clear from the figures that the 
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velocity and concentration profiles decrease with the increase of the 

parameter Kr  whereas the reverse trend is observed in the case of 

temperature profile. This is due to the dominating role of the Soret and 

Dufour in the flow field. These results clearly supported from the 

physical point of view.  
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            Fig. 3 Effects of Kr on (a) Velocity (b) Temperature  

                            (c) Concentration profiles        

     Figure 4 show the velocity profile for different values of magnetic 

field parameter M. It is observed that the velocity field decreases with 

increase of magnetic field parameter M along the surface. These effects 

are much stronger near the surface of the plate. This indicates that the 

fluid velocity is reduced by increasing the magnetic field and confines 

the fact that the application of a magnetic field to an electrically 

conducting fluid produces a dragline force which causes reduction in 

the fluid velocity.  
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Fig. 4 Velocity profiles for various values of M       

 

Figures 5(a)–5(c) are graphical representation of the velocity, 

temperature and concentration profiles for different values of the 

thermal radiation parameter R . It is revealed from these figures that 

both the velocity and concentration profiles decrease with increase in 

radiation parameter R and then whereas reverse trend is observed in the 

case of temperature distribution. Physically speaking, the increase in 

radiation parameter means the release of heat energy from the flow 

region and boundary layer thickness becomes thinner.   

Figures 6(a), 6(b), and 6(c), respectively, show the velocity, 

temperature and concentration field for different values of Soret 

number So . It is observed from the figures that the velocity and 

concentration profiles increase with the increase of Soret number So, 
whereas reverse trend is observed in the case of temperature field. 

Physically, the fluid velocity rises due to larger thermal diffusion factor, 

since the higher Soret number stands for a larger temperature difference 

and precipitous gradient. Here 0β =  gives the result for viscous 

incompressible fluid. From this it is observed that, velocity of the 

Newtonian fluid is greater than that of Maxwell fluid. Physically, high 

Deborah number flows correspond to solid-like behavior. These 

outcomes are same as noted in the Ref. (Sadeghy et al., 2005). 

Figures 7(a)–7(c) illustrate the variations of skin friction 

coefficient, local Nusselt number and Sherwood number given by 

equations (17) and (18) with respect to magnetic field parameter M  

and Dufour   number Du . These figures show that these quantities 

increase almost linearly with Du . It is interesting to note that the effect 

of Dufour number on skin friction is little significant than the heat and 

mass transfer coefficients. This is due to the fact that an increase in 

Du  implies that strongly heat flows. Also we see that the skin friction 

increases with an increase of M  while the reverse trend is observed on 

the Nusselt number and the Sherwood number. 

Figure 8 demonstrates the variation of the non-dimensional heat 

transfer coefficient with respect to So for different values of Du and Ec. 

From the graph we notice that the Nusselt number increases with an 

increasing Du  whereas the reverse trend is observed for Ec .  It is also 

observed that So  has less effect on heat transfer coefficient for small 

values of Du  (0, 0.2) and greater effect for larger values of Du  (0.4, 



Frontiers in Heat and Mass Transfer (FHMT), 9, 11 (2017)
DOI: 10.5098/hmt.9.11

Global Digital Central
ISSN: 2151-8629

 
 

0.5). From this we conclude that Eckert number Ec is the fluid motion 

controlling factor that supports the physical point of view.                   
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Fig. 6 Effects of So on (a) Velocity (b) Temperature 

(c) Concentration profiles 
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              Fig. 7  Effects of Du on (a) Skin friction coefficient 
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               Fig. 8 Nusselt number for various values of Du  

 

Table 2 shows the numerical values of the skin friction, Nusselt 

number and Sherwood number for different values of the Dufour 

number Du , Soret number So  and Eckert number Ec . It is seen that 

the skin friction coefficient, heat and mass transfer coefficients increase 

due to increase in Du  while decrease due to increase in So or Ec . 

 
Table 2: The values of skin-friction, Nusselt number Sherhwood for 

0.2, 2.0, 1.0, 0.5, 1.0, 0.5, 0.4, 1.0Gr Gm K Kr R Sc Mβ = = = = = = = =

 

Du        Ec          So          (0)f ′′        (0)θ′          (0)φ′  

0.0          0.02            1.0              0.9589         0.8724         0.9645 

0.1                                                0.9601         0.8764         0.9692      

0.4                                                0.9644         0.9212         0.9266    

        

               0.1                                  0.9641       0.9183          0.9287 

               0.2                                  0.9633       0.9097          0.9351  

               0.3                                  0.9617       0.9062          0.9402 

 

                                  0.5               1.1232       0.8677          1.0372 

                                  1.0               1.1231       0.8693          1.0253 

                                  1.5               1.1237       0.8719          1.0218 
 

    Figures 9(a)–9(c) illustrate the variation of skin friction, Nusselt 

number and Sherwood number against thermal diffusion So  for 

different values of Ec , respectively. From these figures it is observed 

that, the skin friction and Nusselt number decrease with increasing 

of Ec , while the reverse trend is observed on the Sherwood number. It 

is interesting to note that there is sharp decrease in the value of 

Sherwood number when thermal diffusion So is increased for all values 

of Eckert number. 

 

CONCLUSIONS 

In this paper, we study the Soret and Dufour effects on MHD flow of a 

Maxwell fluid past a vertical stretching sheet in the presence of 

chemical reaction. The governing partial differential equations are 

transformed into non-linear ordinary differential equations using a 

similarity transformation. The equations are solved numerically by 

using shooting method with Runge-Kutta fourth order scheme. The 

results are presented graphically and we conclude the following 

findings. 
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            Fig. 9 Effects of Ec on (a) Skin friction coefficient 

                           (b) Nusselt number   (c) Sherwood number           

         

      

  

(i) An increase in the Maxwell parameter β , radiation parameter 

R and chemical reaction parameter Kr lead to decrease the 

velocity and concentration distributions but opposite effect 

occurs for the temperature profiles. 

(ii) By increasing the Soret number So enhances the velocity and 

concentration profiles and decreases the temperature 

distributions. 

(iii) The surface temperature and concentration of a sheet increase  

with increasing values of magnetic field parameter M , but 

the velocity decreases with an increase in magnetic field 

number M  due to the magnetic pull of the Lorentz force 

acting on the flow field. 

(iv) A rise in Dufour number Du enhances the skin friction  

coefficient, local Nusselt number and Sherwood number. This 

is due to strongly heat flow in the system. 

(v) The effect of So on local Nusselt number and Sherwood 

number is opposite. 

 

It is hoped that that the present investigation will provide a useful 

information for many scientific and industrial applications (such as 

polymer extrusion process) and also serve as a complement to the 

previous studies. 
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NOMENCLATURE 
    a         positive constant                  

    b          positive constant    

    B0  constant applied magnetic field  

    c           positive constant    

    C   fluid concentration    

    Cf  skin friction coefficient  

    Cp  specific heat at constant pressure  

    Cs  concentration susceptibility 

    Cw
  

variable concentration  

    C∞   uniform ambient concentration    

    D         diffusion coefficient  

    Dm  molecular diffusivity 

    Du   Dufour number                   

    Ec   Eckert number   

    g   acceleration due to gravity  

    Gr        Grashof number    

    Gm   modified Grashof number 

    jw         mass flux of the plate 

    K        permeability of the porous medium  

    k   thermal conductivity 

    
*

k   Rosseland mean absorption coefficient  

    Kr        chemical reaction parameter 

    M        magnetic field parameter      

    Nu
x

  local Nusselt number   

    Pr  Prandtl number 

    qr   radiative heat flux  

    qw  heat flux from the plate   

    R   radiation parameter  
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    Rex   local Reynolds number 

    Sc       Schmidt number    

    So    Soret number                       

    Sh  local Sherwood number                

    T  fluid temperature (K)  

    T4 linear function of temperature  

    Tm       mean temperature of the fluid  

    Tw  variable temperature 

    T∞  uniform ambient temperature  

    ( , )x y  Cartesian coordinate’s  

    ( , )u v   velocity components along x and y axes 

    Uw  velocity of stretching surface 
 

Greek Symbols 

       β  Deborah number 

       βC coefficient of expansion with concentration 

       βT     coefficient of thermal expansion 

       ν   kinematic viscosity  

       σ  electrical conductivity of the fluid 

       σ ∗
  Stefan-Boltzmann constant parameter 

       ρ   fluid density  

      µ      dynamic viscosity 

       
wτ    skin friction 

       θ      dimensionless temperature 

       φ  dimensionless concentration 

    

Subscripts 
      w  condition at the wall   

      ∞  condition at free stream         
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