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ABSTRACT 

The main aim of the present article is to investigate the elastic deformation effects on the boundary layer flow of an incompressible second grade two-
phase nanofluid model over a stretching surface in the presence of suction and partial slip boundary condition.  The second grade nanofluid model with 
elastic deformation effects is investigated for the first time.  The combined effects of elastic deformation, Brownian motion and thermophoresis are 
also analyzed for the first time. To analyses the heat transfer, heat and mass flux boundary conditions are considered.  The governing boundary layer 
nonlinear partial differential equations are converted into a set of ordinary differential equations by means of similarity transformations.  Numerical 
solutions are obtained using fourth order Runge-Kutta method together with shooting method.   The combined effects of elastic deformation with other 
physical parameters on thermal field, solid volume fraction, skin friction coefficient, local Nusselt number and local Sherwood number are discussed 
graphically. It is found that the elastic deformation parameter enhances the local Nusselt number and decreases the local Sherwood number. 

Keywords: Elastic Deformation, Heat Flux, Mass Flux, Slip Flow, Second Grade Nanofluid.  

 

1. INTRODUCTION 

During the recent decades, convective heat transfer of nanofluids is a hot 
topic of academic and industrial research due to its various applications 
in industrial processes such as thermal heating, power generation and 
chemical processing etc. The nanofluid is a new kind of fluid introduced 
by Choi (1995) and he suggested an innovative way to improve the heat 
transfer of conventional fluids by suspending nano sized solid and oxide 
nanoparticles. Now a day, nanofluids have been commonly used in many 
scientific and industrial applications because of its stability and free from 
erosion, sedimentation and additional pressure drop.    † 

Thermophoresis plays a vital role in many industrial applications, 
such as in aerosol collection, nuclear reactor safety and removing small 
particles from gas streams. The small particles experience a force in the 
direction of the temperature gradient when suspended in a liquid with a 
temperature gradient.  The velocity of these particles which drives it from 
hot surface region to the cold surface region is called thermophoretic 
velocity and the force experienced by the these suspended particle due to 
the temperature gradient is  called thermophoretic force.  The concept of 
thermophoretic velocity and thermophoretic force was first observed by 
John Tyndall in 1870. The random movement of the suspended particles 
in a fluid is known as Brownian motion. In nanofluids, Brownian motion 
of nanoparticles is a major key mechanism governing the thermal 
performance of nanoparticle in basefluids at the molecular and nanoscale 
level. Much attention has been given to analysis the nanofluid flow in 
different geometrics (Sheikholeslami 2014 ; M.M.  Rashidi et al. 2014; 
Abolbashari et al. 2014; Sheikholeslami and Rashidi 2015 ; 
Sheikholeslami et al. 2015 ; Govindaraju et al. 2017; Sheikholeslami 
2017a ; Sheikholeslami 2017b ; Sheikholeslami 2017c ; Sheikholeslami 
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2017d ;  Sheikholeslami and  Rokni 2017a; Sheikholeslami and  Rokni 
2017b; Sheikholeslami and Shehzad 2017a; Sheikholeslami et al. 2017a).  
Abdul Hakeem et al. (2015) analyzed the magnetic field effect on second 
order slip flow of nanofluid over a stretching/shrinking sheet. 
Sheikholeslami (2017e) studied the Lattice Boltzmann method 
simulation for MHD non-Darcy nanofluid free convection. 
Sheikholeslami and  Bhatti (2017) discussed active method for nanofluid 
heat transfer enhancement by means of EHD.  Sheikholeslami and  
Shamlooei (2017) studied the Fe3O4–H2O nanofluid natural convection 
in presence of thermal radiation. Magnetohydrodynamic nanofluid 
convection in a porous enclosure considering heat flux boundary 
condition was discussed by Sheikholeslami and Shehzad (2017b). 
Sheikholeslami et al. (2017b) investigated the numerical study for 
external magnetic source influence on water based nanofluid convective 
heat transfer. 

 Buongiorno (2005) developed a homogenous equilibrium model 
which includes seven slip mechanisms such as Brownian diffusion, 
thermophoresis, inertia, diffusiophoresis, magnus effect, fluid drainage 
and gravity that could produce a relative velocity between the 
nanoparticles and the base fluid. Recently, Goyal and Bhargava (2013) 
introduced viscoelastic fluid based nanofluid model and investigated the 
MHD, slip and heat source/sink effects. The same author’s (2014) 
studied the slip effects on boundary layer flow on second grade nanofluid 
over a stretching sheet. Shit et al. (2015) analyzed convective hest 
transfer and MHD nanofluid flow over a stretching sheet. The above 
mentioned studies investigated the viscoelastic nanofluid flow problems 
in the absence of elastic deformation effect.   

Hence, in the present article we investigated the elastic deformation 
effects on the boundary layer flow of an incompressible second grade 
nanofluid model over a stretching surface in the presence of suction and 
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partial slip boundary condition.  The second grade nanofluid is carefully 
model with Brownian motion, elastic deformation and thermophoresis 
effects. The heat and mass flux boundary conditions are used to analyze 
the heat and mass transfer of the second grade nanofluid. The non-
dimensional governing equations are numerical solved by fourth order 
Runge-Kutta method together with shooting method.  

2. MATHEMATICAL FORMULATION 

We consider two-dimensional, steady, laminar and incompressible of 
viscoelastic nanofluid flow through a continuously stretching sheet with 
slip boundary condition. The velocity of the stretching sheet is 

,axUuw   where 0a  is constant (acceleration parameter). The 

flow is assumed to be in the x -direction, which is chosen along the sheet 
and the y -axis perpendicular to it (see Fig. 1). The surface of sheet is 
maintained at uniform temperature wT  and solid volume friction of           

nanofluid wC  and these values are assumed to be greater than the 

ambient temperature T  and solid volume friction of nanofluid C . 

Thermally equilibrium state is considered, and the external force and 
pressure gradient are neglected The boundary layer equations for the 
flow, heat and concentration fields under the above assumption are 
(Goyal and Bhargava 2013) : 
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Fig. 1  Physical model of the problem. 
 

Where  0k  is the elastic parameter,  is the density, k  is the 

thermal conductivity,  pC is the specific heat of constant pressure,   is 

the kinematic viscosity,   is the coefficient of elastic deformation term 

(  is introduced to make out the contribution of elastic deformation to 
the heat transfer),  is the ratio of effective heat capacity of nanoparticle  
material to heat capacity of the base fluid, BD  is the Brownian diffusion 

coefficient and TD is the thermophoresis diffusion coefficient. 

To facilitate the investigation, we introduce the following similarity 
transformations and dimensionless variables   and f as  
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now define a dimensionless, scaled temperature    and concentration 
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Using the similarity transformation (5), the governing momentum, 
energy and concentration equations can be expressed in non-dimensional 
form under the above assumptions as 
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 The corresponding non-dimensional velocity slip, heat flux and 
mass flux boundary conditions are 
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The physical quantities of interest are the local skin friction 

coefficient, the local Nusselt number and the local Sherwood number 
which are defined as 
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3. VALIDATION OF THE NUMERICAL 
SOLUTION   

Employing the R.K method with shooting technique to the non-
dimensional ODE’s along with boundary conditions, the numerical 
solution are obtained for different set of parameters. The validation of the 
obtained numerical results are assured by comparing the skin friction 
coefficient values in the absence of slip parameter with Cortell (2006) for 
ordinary second grade fluid which is presented in Table 1. We have 
compared the results of )0( with those of Turkyilmazoglu (2011) in the 
absence of slip parameter, viscoelastic parameter, suction parameter, 
Eckert number, Lewis number, Brownian motion parameter and 
Thermophoresis parameter. The comparison is found to be in excellent 
agreement as shown in Table 2. 

4. RESULTS AND DISCUSSION 

4.1 Results for second grade nanofluid velocity, temperature  
and solid volume fraction profiles  

 
The effects of various physical parameters on velocity, temperature and 
solid volume fraction of second grade nanofluid profiles for stretching 
surface have been shown graphically in Figs. 2-9.  The combined effects 
of viscoelastic parameter with slip and suction parameters on the second 
grade nanofluid velocity profile are shown in Figs. 2 and 3. It is noted 
that an increase in the viscoelastic parameter resulted in an increase in 
the horizontal velocity profile of the second grade nanofluid. It is 
observed from Fig. 2, an increment in the slip parameter decelerates the 
velocity profile.  When slip occurs, the second grade nanofluid flow 
velocity near the sheet is no longer equal to the stretching velocity of the 
sheet. With the increase in slip parameter, such slip velocity increases 
and consequently second grade  nanofluid velocity decreases because 
under the slip condition, the pulling of the stretching sheet can be only 
partly transmitted to the second grade nanofluid.   An opposite trend has 
been observed for suction parameter from Fig. 3. 

 
Fig.  2 Effects of slip and viscoelastic parameters on velocity profile  
             f(ƞ) with s=1. 

 
Fig.  3 Effects of suction and viscoelastic parameters on velocity  
             profile f(ƞ) with L=1. 
 
 

 
Fig.  4(a) Effects of slip and elastic deformation parameters on  
                 temperature profile Ө(ƞ) with s=1, k1=0.6, Pr=0.71,   
                Ec=0.5, Le=2,  Nb=0.3 and Nt=0.3. 
 
 

  
Fig.  4(b) Effects of slip and elastic deformation parameters on 
                  concentration profile ϕ(ƞ) with s=1, k1=0.6, Pr=0.71,     
                  Ec=0.5, Le=2,  Nb=0.3 and Nt=0.3. 
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Fig.  5(a) Effects of suction and elastic deformation parameters on 
                 temperature profile Ө(ƞ) with L=1, k1=0.6, Pr=0.71,  
                Ec=0.5, Le=2,  Nb=0.3 and Nt=0.3. 

 

 
Fig.  5(b) Effects of suction and elastic deformation parameters on  
                 concentration profile ϕ (ƞ) with L=1, k1=0.6, Pr=0.71,  
                  Ec=0.5, Le=2,  Nb=0.3 and Nt=0.3. 

 
 

 
Fig.  6(a) Effects of viscoelastic and elastic deformation parameters    
                on temperature profile Ө(ƞ) with L=1, s=1, Pr=0.71, Ec=0.5, 
                Le=2,  Nb=0.3 and Nt=0.3. 
 
 

 
Fig.  6(b) Effects of viscoelastic and elastic deformation parameters on 
                concentration profile ϕ(ƞ) with L=1, s=1, Pr=0.71, Ec=0.5,  
                Le=2,  Nb=0.3 and Nt=0.3. 
  

The effect of slip parameter on the temperature and solid volume 
fraction of the second grade nanofluid in the presence and in the absence 
of elastic deformation parameter is depicted in Fig. 4.  It is noted that an 
increment in the slip parameter in the presence of elastic deformation 
parameter increases both the temperature and solid volume fraction of 
nanofluid profiles (Figs. 4 (a) and 4(b) ). It is interesting to note that from 
Fig. 4(b), the combined effect of slip and elastic deformation parameter 
does not a show a significant effect on nanofluid solid volume fraction 
profile near the wall, but a notable effect can be seen far away from the 
wall.  It may be concluded that the presence of elastic deformation 
parameter increases the thickness of both the second grade nanofluid 
thermal and concentration boundary layers.  

The variation of temperature and solid volume fraction profiles of 
second grade nanofluid with suction and elastic deformation parameters 
are illustrated in Fig. 5.  It is clear that the suction parameter decreases 
both the temperature and solid volume fraction of second grade nanofluid 
boundary layers. Suction parameter shows an opposing effect on 
temperature and solid volume fraction of nanofluid profiles compared to 
slip parameter. It may be concluded that the effects of slip velocity 
parameter on temperature and solid volume fraction of nanofluid profiles 
can be controlled by increasing the suction of the second grade nanofluid 
in the stretching sheet.  The effect viscoelastic parameter with elastic 
deformation parameter on the second grade nanofluid temperature and 
solid volume fraction of nanofluid profiles are shown in Fig. 6.  It is 
observed that the temperature and solid volume fraction of nanofluid 
profiles decrease with viscoelastic parameter. 

The influences of Brownian motion and thermophoresis parameters 
with elastic deformation parameter on the temperature and solid volume 
fraction of nanofluid profiles are displayed in Figs. 7 and 8, respectively. 
The Brownian motion parameter helps to measure the strength of the 
Brownian diffusion of the nanoparticles in the flow field. It is found that 
the second grade nanofluid temperature profile enhances as the Brownian 
motion of the particles increases and an opposite effect on the 
nanoparticle volume fraction within the second grade nanofluid 
boundary layer region (Fig. 7 (b)). Due to the collision of small 
nanoparticles in the flow field, a thermal energy is generated which 
enhances the second grade fluid temperature. Due to the Brownian 
diffusion, the nanoparticles tend to move away from the surface of the 
sheet and as result a decrease in nanoparticle volume fraction is 
encountered within the boundary layer region.  It is observed from Fig. 
8, the thermal and solid volume fraction of nanofluid profiles enhance 
with thermophoresis parameter in the presence of elastic deformation 
parameter.  

The effect of Lewis number with elastic deformation parameter on 
second grade nanofluid temperature and solid volume fraction of 
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nanofluid profiles is shown in Fig. 9.  It can be seen that an increment in 
Lewis number decreases both the temperature and solid volume fraction 
of nanofluid profiles. This is probably due to the fact that mass transfer 
rate of second grade nanofluid increases as Lewis number increases. It 
also reveals that the concentration gradient at surface of the stretching 
sheet increases. Moreover, the concentration at the surface of stretching 
sheet decreases as Lewis number increases. 

 
4.2 Results for skin friction coefficient, local Nusselt number 

and local Sherwood number 
 
Fig. 10 demonstrates the effect of suction, slip and viscoelastic 
parameters on the local skin friction coefficient of second grade 
nanofluid. The viscoelastic parameter is taken as x-axis and )0(f  is 

taken as y-axis. It can be seen that the increase of suction and viscoelastic 
parameters enhances the skin friction coefficient and the slip parameter 
diminishes skin friction coefficient.  

The effect of elastic deformation parameter with various physical 
parameters on the local Nusselt number and local Sherwood number is 
depicted in Figs. 11 - 12. In these figures, elastic deformation parameter 
is taken as x-axis and the corresponding local Nusselt number )0(  

(Figure captions with subscript (a)) and the local Sherwood number )0(  
(Figure captions with subscript (b)) are taken as y-axis. Figs. 11(a) and 
11(b) show the effect of Prandtl, Eckert, Lewis numbers with elastic 
deformation parameters on local Nusselt number and local Sherwood 
number of second grade nanofluid. The increase of Lewis number 
decreases both local Nusselt number and local Sherwood number.  It is 
noted that the increase of Prandtl number decreases the local Nusselt 
number (Fig. 11(a)) and increases the local Sherwood number (Fig. 
11(b)) and the Eckert number shows an opposite effect. 

 The effects of thermophoresis, Brownian motion with elastic 
deformation parameters on  local Nusselt number and local Sherwood 
number are illustrated in Figs. 12(a) and 12(b) respectively. It is observed 
that the increase of Brownian motion parameter increases the local 
Nusselt number and decreases the local Sherwood number. It is also 
noted that the increase of thermophoresis parameter increases the local 
Nusselt number and local Sherwood number. 

 
 

 
Fig.  7(a) Effects of Brownian motion and elastic deformation      
                  parameters on temperature profile Ө(ƞ) with L=1, s=1,  
                  k1=0.6, Pr=0.71, Le=2,   Ec=0.5 and Nt=0.3. 

 
Fig.  7(b) Effects of Brownian motion and elastic deformation 
                  parameters on concentration profile ϕ(ƞ) with L=1, s=1,  
                  k1=0.6, Pr=0.71, Le=2, Ec=0.5 and Nt=0.3. 

 

 
Fig.  8(a) Effects of thermophoresis and elastic deformation  
                 parameters  on temperature profile Ө(ƞ) with L=1, s=1,  
                k1=0.6, Pr=0.71, Le=2,  Ec=0.5 and Nb=0.3. 
 

  
Fig.  8(b) Effects of thermophoresis and elastic deformation 
                 parameters on concentration profile ϕ(ƞ) with L=1, s=1,  
                 k1=0.6, Pr=0.71, Le=2, Ec=0.5 and Nb=0.3. 
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Fig.  9(a) Effects of Lewis number and elastic deformation  
                   parameter on temperature profile Ө(ƞ) with L=1, s=1,  
                   k1=0.6,  Pr=0.71, Ec=0.5, Nt=0.3 and Nb=0.3 
 

 
Fig.  9(b)  Effects of Lewis number and elastic deformation  
                     parameter on concentration profile ϕ(ƞ) with L=1, s=1,   
                    k1=0.6,  Pr=0.71, Ec=0.5, Nt=0.3 and Nb=0.3 
 

.  
Fig.  10  Effects of slip, suction parameters and viscoelastic parameter  
               on  local skin friction   fƞƞ(0)  

 
 

 
 
Fig.  11(a) Effects of Prandtl, Eckert, Lewis numbers and elastic  
                    deformation parameters on  local Nusselt number  Ө(0)  
                    with L=1, s=1, k1=0.6, Nt=0.3 and Nb=0.3. 

 

 
Fig.  11(b) Effects of Prandtl, Eckert, Lewis numbers and elastic  
                    deformation parameters on  local Sherwood number ϕ(0)  
                     with L=1, s=1, k1=0.6, Nt=0.3 and Nb=0.3. 

 
 

Fig.  12(a) Effects of thermophoresis, Brownian motion and elastic  
                   deformation parameters on  local Nusselt number Ө(0) with  
                   L=1, s=1, k1=0.6, Pr=0.71, Ec=0.5 and Le=2. 
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Fig.  12(b) Effects of thermophoresis, Brownian motion and elastic  
                     deformation parameters on  local Sherwood number ϕ(0)  
                      with L=1, s=1, k1=0.6, Pr=0.71, Ec=0.5 and Le=2.0. 

 
Table  1. Comparison values of skin friction (- fƞƞ(0)) 

 
 

L=0 
 

- fƞƞ(0) 
 

 
k1 

 
s Cortell  

(2006) 
Present 
results  

1 1 0.801988 0.80193774 

2 1 0.618084 0.61803400 

1 2 0.854688 0.85463768 

1 5 0.921257 0.92120754 

 
 

Table 2. Comparison values of Nusselt number (Ө(0) ) 
 

L=s=k1=  =0
Ec= Le= 0 , 
Nb= Nt= 0. 

 
Ө (0) 

Pr Turkyilmazoglu 
(2011)  

Present results 

1 0.75000 0.75000 

5 --------- 0.30152 

 
 

5. CONCLUSION 
  

The influences of elastic deformation effects on second grade 
nanofluid flow over a stretching sheet with suction and velocity slip is 
investigated numerically. The governing nonlinear ordinary differential 
equations of the flow and heat transfer problem are solved numerically 
by the fourth order Runge-Kutta method with shooting iteration 
technique. Some of the important findings drawn from the present 
investigation are listed as follow 

 The presence of elastic deformation parameter increases the 
thickness of the second grade nanofluid thermal and 
concentration boundary layers.  

 The velocity profile and skin friction coefficient decrease with 
the increasing values of slip parameter and increase with 
suction and viscoelastic parameters. 

 The increasing values of elastic deformation parameter, Eckert 
number, Brownian motion and thermophoresis parameters 
increase the temperature and local Nusselt number of the 
nanofluid. The local Nusselt number decreases whenever 
Lewis number and Prandtl number increase. 

 The solid volume fraction of nanofluid profile and local 
Sherwood number enhance with the increasing values 
thermophoresis parameter and Prandtl number, and reduce 
with elastic deformation parameter, Eckert number  and Lewis 
number. 

 The presence of elastic deformation plays vital role in 
controlling the thermal and concentration boundarylayer 
thickness. 

 The effects of slip velocity parameter on temperature and solid 
volume fraction profiles can be controlled by increasing the 
suction of the second grade nanofluid in the stretching sheet. 

NOMENCLATURE                                                                                    

C solid volume friction  
Cw solid volume friction of the sheet  

C   solid volume friction far away from the sheet 

Cf Local skin friction coefficient (Pascal) 
cp specific heat of constant pressure (J/kg K) 
D molecular diffusivity (m2/s) 
DB Brownian diffusion coefficient (m2/s) 
DT the thermophoresis diffusion coefficient (m2/s) 
Ec Eckert number  
k thermal conductivity (W/m K) 
k0 the elastic parameter 
k1 viscoelastic parameter 
L slip parameter 
Le Lewis number  
l the characteristic length (m) 
Nb Brownian motion parameter  
Nt thermophoresis parameter  
Pr Prandtl number  
Rex

1/2 Reynolds number  
T local temperature of the fluid (K)  
Tw temperature of the sheet (K) 

T   temperature of the fluid far away from the sheet (K) 

u,v velocity component in  x   and y direction  (m/s) 
x,y coordinates along and perpendicular   to the sheet (m) 
 
Greek symbols 
 
  elastic deformation 
   electric conductivity (S/m) 
  density  (kg/m3) 

  dimensionless temperature  
  dimensionless concentration  
  dimensionless space variable  

  the kinematic viscosity (m 2 /sec) 
  the ratio of effective heat capacity of nanoparticle  material to 

heat capacity of the base fluid (J/K) 

w  wall shearing stress (N/m2) 
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