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ABSTRACT 
The loop experiment device plays an important role in the study of wax deposition, and the calculation of the temperature distribution of the test 
section is the key to establish the wax deposition model. In the conditions of the wax deposition was not formed and constant wall temperature of the 
tube, the energy balance equation is solved by using separation of variables and combining the Kummer equation (S-K method), the distribution law 
of temperature in the test section is obtained, and the solution results was compared with Svendsen method, the difference between the results 
obtained by the two methods and the experimental results is also analyzed. The results showed that, the temperature distribution of the test section is 
consistent with the two methods, and the computing result of Svendsen method is generally higher than the S-K method. Under different axial 
distances for the take value, the maximum difference of computing results between the two methods is large when the position is farther away from 
the entrance, and the maximum difference is 0.27℃. Under different radial distances for the take value, with the increase of the axial distance, the 
difference between the results obtained by the two methods increases gradually in general, and the greater the radial distance, the greater the 
difference, the maximum difference is 0.27 ℃, thus the calculation results of these two kinds of methods have a higher coincide degree. The results 
obtained by the two methods are higher than the experimental results, but the difference is small, the results obtained by the S-K method are closer to 
the experimental results, and this method can avoid solve the numerical integration (Svendsen method) and the inconvenience of Bessel function, so 
it has a certain advantages. 
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1. INTRODUCTION 
Wax deposition has been a major problem of crude oil production in the 
Petroleum industry. Waxy crude oil dissipates heat to the surrounding 
environment during the flow process. When the oil temperature drops to 
the wax precipitation point of the crude oil, the wax crystal begins to 
precipitate from the oil flow and deposit on the tube wall. Due to the 
existence of temperature difference, the dissolved wax molecules in the 
crude oil have a concentration gradient in the radial direction of the 
pipeline. Under the effect of this concentration difference, the wax 
molecules migrate to the wall of the tube and deposited on the wall of 
the tube (Hsu et al., 1994; Hunt et al., 1962; Wang et al., 2015; Huang 
Z, et al., 2011). The deposition of waxy crude oil has been a difficult 
problem that affects the safe and economic operation of the pipeline 
(Huang Z, et al., 2006; Hoffmann et al., 2010; Yang et al., 2014; Wang 
et al., 2013; Zhou et al., 2016). With regard to the process and 
mechanism of wax deposition in the tube, scholars generally believed 
that molecular diffusion is the main mechanism of wax deposition. 
Through a large number of experimental and theoretical studies, many 
valuable wax deposition models have been established by scholars 
(Huang Q Y, et al., 2008; Huang Z, et al., 2011; Zheng et al., 2017; 
Noville et al., 2012; Singh et al., 2011; Amine et al., 2008; Sadra et al., 
2014; Brown et al., 1993; Eskin et al., 2014). In the process of 

establishing the wax deposition model, the determination of 
temperature gradient and concentration gradient is very important. 

For the prediction of the wax deposition thickness of the actual 
pipeline, the current main research methods are: the wax deposition 
loop experiment was carried out for the studied oil sample, regression 
and modeling of the experimental data, and finally the model is applied 
to field prediction (Jiang et al., 2010; Wang et al., 2014; Edmonds et al., 
2007; Creek et al., 1999). It is necessary to calculate the temperature 
gradient in the tube wall when using regression modeling of wax 
deposition experimental data and the temperature distribution in the 
loop is required to obtain the temperature gradient. It can be seen that it 
is very important to calculate the temperature distribution of the indoor 
loop. In general, the test section and the reference section of the wax 
deposition loop have water jacket that controls wall temperature. The 
oil temperature and wall temperature of the reference section are 
consistent, so there is no wax deposition on the reference section. And 
the test section must ensure that there is a temperature difference 
between oil and the tube wall, the wall temperature of the test section is 
lower than the oil temperature in the test section, so that the test section 
will appear wax deposition (Lashkarbolooki M., 2011; Liu et al., 2012; 
Ramirez-Jaramillo et al., 2004; Azevedo et al., 2003; Bern et al., 1980; 
Tian et al., 2014; Singh et al., 1999; Jennings et al., 2005).  

According to the characteristics of wax deposition loop, the 
thermal fluid will be cooled by the external cold fluid when it enters the 
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test section. When the fluid flows in the tube, the region where the 
temperature distribution reaches the full development is called the hot 
inlet area. The flow in this area can be divided into two fluid conditions: 
not fully developed flows and fully developed flows of velocity 
distribution. When the Prandtl Number is large, the hydrodynamic inlet 
zone can be omitted and the velocity distribution in the hot inlet zone is 
considered to be fully developed flow. In the actual wax deposition 
loop, the temperature distribution will appear not fully development, so 
it is necessary to solve the problem of hot inlet. In order to obtain the 
temperature distribution of the loop test section, the usual method is 
dimensionless energy balance equation and boundary condition by 
introducing dimensionless parameters, then the temperature field 
distribution of the analytical solution can be obtained after proper 
simplification (The form of Bessel function), the solution process is 
more complex (Zhu G J., 1989; Li et al., 2014; Saracoglu et al., 2000; 
Bhat et al., 2005). In addition to this Bessel function method, the 
temperature distribution of the test segment can be obtained by using 
Handal method for the heat transfer characteristics of the tested tube of 
wax deposition loop (Handal A D., 2008). The Handal method is: First, 
the energy balance equation and boundary condition are dimensionless 
processed. Then the energy balance equation is solved by combining 
the separation of variables and Kummer equation. Finally, the 
temperature distribution of the test section can be obtained (Burger et 
al., 1981; Weingarten et al., 1988). In addition, when Graetz is very 
large, the heat convection is much larger than the heat conduction, and 
the temperature distribution of the test segment can be obtained by the 
method provided by the Svendsen (Svendsen J A., 1993). The 
difference and accuracy of the results obtained by the above calculation 
methods are still not very clear at present. In fact, the calculation of the 
temperature distribution in the test section of the loop test device is 
rather complicated, it is necessary to find a convenient and accurate 
method for the study of the temperature distribution in the test section 
of wax deposition loop. 

Considering the heat transfer in the test section of wax deposition 
experimental loop, the thesis based on the dimensionless processing of 
the energy balance equation, combined with the corresponding 
boundary conditions, used the method of S-K to solve the temperature 
distribution of the test section of wax deposition loop (in the case of 
constant wall temperature, no sediment/ deposition), and compared the 
results with Svendsen method; According to the experimental results of 
the loop test section, the difference between the calculated results of the 
two methods and the experimental results is compared and analyzed, 
which has important guiding significance for the accurate establishment 
of wax deposition model and the study of wax deposition law. 

2. CALCULATION EQUATION OF OIL 
TEMPERATURE DISTRIBUTION IN 

EXPERIMENTAL LOOP 
According to the heat transfer characteristics of the deposition 
experimental loop, it is assumed that the oil flow will enter the test 
section at the temperature 

0T  (Inlet crude oil temperature), and the 
wall temperature at the entrance of the test section will suddenly change, 
which will lead to the change of the temperature field in the test section. 
It is assumed that the fluid in the tube is a constant physical property, it 
is laminar flow, which is stable and flow velocity fully developed. On 
the basis of the above hypothesis, the energy dissipation is assumed to 
be neglected and the energy balance equation is obtained (Zhu G J., 
1989; Jin W B., 2015): 
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The flow velocity of laminar flow of Newtonian fluid is:  
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Introduce the following dimensionless variables: 
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According to all of the above types available formulas, ignoring 
the axial heat conduction items (in the case of bigger product of Prandtl 
Number and Reynolds Number) (Zhu G J., 1989; Handal A D., 2008), 
the formula can be obtained: 
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Boundary condition is constant wall temperature, that is: 
( ) ( ) wTrxTTrT =>= 00 ,0,,0                           (5) 

So the dimensionless boundary condition is: 
( ) ( ) 01,0,1,0 **** =>= xTrT                      (6) 
For the above equations, the method of Handal can be used to 

solve (Handal A D., 2008). The Handal method is as follows, for the 
solution of the above equations, since and in the equation (4) are 
two independent variables, we can use the separation of variables 
method to transform the Kummer equation to solve the equation (4). 
Then make: 
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Equation (5) can be transformed into: 
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The problem is transformed into solving a eigenvalue problem 
(Eigenvalue , Characteristic function ). The general solution 

of the equation (10) is: . 

nλ )( ∗rfn
∗−∗ = xAexg

2

)( λ

If make, , then the modified correlation 
yields: 

)；()( nnn rfrf λ∗∗ =

∑
∞

=

−∗∗∗∗ ∗

=
0

2

)(),(
n

x
nn

nerfArxT λ                        (11) 

According to the given boundary conditions, transform equation (9) 
into Kummer equation, after solving the equation, equation (8) and (9) 
simplifies to: 
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Combining the equations (7), (11) , (12) and (13), then yield: 
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The  is expressed by the relation: kna )(
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The values of  and  are shown in Table 1. 
nλ nA
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Table 1 Eigenvalue and coefficient value 
n nλ  

nA  
0 2.7043644 1.476435 
1 6.6790315 -0.806124 
2 10.6733795 0.588761 
3 14.6710785 -0.47585 
4 18.6698719 0.405019 
5 22.6691438 -0.355757 
6 26.6686716 0.319169 
7 30.6684241 -0.290745 
8 34.6686899 0.267952 
9 38.6704098 -0.249322 

According to equation (15) to obtain a dimensionless temperature 
distribution, the dimensionless temperature can be converted to the 
actual temperature, the conversion formula is given by: 

( 0ww TTTT )T −×−= *                                (16) 
Similarly, the radial and axial coordinates can be converted 

accordingly. The above methods use the separation of variables and 
Kummer equation to obtain the temperature distribution of the oil flow 
in the test section. In order to facilitate the subsequent comparison and 
analysis, this method is referred to as the S-K method. 

In addition to the above method, literature (Zhu G J., 1989) using 
the separation of variables method got the analytical solution of the 
problem, the solving process is to solve the problem finally into Bessel 
function, solving process is complicated. Another solution is the 
Svendsen method (Svendsen J A., 1993; Zhang Z B., 2009), which is as 
follows: 
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when the thermal convection is much larger than the heat transfer, the 
temperature distribution of the oil flow in the loop test section can be 
calculated by the following formula: 
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If the conditions of use of Svendsen method are satisfied, the 
temperature field of the experimental section of the wax deposition loop 
can be calculated by the Svendsen method. 

3. OIL FLOW TEMPERATURE DISTRIBUTION 
OF THE TESTED TUBE OBTAINED BY S-K 

METHOD 

3.1 Oil flow dimensionless temperature distribution of the 
tested tube 
In the wax deposition loop experiment, wax deposition will appear in 
the test section, so the temperature distribution is mainly calculated 
around the test section, and the parameters used in the calculation are as 
shown in Table 2, where the size of the loop test device and the 
physical properties of crude oil are from the wax deposition loop 
experiment in literature (Li P., 2014). 

The temperature distribution of the loop test section is solved 
according to the S-K method described in Section 2. For convenience, 
we analysis the dimensionless temperature at 0.001, 0.01, 0.1, and 0.25 
of , the results are shown in Fig. 1. ∗x

Table 2 The main parameters in the loop experiment 
Variables Symbol Value Unit 

Inner diameter of pipe d  25.4 mm 
The length of test section L  3 m 

Wall temperature wT  24 ℃ 

Inlet crude oil temperature 0T  29.8737 ℃ 

Flow velocity of crude oil oilu  0.2 m/s 

Density of crude oil oilρ  844.68 kg/m3 
Viscosity of crude oil μ  14.632 mPa·s 

Specific heat capacity of crude oil pC  2106.25 J/kg·K 

Thermal conductivity of crude oil oilK  0.1375 W/m·K
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Fig. 1 Dimensionless temperature of the tested tube 
 

It can be seen from Fig. 1, the temperature near the tube wall 
( is closed to 1) is always below the temperature of the main flow 
zone (in the center of the pipe, is 0). With the increase of , the 
dimensionless temperature gradually decreases. When the is 0.001 
and 0.01 respectively, the temperature near the tube wall suddenly 
decreases, and the temperature changes very fast. Except the position 
near the pipe wall, the temperature change of the rest (in the radial 
direction of the tube) is slightly; when  is 0.1 and 0.25, the 
corresponding dimensionless temperature is lower, and near the tube 
wall, the dimensionless temperature decreases more slowly. 

∗r
∗r ∗x

∗x

∗x

It is mentioning that when  is 0.001 (at the entrance of the test 
section), the value of dimensionless temperature fluctuates, but the 
range of fluctuation is small, and one of the important reasons for this 
problem is that the number of characteristic value used in the 
calculation is less, if we take more characteristic value, we can reduce 
the effect of this fluctuations (Jin W B., 2015). 

∗x

3.2 The actual temperature distribution of oil flow in the 
tested tube 
According to the formula which non-dimensional temperature is 
converted to the actual temperature, the actual temperature distribution 
of the oil flow at different axial positions in the test section can be 
calculated. The temperature distributions of the axial distance of 1.1019 
meters, 1.7030 meters, 2.3040 meters and 2.9051 meters are given here, 
as shown in Fig. 2. 

It can be seen from Fig. 2 that when the axial distance takes 
different positions, with the change of the radial distance, the 
temperature variation laws of the test tube is basically the same, which 
decreases rapidly near the tube wall. There is an isothermal internal in 
the radial direction in the test section where the oil flow temperature is 
almost the same as the inlet temperature, and the oil flow temperature 
near the pipe wall is decreasing until it falls to the surface temperature 
of the tube. In addition, with the increase of the axial distance, the range 
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of the isothermal interval narrowed, and the temperature of the oil flow 
began to decrease in the radial direction. 
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Fig. 2 Actual temperature of tested tube  
 

4. COMPARISON OF CALCULATED RESULTS OF 
THE TWO METHODS  

In order to visually find the difference between the S-K method and the 
Svendsen method, we compare the results of the two methods. The 
Svendsen method is simply called S method. For convenience, we 
comparatively analysis the temperature distribution at 1.30 meters, 1.80 
meters, 2.30 meters and 2.80 meters from the entrance respectively, the 
results are shown in Fig. 3.  

It can be seen from Fig. 3 that the temperature distribution of the 
two methods is consistent, that is, the oil flow has an isothermal interval 
in the radial position and the temperature change near the tube wall is 
faster. Therefore, the temperature gradient near the wall is larger, which 
is similar to the actual pipeline. 

According to the calculated results, the results obtained by the S 
method are generally higher than the S-K method. At 1.30 meters and 
1.80 meters from the entrance, the difference of the results of two 
methods is small, and the maximum difference is 0.23 ℃ and 0.24 ℃ 
respectively; At 2.30 meters and 2.80 meters from the entrance, the 
difference of the results of two methods is relatively large, and the 
maximum difference is 0.26 ℃ and 0.27 ℃ respectively, that is, the 
maximum difference away from the entrance is slightly larger than that 
the maximum difference near the entrance. On the whole, the difference 
of temperature distribution in the test section obtained by the two 
methods is acceptable and well matched. 

In order to further analyze the difference of the results of two 
methods, we comparatively analysis the temperature where the radial 
distance from the center of the tube is 8.0mm, 9.0mm, 10.0mm, 
11.0mm and different axial position (0.8m, 1.1m, 1.4m, 1.7m, 2.0m, 
2.3m, 2.6m, 2.9m) , the results are shown in Fig. 4. 

It can be seen from Fig. 4 that the results obtained by the S method 
are generally higher than the results obtained by the S-K method. With 
the change of radial position, the difference is different. The difference 
of results of two methods is larger at the radial position of 11mm. At 
the radial position of 8mm and 9mm, the difference of results of two 
methods is very small, and the maximum difference (2.9 meters) is 0.03 

 and 0.12 respectively; at the radial position of 10℃ ℃ mm and 11mm 
the difference of results of two methods is relatively larger, and with the 
increase of the axial distance, this difference becomes relatively 
obvious, and the maximum difference is 0.24  and 0.27  ℃ ℃
respectively when the axial distance is 2.9 meters. On the whole, at 
different radial positions, with the change of axial distance, the results 
obtained by the two methods are well matched. 
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(a) Axial position 1.30m 
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(b) Axial position 1.80m 
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(c) Axial position 2.30m 
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(d) Axial position 2.80m 

Fig. 3 Comparison of calculated results of the two methods at different 
axial positions from entrance  

 

4 



Frontiers in Heat and Mass Transfer (FHMT), 10, 12 (2018)
DOI: 10.5098/hmt.10.12

Global Digital Central
ISSN: 2151-8629

26.0

28.0

30.0

32.0

0.6 1 1.4 1.8 2.2 2.6 3
 Axial distance/m

Te
m

pe
ra

tu
re

/ ℃

S-K method

S method

 
(a) Radial position 8mm 
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(b) Radial position 9mm 
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(c) Radial position 10mm 
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(d) Radial position 11mm 

Fig. 4 Comparison of calculated results of the two methods at different 
radial positions from the center of the tube 

 

5. THE DIFFERENCES BETWEEN CALCULATED 
RESULTS OF THE TWO METHODS AND 

EXPERIMENTAL RESULTS 
In order to further verify the rationality of results of two methods, using 
the two methods, the average temperature at the exit section of the test 
section is calculated respectively based on the loop test data of Table 2, 
and the results are compared with outlet temperature (experiment 
measured) in the test section given in literature (Li P., 2014), the results 
are shown in Fig. 5. 
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Fig. 5 Comparison of calculated results of the two methods and 

experimental results 
 

It can be seen from Fig. 5 that the difference between the results 
obtained by the two methods is smaller, and are slightly higher than the 
experimental results, and the results obtained by the S method are the 
largest. In contrast, the results obtained by S-K method are much closer 
to the experimental results. S-K method avoids solving the numerical 
integration (S method) and the inconvenience of Bessel function, and it 
has some superiority. 

6. CONCLUSION 
(1) By introducing the dimensionless variable, the energy balance 
equation is solved by S-K method, and the temperature distribution of 
the loop test section is obtained (no wax deposition in the wall, constant 
wall temperature boundary). The results show that there is an 
isothermal interval in the radial direction of oil flow in the test section 
at different axial positions, and the oil flow temperature is decreasing 
near the pipe wall. Therefore, the results obtained by that method are 
similar to the regularity of actual pipeline; when use S-K method to 
solve the problem, the calculated value has a small fluctuation in the 
isothermal internal near the entrance, which does not affect the use of 
that method, and this fluctuation problem can be avoided by changing 
the number of characteristic values. 

(2) The difference of results between the S-K method and the 
Svendsen method is compared and analyzed, the results show that the 
temperature distribution regularity obtained by the two methods is 
consistent, and the results of the Svendsen method is basically higher 
than the results of the S-K method. At different axial distances, with the 
increase of the axial distance, the maximum difference of different 
radial positions obtained by the two methods increases, and the 
maximum difference is 0.27 ℃; At different radial distances , with the 
increase of the axial distance, the difference of results obtained by the 
two methods increases, and the larger the radial distance, the more 
obvious the difference, where the maximum difference is 0.27 . From ℃
the difference of the calculated results, the results of the two methods 
are well matched. 

(3) By comparing the difference of two methods between the 
calculated results and the experimental results, we found that although 
the results of the two methods are higher than the experimental results, 
but are not very different from the experimental results.  
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NOMENCLATURE 

0T      inlet crude oil temperature, ℃ 

0u      average velocity of oil flow, m/s 

wT      the temperature of tube wall, ℃ 

nA      the corresponding coefficient, dimensionless 

nλ      Eigenvalues value, dimensionless 

0r      the pipe radius, mm 
∗T      dimensionless temperature variable, dimensionless 
∗r      dimensionless tube radius variable, dimensionless 
*x      dimensionless tube distance variable, dimensionless 
eR      Reynolds Number, dimensionless, 

Pr      Prandtl Number, dimensionless, 

maxu     the maximum speed of oil flow, m/s 
L       the length of test section, m  
d       inner diameter of tube, mm 

oilu     oil flow velocity, m/s 

pC      specific heat capacity of crude oil, J/kg·K 

oilK     thermal conductivity of crude oil, W/m·K 

zG      Graetz Number, dimensionless 
Greek Symbols 

oilρ     density of crude oil, kg/m3 

β       the relation coefficient, dimensionless, 
max2u

Rαβ =  

α      the relation coefficient which indicating the thermal diffusivity 

of the fluid, dimensionless, 
pCρ

λα =  

λ       the thermal conductivity of the fluid, W/(m·K) 
μ       the dynamic viscosity coefficient of crude oil, mPa·s 
ρ       fluid density, kg/m3 

φ       the correction coefficient of droplet growth, generally, 9=φ  
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