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ABSTRACT 
This problem deals with the effects of double diffusive, mixed convective flow of an incompressible viscous fluid through a vertical heated plate 
embedded in a non-Darcy porous medium under the influence of variable fluid properties numerically.  The governing equations are modeled for the 
double diffusive boundary layer flow to understand the behaviour of velocity, temperature and concentration for variable fluid properties namely 
permeability, porosity, thermal conductivity and solutal diffusivity of the physical modal.  Using a suitable similarity transformation, the highly non-
linear coupled PDE's are reduced into a set of coupled ordinary differential equations.  By applying the Shooting technique with the help of  Runge-
Kutta-Fehlberg  integral scheme and Newton-Raphson method, numerical computations have been carried out and are illustrated through the graphs 
to analyze the behaviour of  velocity, temperature, concentration, Skin friction, Nusselt number and Sherwood numbers for the non-dimensional 
parameters of the physical system for both uniform permeability and variable permeability. To validate our numerical scheme, present results are 
compared with previously published work in the absence of few non-dimensional parameters and found to be in good agreement up to six decimal 
places of accuracy.  

Keywords: Double diffusive, Forchheimer model, Mixed convection, Variable fluid properties, Shooting technique.  
 

1. INTRODUCTION 
Double diffusive convective fluid flow have been analyzed by several 
authors in a porous medium over the last four decades with many 
physical parameters for different geometries, because such study has a 
wide range of practical applications in an industrial as well as  
engineering fields.  For instance, dispersion of chemical reactions in 
chemical industry, petroleum industry, casting and welding in 
producing process, packed-bed reactors, drying of porous solids, 
geothermal extraction, storage of waste material, thermal insulation 
engineering, cooling of electronic components etc.  Also many natural 
applications in the environment like distribution of heat and wetness 
over farming fields and groves trees, soil pollution, crystal growth 
dispersion of dissolved materials, evaporation of a water body at the 
surface, damage of crops due to freezing, dehydration and drying 
operations in chemical, food processing plants etc. Comprehensive 
theories, practical applications, experiments of thermal convection, 
review of literature in porous media have been reported by Nield and 
Bejan (2013). 
      In literature, many researchers while investigating the behaviour of 
the fluid, especially the fluid properties namely the permeability, 
porosity, thermal conductivity and solutal diffusivity of the porous 
medium are taken as constants.  But most of the realistic situations 
insists of the physical properties with variable characteristics because 
the fluid properties are prone to vary with a temperature and 
concentration gradients, especially in the boundary layer theory.  The 

variation of porosity of the porous regime has been first studied by 
incorporated the variable permeability concept and proved that, the 
variations of porosity and permeability has a maximum influence on the 
fluid as well as on heat transfer through and past a porous medium.  
Hong et al. (1987) have studied the effect of non-uniform porosity and 
non-Darcian flow on a vertical heated plate in porous media. Using 
local similarity solution, Kafoussias (1990) studied the effect of mixed 
convective mass transfer flow through the vertical plate.  Mehta and 
Rao (1994) have been examined non-uniform surface heat flux of non-
Newtonian fluids with buoyancy-induced flow in a porous medium. 
Hady et al.(1996) studied the effect of variable viscosity on free and 
forced convective boundary layer flow for a continuous flat plate in a 
porous medium. 
      The effect of variable permeability and porosity on convective flow 
from the vertical surface were analyzed numerically first by 
Mohammadein and El-Shaer (2004). Seddeek (2004) illustrated the 
thermal-diffusion, diffusion thermo and variable viscosity effects 
through an accelerating surface along a internal heat generation in the 
occurrence of suction and blowing. The inertial effect is more important 
for high speed flows and it can be calculated by adding an additional 
velocity term to the momentum equation is called as Forchheimer 
Darcy law.  Pal and Shivakumara (2006) examined the influence of 
variable permeability and porosity on mixed convection of a non-Darcy 
MHD fluid flow through a vertical plate embedded in a porous medium. 
Numerical computations has been carried out by Chamkha et al.(2007) 
on mixed convective, heat and mass transfer flow of a non-Newtonian 
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fluid for a permeable surface in a porous medium and compared with 
analytical work.  Mahesha Narayana et al. (2009) analyzed the power-
law fluid over a vertical stretching sheet by considering variable 
thermal conductivity and non-uniform heat source/sink, assuming that 
the thermal conductivity vary linearly with temperature. Satya 
Narayana and Sravanthi (2012) studied the radiation absorption and 
chemical reactions of an unsteady mixed convective flow for an 
incompressible electrically conducting fluid through a porous medium 
between two vertical channels in the presence of heat generation. 
Harish Babu and Satya Narayana (2013) investigated an extensive study 
on unsteady free convective heat and mass transfer flow for a 
micropolar fluid with a variable permeability bounded by a semi-
infinite vertical plate in the occurrence of heat generation/ absorption, 
thermal radiation, first-order chemical reaction in a porous medium. 
Rushi Kumar and Shivaraj (2013) have been studied the effects of 
variable viscosity and viscous dissipation in thermal boundary layer 
fluid flow as a function of temperature over a vertical cone and flat 
plate along with MHD flow in heat and mass transfer.  Nalinakshi et al 
(2013) have been discussed variable fluid properties for a vertical plate 
by incorporating the magnetic field in a porous medium. Satya 
Narayana (2015) studied effects of variable permeability and radiation 
absorption on MHD mixed convective flow in a vertical wavy channel 
with traveling thermal waves numerically.   Srinivasacharya et al.(2015) 
analyzed the flow behaviour on a sinusoidal wavy surface through a 
porous medium numerically by taking variable fluid properties for a 
Darcy model.  Venkateswarlu and Satya Narayana (2016) discussed 
about the influence of  non uniform thermal conductivity variations on 
MHD caisson fluid flow with viscous dissipation, Soret and Dufour 
effects on a stretching sheet. 
       Keeping the above discussions in mind, authors investigated to 
explore the effect of double diffusive, mixed convective, heat and mass 
transfer flow of a Forchheimer model through a vertical plate in a 
porous medium under the influence of variable fluid properties.  The 
non-linear coupled PDE's are reduced into a system of ODE's using 
similarity transformation, then the resultant BVP is solved numerically 
using shooting technique to analyze the flow pattern of velocity, 
temperature, concentration, Skin friction, rate of heat and mass transfers 
for various physical parameters.  Here we discussed both the uniform 
and variable fluid properties against each non-dimensional parameter of 
the physical system. 
 

 
Fig. 1  Physical configaration 

 

2. MATHEMATICAL FORMULATION  

 

Consider a steady, two-dimensional, laminar, double diffusive, mixed 
convection, heat and mass transfer flow of an incompressible viscous 
fluid over a vertical surface in a sparsely packed porous medium. The 
flow configuration of the physical model is shown in Fig. 1 and the 
coordinate system is chosen as follows.  Here, the x - axis is taken 
along the plate from one of its edge and y - axis is taken exactly 
perpendicular to the plate. Let 0U  be the free stream velocity in the 
upward direction and assumed to be constant along the vertical surface 
and g is the gravitational force acting towards down. The plate is 
maintained at a uniform temperature wT , uniform concentration wC  
which vary with free stream fluid temperature T∞

and concentration 

,C ∞ where the plate is considered to be heated 
wT T∞>  (Assisting 

flow) and cooled wT T∞<  (Opposing flow).  
        The Forchheimer model is used to explain the flow characteristics 
of the porous medium due to the low permeability and assumed that the 
flow is moderate. The coordinate system is assumed to be locally 
hydrodynamic and thermal equilibrium between the fluid and solid 
phase.  Under these assumptions by invoking Boussinesq and boundary 
layer approximations, the basic governing equations are modeled as 
follows 

0,
u u
x x

∂ ∂
+ =

∂ ∂
                                                                   (1) 

 

21
( ) ( ) 2

2( ) ( ) 2 ,
( ) ( )

u u p u
u v g T T g C CT Cx x x y

y y
u C ubk y k y

μ
β βρ ρ

μ ε ε
ρ

∂ ∂ ∂ ∂
+ = − + − − − +∞ ∞∂ ∂ ∂ ∂

− −

(2) 

2
( ) ,

T T T uu v y
x y y Cy yp

μ
α

ρ
   ∂ ∂ ∂ ∂ ∂+ = +   ∂ ∂ ∂ ∂ ∂   

                                  (3) 

( ) .
C C Cu v y
x y y y

γ
 ∂ ∂ ∂ ∂+ =  ∂ ∂ ∂ ∂ 

                                                           (4) 

The associated boundary conditions are 
0 : 0, , 0,

: 0, , 0.0

u v T T C C at yw w
u U v T T C C as y

= = = = =
= = = = →∞ ∞

                                (5) 

Here, we introduced the stream function ( , )x yψ to satisfy the continuity 
equation in the dimensionless form, we may write 

,u v
y y
ψ ψ∂ −∂

= =
∂ ∂

                                                         (6) 
Where the components of velocity along the x  and y axis respectively 
are given by  

( )1 0( ), ( ) ( ) .0 2
Uu U f v f f
x

νη η η η′ ′= = − −                                  (7) 

The following local similarity transformation is used to reduce the 
above PDE's  (2), (3) and (4)  into ODE's 

( );0U x fψ ν η= where 
1/2

0 .
y U x
x

η
ν

 =  
 

                                   (8) 

Also, the variable fluid properties namely "permeability ( )k η , porosity 
( )ε η , thermal conductivity ( )α η and solutal diffusivity ( )γ η  are 

assumed to be as 
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where , ,0 00k ε α and 0γ are the initial amplitudes of "permeability, 

porosity, thermal conductivity and solutal diffusivity of the porous 
medium and *σ is the ratio of thermal conductivity of solid to the 
fluid, *γ is the ratio of solutal diffusivity of solid to the fluid. Here, 
d and *d are assumed as initial amplitudes of Uniform permeability 
(UP) and Variable permeability (VP) and their values are defined as in [ 
Mohammadein and El-Shaer, Pal and Shivakumara and  Nalinakshi et 
al. ].   Rewriting equations (2), (3) and (4) by using equations(7), (8) 
and (9), we get 
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Where 
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Eckert number.  
The boundary conditions (5) in terms of ,f θ and φ becomes 
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The Skin friction, rate of heat and mass transfers for the vertical plate 

are given by  (0) / Re,fτ ′′= −  
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The non-dimensional local Nusselt number ,
( )

xqwNu
k T Tw

=
− ∞

 

Sherwood numbers 
( )

x qmSh
D C Cw

=
− ∞

 are given by 

(0) ReNu θ ′= − , (0) ReSh φ′= − .                                                 (15) 

3. METHOD OF SOLUTION 
 

The flow Eqs.(10)-(12) are solved along with its boundary conditions 
(13) by using shooting technique with the help of 4th order R-K method 
and Newton-Raphson algorithm numerically.  The fundamental idea of 
this method for the BVP is, to find an appropriate initial condition 
where computed solution hit the target.  This method has four major 
steps. They are (i) higher order non-linear differential equations are 
reduced into a system of simultaneous linear differential equations of 
first order; (ii) transform BVP into IVP by applying shooting technique; 
(iii) the resultant IVP is solved by employing Runge-Kutta fourth order 
integral technique; (iv) then choose appropriate initial guess values with 
the help of Newton-Raphson method where the boundary conditions 
will be satisfied. The iterative procedure is repeated until the error 
becomes less than a predefined accuracy level. In the present study, the 
value of η  is to be chosen sufficiently large at each time, where the 
velocity profile approaches to one, the temperature and concentration 
profiles are approaches to zero at the outer edge of the boundary layer. 
To validate our results, a numerical comparison has done in each case 
and found that in good agreement. 

4.    RESULTS AND DISCUSSION 
 

Numerically based computational work is invoked for the study of 
variable fluid property effects on double diffusive, mixed convection 
for viscous fluid over a vertical surface in a porous medium. The 
system of non-linear coupled ODE's having variable coefficients are 
solved for non-dimensional velocity, temperature and concentration by 
shooting technique.  An in detailed numerical study has been performed 
for the above said flow having non-dimensional parameters like Mixed 
convection parameter, Forchheimer number, Prandtl number Schmidt 
number, Thermal conductivity parameter and Solutal diffusivity 
parameter by keeping the other parameters as constants for both UP and 
VP cases. To validate our numerical scheme, present results are 
compared with earlier works published by Mohammadein and El-Shaer  
in the absence of buoyancy ratio, inertial parameter and concentration 
distribution which is shown in Table-1 for UP and VP cases.  Also, 
comparison has been made with Nalinakshi et al. in the absence of 
Soret and Dufour numbers for VP case and an excellent agreement is 
observed up to six decimal places of  accuracy but comparisons are not 
shown here for want of space. 
 
 

Table-1: Comparison of (0)f ′′  and (0)θ′−  for VP case. 
 

*σ  Ri  * / Reα σ  Present result Mhd. and El-Shaer 
   )0(f ′′  )0(θ ′−  )0(f ′′  )0(θ ′−  
2 0.2 0.0 0.61215 0.38031 0.61215 0.38030 
2 0.2 0.1 0.64526 0.38281 0.64526 0.38281 
2 0.2 0.5 0.75526 0.38959 0.75527 0.38959 
2 0.5 0.0 0.95816 0.40308 0.95816 0.40308 
2 0.5 0.1 0.97433 0.40323 0.97432 0.40325 
2 2.0 0.0 2.31559 0.40378 2.31558 0.40376 
4 0.2 0.1 0.65771 0.50664 0.65772 0.50664 
6 0.5 0.1 1.00406 0.52939 1.00403 0.52940 

 
 

4.1 Effect of Mixed convention parameter ( )Ri  
 
 

In Figs. 2-4, the velocity, temperature and concentration profiles are 
illustrated for distinct values of Mixed convention parameter Ri .  From 
Fig. 2, as Ri  raises the dimensionless velocity increases for both UP 
and VP cases because the moment of the free convection currents which 
are induced by the free constant stream velocity moves away from the 
plate to the free stream regime in the downward direction of the plate, 
so that the induced mean velocity of the fluid increases in both UP and 
VP cases.  From Figs. 3 and 4, an opposite behaviour is seen in the case 
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of temperature and concentration profiles as Ri  increases in both UP 
and VP cases. This is due to the fact that, the induced mean velocity 
drives the flow which intern transfer the heat and species concentration 
to a lower level. Also we observed that VP dominates over UP. 
 

4.2 Effect of Forchheimer number ( )Fs  
 
 
 

The characteristics of the fluid for different values of Forchheimer 
number Fs are discussed in Figs. 5-7.  Fig. 5 depicts the decrease of 
velocity profile with an augment of Fs due to fact that, the drag 
experienced by the porous medium dominates over the viscosity of the 
flow.  To our knowledge in the literature similar effect has been seen on 
velocity for the Forchheimer term in the momentum equation as a 
particular case.  With this velocity behaviour on Fs , the boundary 
layer thickness of temperature and concentration decreases which 
results an enhancement characteristics on temperature and 
concentration shown in Figs. 6 and 7.  Here UP dominates VP in the 
case of velocity, whereas, VP dominates UP in the case of temperature 
and concentration profiles.  
 

4.3 Effect of Prandtl number (Pr)  
 
 

The effect of Prandtl number Pr  is shown in Figs. 8-10 on the non-
dimensional velocity, temperature and concentration profiles.  From 
Fig. 8, it is seen that there is a significant reduction in the velocity 
profile with an enhancement of Pr . This is due to the higher viscosity 
present in the fluid flow as compared to any other forces.  Similar kind 
of behaviour is seen in the temperature from Fig. 9 and an opposite 
behaviour is observed in concentration profile from Fig. 10 due to fact 
that, the thermal diffusivity decreases with respect to the viscosity of 
the fluid. The effect of Pr  is significantly seen in velocity and 
temperature compared to that of concentration profiles. 
 

4.4 Effect of Schmidt number ( )Sc  
 

The velocity and concentration profiles for distinct values of Schmidt 
number Sc are depicted in Figs. 11-12. An enhancement in the 
magnitude of Sc  raises the velocity of the flow is observed in Fig. 11 
because as thinning of the boundary layer thickness for concentration. 
An opposite behavior is observed in concentration distributions as 
increasing in Sc from Figs. 12 due to the fact that, the solutal diffusivity 
decreases with respect to the viscosity of the fluid flow.  The effect of 
Schmidt number is very less in the case of temperature profiles. 
 
 

4.5 Effects of Thermal conductivity and Solutal diffusivity 
parameters * *( & )σ γ  
    

These effects are raised due to introducing the variable fluid properties 
on thermal and solutal diffusivities. Here we made an attempt to 
understand the effect of *σ and *γ on velocity, temperature and 
concentration which is shown in Figs. 13-16. The variation of Thermal 
conductivity parameter *σ on velocity and temperature are depicted in 
Figs. 13 & 14 and observed that the variation of *σ enhances the 
velocity as well as temperature profiles due to fact that the variable 
fluid property one can achieve higher moment of the fluid flow as well 
as heat exchange between the plate to the free stream regime. Similarly 
the effect of *γ on velocity and concentration are depicted in Figs. 15 & 
16.  With a positive change of variable diffusivity parameter decreases 
the moment of the fluid and enhances for concentration of the fluid due 
to the density of the solutal fluid increases which intern deduces the 
velocity of the moment of the fluid in both UP and VP cases.  
         Also numerical study has been done for the skin-friction 
coefficient, Nusselt number and Sherwood number are analyzed 
through the graphs from Figs. 17-25.  The non-dimensional skin 
friction, heat and mass transfer rates are depicted as a function of 
Richardson number Ri  in both UP and VP cases respectively.  The 

effects of Schmidt number Sc are depicted in Figs. 17-19.  Enchasing 
the value of ,Sc there is a decay in the local skin friction coefficient, 
heat transfer rate but an opposite behaviour is seen in the case of mass 
transfer for both UP and VP cases.  In Fig. 20 the variation of local 
skin-friction coefficient is shown and is observed that the skin-friction 
coefficient decrease with increasing the value of *σ , also can seen that 
UP is higher than VP case.  The variation of heat and mass transfers are 
presented in Figs. 21 and 22 and found that the increase with enhancing 
the value of *σ and VP is higher than UP.  The characteristics of local 
skin-friction coefficient, heat and mass transfer rates on *γ are 
examined in Figs. 23-25 for both cases.  From Figs. 23 and 24, it is seen 
that the skin friction coefficient and heat transfer rate enhances with 
enhancing the values of *γ  in both cases and UP dominates VP.  But 
the rate of mass transfer decreases as increasing the values of *γ is 
observed from Fig. 25. 
 
 
 

  
 

Fig. 2  Effect of Ri on velocity profiles. 
 
 
 

 
 

Fig. 3  Effect of Ri  on temperature profiles. 
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Fig. 4  Effect of Ri on concentration profiles. 
 

 

 
 

Fig. 5  Effect of Fs on velocity profiles. 
 
 

 
 

Fig. 6  Effect of Fs on temperature profiles. 
 
 

 
 

Fig. 7  Effect of Fs on concentration profiles. 
 
 

 
 

Fig. 8  Effect of Pr on velocity profiles. 
 
 

 
 

Fig. 9  Effect of Pr on temperature profiles. 
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Fig. 10  Effect of Pr on concentration profiles. 
 
 
 

 
 

Fig. 11  Effect of Sc on velocity profiles. 
 
 

 
 

Fig. 12  Effect of Sc on Concentration profiles. 
 
 

 

 
 

Fig. 13  Effect of *σ on Velocity profiles. 
 
 

 
Fig. 15  Effect of *σ on temperature profiles. 

 
 
 
 

 
 

Fig. 16  Effect of *γ on Velocity profiles. 
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Fig. 17  Effect of Sc on skin friction. 
 

 

 
 

Fig. 18  Effect of Sc on heat transfer. 
 
 
 
 

 
 

Fig. 19  Effect of Sc  on mass transfer. 
 

 
 

Fig. 20  Effect of *σ on skin friction. 
 
 

 
 

Fig. 21  Effect of *σ on heat transfer. 
 
 

 
 

Fig. 22  Effect of *σ on mass transfer. 
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Fig. 23  Effect of *γ on skin friction. 
 

 
 

Fig. 24  Effect of *γ on heat transfer. 
 

 
 

Fig. 25  Effect of *γ on mass transfer. 

4. CONCLUSIONS  
The following conclusions are drawn from the above numerical study:  

• As the mixed convection parameter R i  increases, the velocity 
increases near the vertical plate, whereas its effect is reversed 
in the thermal and solutal boundary layer and also VP 
dominates over UP.  

• As the Forchheimer number Fs  increases, the velocity 
decreases, whereas the temperature and concentration profiles 
increases near the plate and also UP dominates over VP in the 
velocity and temperature. 

• As the Prandtl number increases the velocity and temperature 
profiles decreases, but an opposite behaviour can be seen in 
the concentration profile. 

• As increasing the Schmidt number ,Sc  the velocity profile 
increases and the concentration profile decreases. 

• As increasing thermal conductivity parameter, the velocity, 
temperature increases and is observed very less variation in 
the case of concentration. 

• As increasing solutal diffusivity parameter, the velocity 
decreases, concentration increases and less variation  is 
observed in the case of temperature. 

 
 

NOMENCLATURE 
 

C b
 empirical constant 

T  temperature of the fluid 
Tw  

 

temperature of  the plate 
T ∞

 temperature far away from the plate 
k  thermal conductivity 
CP

 specific heat at constant pressure 
C  concentration of  the fluid 

wC  concentration of the plate 
C ∞

 concentration far away from the plate 
f  dimensionless  velocity 

η  dimensionless similarity variable 
Sh  dimensional Sherwood number 
Nu  dimensional Nusselt number 
Dm

 mass diffusivity 
P  Pressure 

Tk   

thermal diffusion ratio 

q w
 

 

average Nusselt number 
q m   

average Sherwood number 
θ  dimensionless temperature 
φ  dimensionless concentration 
x  co-ordinate axis parallel to the plate 
y  co-ordinate axis perpendicular to the plate 

Greek Symbols  
Tβ  coefficient of  thermal expansion 

Cβ  coefficient of solutal expansion 
ρ  Density 
μ  effective Viscosity 
ν  kinematic Viscosity 
α  thermal diffusivity variation parameter 
β  coefficient of volume expansion 
μ  viscosity  
ε  Porosity variation parameter 
σ  permeability parameter 
τ  Skin friction 

*α  ratio of viscosities 
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Subscripts 
w  condition at the plate 
∞  Condition far away from the plate 
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