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ABSTRACT 

The main intention of this study is to explore Maxwell fluid under the influence of thermophoresis and buoyancy forces induced by exponentially 

stretching sheet under chemical reaction.  Cattaneo –Christov heat flux model is used to explore heat and mass characteristics with variable magnetic 

field, and chemical reaction. Variables of similarity were induced to transmute partial differential equations into dimensionless equations and are 

resolved numerically by elegant method bvp 4c. Behavior of various critical parameters on velocity, temperature and concentrations is graphically 

presented and discussed. Non Newtonian nature of the Maxwell fluid is clearly explored by the Maxwell parameter, it was found that for higher values 

of Maxwell parameter velocity profiles decreases. Thermal and solutal buoyancy forces acts in favor to velocity and thermophorotic parameter acts 

against concentration. Impact of Skin friction, Sherwood and Nusselt numbers on the flow configurations for diverse critical parameters are exposed 

realistically via graphs. Arithmetical results that obtained in the current exploration are confirmed with previously explored values in very marginal 

way. 
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1. INTRODUCTION

MHD flow intensifies the curiosity of many researchers in modern era for 

the reason that it plays immense role in numerous applications in all fields 

of science and technology like plasma physics, aerodynamics, astrophysics 

and super conduction coils, polyethylene industries, coatings, biomedical 

applications, drug transportations and so forth. Numerous classical theories 

and transport models of heat and mass transfer are available in the 

literature. In these models both thermal and concentration relaxation 

features were involved. Fourier (1822) and Fick (1855) described the 

phenomenon of heat and mass transfer. The main inadequacy of the 

Fourier’s law known as “Paradox of heat conduction” is that it leads the 

energy equation to a parabolic equation. To overcome this paradox, several 

modified versions of the Fourier’s law have been introduced. Cattaneo 

(1948) in his experiment included heat flux relaxation time required to 

establish steady conduction once a temperature gradient is imposed. Later 

Christov (2009) proposed a modification to the time derivative in the 

Maxwell-Cattaneo model with the Oldroyd upper-convected derivative 

preserving material invariant formulation. Hayat et al. (2016) studied  

three -dimensional flow of nanofluid with Cattaneo–Christov double 

diffusion under Brownian motion and thermophoresis effects. Sui et al.  

(2016) in their paper reported that higher values of slip parameter 

decelerates velocity and skin friction. Awais et al. (2018) analyzed that 

heat transfer rate decays for advanced relaxation time whereas it increases 

for higher Prandtl number.  

     The viscosity of the fluids like paints, greases, lubricant oils coal tar, 

jellies, and paste varies depending upon the influences like shear in fluid, 

pressure and temperature. These fluids are non-Newtonian in nature. In 

view of various rheological properties of non-Newtonian fluids several 

constitutive relationships between stress and rate of shear are examined. 

Fluids of non-Newtonian types are mainly distributed among integral, rate 

and differential types. Maxwell fluid falls under rate type non-viscous 

fluids category. This class illustrates the relaxation time effects. Fetecau 

(2003) obtained exact solution for Maxwell fluid flow. Umer Farooq et al 

.(2019) considered Buongiorno model to explore properties of Maxwell 

fluid with nanomaterial over stretching surface.  Wubshet Ibrahim et al. 

(2020) scrutinized upper convected slip effects of stagnation point flow of
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Maxwell fluid. Vajravelu et al. (2017), Rahbari et al. (2018), Gireesha et  

al. (2018), scrutinized non-Newtonian Maxwell fluid with different 

physical conditions such as viscous dissipation, Newtonian heating, 

homogeneous-heterogeneous chemical reactions, and thermal stratification 

past different stretching surfaces. Their result shows that as Prandtl number 

increases, temperature, as well as rate of heat transfer, dwindled. 

        Chemical reaction with mixed convection plays dynamic role in many 

industrial and technological applications, so there is great demand to 

minimize number of reagents and to maximize desired output. 

Concentration and temperature differences or both effects influence rate of 

heat and mass transfer. Exothermic and endothermic chemical reactions 

added to combustion is to be studied thoroughly. Many researchers 

anticipated to study these effects by considering buoyancy forces through 

thermal Grashof number, and solutal Grashof number. Transport 

phenomena due to stretching sheets have superficial role in various 

engineering applications like paper production, aerodynamic extrusion of 

sheets, drawing of plastics, cooling of metallic sheets in baths and many 

others. At present, researchers have anticipated through several 

experimental studies that desired output from industrial objects can be 

achieved by varying velocity in different ways. After a thorough survey, 

they reported that the velocity may be sinusoidal, exponential or nonlinear.  

Vedavati et al. (2017) showed their interest to study non Newtonian fluids 

and explored non-Newtonian nature by considering chemical reaction 

mixed convective conditions and different physical parameters.  Rout et al 

(2013) studied convective surface boundary conditions of moving vertical 

flat plate. Vijaya et al. (2019, 2020a, 2020b) comprehensively studied 

Casson fluid flows on stretching surface by considering the impact of 

mixed convection, radiation, thermophoresis and chemical reactions.  

Yahaya Shgiya Daniel et al. (2015) investigated the theoretical influence 

of buoyancy and thermal radiation on MHD flow over stretching sheet. 

Aswin kumar et al. (2018) reported buoyancy forces on the boundary layer 

along with radiation and absorption effects. Shateyi (2008) analyzed 

buoyancy effect on MHD flows by considering suction and blowing. 

Unsteady magnetohydrodynamic (MHD) flow of pseudoplastic nanofluid 

in a finite thin film towards a stretching surface with internal heat 

generation is explored analytically by Lin et al. (2015), Ramesh et al. 

(2012) scrutinized the magnetohydrodynamic (MHD) stagnation point 

flow of dusty liquid towards a porous stretched surface with non-uniform 

heat source/sink.  

        Thermophoresis is an important physical formation of colloidal 

particles in a solution which responds to temperature gradient. This can be 

observed in vaporizer mixtures (fog, dust, geyser steam, and smoke) and 

in many industrial applications like optical fiber, electronic chip industries, 

nuclear power projects and so forth. Loganathan et al. (2010) explored the 

consequences of thermophoresis and injection/suction on the non-Darcy 

flow of fluid past a wedge in the presence of the magnetic field. Hady et 

al. (2011) considered the effect of heat sink/source to inspect the behavior 

of the natural convective flow of nanofluid through a cone. Rawat et al. 

(2018) accounts for the consequence of slip, Brownian motion, and 

thermophoresis to investigate the boundary layer flow of Cu-H2O 

nanofluid. Nagalakshmi et al. (2020) elaborately studied Carreau Nano- 

fluid explored using CNT over a    nonlinear stretched sheet. To the best of 

the author knowledge influence of thermophoresis on chemically reactive 

Maxwell fluid flow with Cattaneo-Christov heat flux model subject to a 

magnetic field is yet to be examined. The major objective of this study is 

to explore the effect of   thermophoresis, buoyancy effects combined with 

chemical reaction and magnetic effects on Maxwell fluid over a surface 

with exponentially stretching sheet. Graphical portrayal is depicted using 

the powerful tactic bvp4c via MATLAB software. 

    

2. FLOW ANALYSIS AND MATHEMATICAL   

MODELLING   

 
A two dimensional mixed convective flow of an upper convected Maxwell 

fluid over an elastic sheet is located at y=0, as shown in Fig. 1. In this flow 

geometry, origin is taken as the fixed point and the pane is elongated along 

x-axis  in its own plane with the velocity as well as y-axis with the velocity 

𝑈𝑤(𝑥) = 𝑈0𝑒
𝑥

𝐿 in which 𝑈0 is considered as reference temperature and L 

is reference length. A variable magnetic field 𝐵(𝑥) =  𝐵0𝑒
𝑥

2𝐿  is applied 

normal to the sheet, 𝐵0 being a constant. The very slight induced magnetic 

field generated due to electrical fluid is ignored in this study.  In this flow 

pattern 𝑇𝑤 = 𝑇∞+𝑇0𝑒
𝐴𝑥

2𝐿  is variable surface temperature distribution and 

𝐶𝑤 = 𝐶∞ + 𝐶0𝑒
𝐴𝑥

2𝐿  is solute concentration distribution, where A is 

exponent constant. 

 

 

 

 

          Fig.1. Geometrical outline of the flow  

 

       The governing equations of the flow are prearranged here under with 

terms mentioned in nomenclature considering Boussinesq’s 

approximations with thermal diffusivity  𝛼 =
𝑘

𝜌𝑐𝑝
, and with the 

thermophoretic velocity 

  𝑉𝑇 = −𝑘𝑟
𝜈

𝑇𝑟

𝜕𝑇

𝜕𝑦
. 
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Under the following boundary conditions  

{
 
 

 
 �̅� = 𝑈𝑤(𝑥) = 𝑈0𝑒

𝑥

𝐿

�̅� = 0

𝑇∗ =  𝑇𝑤(𝑥)  =  𝑇∞ + 𝑇0𝑒
𝐴𝑥

2𝐿

𝐶∗ = 𝐶𝑤(𝑥)  =  𝐶∞ + 𝐶0𝑒
𝐴𝑥

2𝐿

  at y=0                          (5)                                                

 

 

            {

�̅� → 0,
𝑇∗ → 𝑇∞
𝐶∗ → 𝐶∞

       as   𝑦 → ∞                                                    (6)                                                         

3. METHOD OF SOLUTION 

 
Following likeness variables are introduced to convert partial 

differential equations (1-4) into ordinary differential equations  

 

𝜂 = (
𝑈0

2𝜈𝐿
)

1

2
exp (

𝑥

2𝐿
)                                                                   (7) 

 

�̅� = 𝑈0exp (
𝑥

𝐿
) 𝑓′                                                                       (8) 
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�̅� = − (
𝜈𝑈0

2𝐿
)

1

2
𝑒𝑥𝑝 (

𝑥

2𝐿
) (𝑓 + 𝜂𝑓′)  (9) 

𝑇∗ = 𝑇∞ + (𝑇𝑤 − 𝑇∞)𝜃  (10) 

𝐶∗ = 𝐶∞ + (𝐶𝑤 − 𝐶∞)𝜙  (11) 

Using equations (7 - 9) into equations (2 – 4), we obtain 

𝑓′′′ − 2𝑓′2 + 𝑓𝑓′′ + 𝛽 (3𝑓𝑓′𝑓′′ +
𝜂

2
𝑓′
2
𝑓′′ −

1

2
𝑓2𝑓′′′ − 2𝑓′

3) +

𝑅(𝜃 + 𝑁𝜙) − 𝑀(𝑓′ − 𝛽 𝑓 𝑓′′) = 0,  (12) 

1

𝑃𝑟
𝜃′′ + 𝑓𝜃′ +

𝛽1

2
(𝐴𝑓𝑓′′𝜃 − 𝐴(2 + 𝐴)𝑓′

2
𝜃 + (1 + 2𝐴)𝑓𝑓′𝜃′ −

𝑓2𝜃′′)  − 𝐴𝑓′𝜃 = 0,  (13) 

 𝜙′′ + 𝑆𝑐(𝑓 𝜙′ − 𝜏(𝜃′𝜙′ + 𝜙𝜃′′) − 𝐴𝑓′ 𝜙 − 𝛾𝜙) = 0.   (14)    

Under the boundary conditions 

{

𝑓(0) = 0

𝑓′(0) = 1

 𝜃(0) = 1
𝜙(0) = 1

 (15) 

{

𝑓′(∞) → 0

𝜃(∞) → 0

𝜙(∞) → 0

  (16) 

Where the dimensionless critical parameter are 𝛽 =
𝜆𝑈0𝑒

𝑥
𝐿

𝐿
 (Maxwell 

parameter),  𝑀 = 
2𝐿𝜎𝐵0

2

𝜌𝑢0
(Magnetic field parameter), 𝑅 =

𝐺𝑟𝑥

𝑅𝑒𝑥
2  (Thermal 

buoyancy parameter), 𝑁 =  
𝐺𝑐

𝐺𝑟𝑥
(Solutal buoyancy parameter), 𝐺𝑟𝑥 =

2𝑔𝛽𝑇(𝑇𝑤−𝑇∞)𝐿𝑥
2

𝜈2
(Grashof number due to temperature), 𝐺𝑐 =

2𝑔𝛽𝐶(𝐶𝑤−𝐶∞)𝐿𝑥
2

𝜈2
(Grashof number due to concentration), 𝛽1 =

𝜆1𝑈0𝑒
𝑥
𝐿

𝐿
 (Non-

dimensional thermal relaxation time), 𝑃𝑟 =
𝜈

𝛼
(Prandtl number) ,𝑆𝑐 = 

𝜈

𝐷

(Schmidt’s number), 𝛾 =  
2𝐿𝑘0

𝑒
𝑥
𝐿𝑢0

(Chemical reaction parameter) , 𝜏 =

 −
𝑘𝑟( Tw− T∞)

 Tr
  (Thermophoretic parameter) . 

4. PHYSICAL QUANTITIES

The significant engineering physical quantities in this problem are Cf
(=skin friction coefficient), Nux (=local Nusselt number), Shx(=local

Sherwood number) respectively are defined below with  𝑅𝑒𝑥 = 
𝑢𝑤𝑥

𝜈
  as 

local Reynolds number 

𝐶𝑓 = 
𝜏𝑤

𝜌𝑢𝑤
2 ,   𝑁𝑢𝑥 =

𝑥𝑞𝑤

𝑘(𝑇𝑤−𝑇∞)
,   𝑆ℎ𝑥 =

𝑥𝑚𝑤

𝐷(𝐶𝑤−𝐶∞)
,   (17) 

where the wall shear stress 𝜏𝑤, the surface heat flux 𝑞𝑤 and mass flux

𝑚𝑤 are given by

𝜏𝑤 = 𝜇(1 + 𝛽) (
𝜕𝑢

𝜕𝑦
)
𝑦=0

,𝑞𝑤 = −𝑘 (
𝜕𝑇∗

𝜕𝑦
)
𝑦=0

, 𝑚𝑤 = −𝐷 (
𝜕𝐶∗

𝜕𝑦
)
𝑦=0

 (18)  

 Making use of equation (18) in equation (17), we obtain 

𝐶𝑓√𝑅𝑒𝑥 = (1 + 𝛽)𝑓
′′(0),

𝑁𝑢𝑥

√𝑅𝑒𝑥
= − 𝜃′(0),

𝑆ℎ𝑥

√𝑅𝑒𝑥
= −𝜙′(0),  (19) 

5. CONFIRMATION OF NUMERICAL UPSHOTS

The moderate Runge-Kutta-Fehlberg (RKF-45) with technique of shooting is 

applied to explain the highly nonlinear joined equations [12, 13, 14] along 

with the associated boundary conditions [15&16]. Table.1 shows the 

assessment of present outcomes with that of previous outcomes, where we 

can observe exact agreement. 

Table 1: Assesment  of –𝜽′(𝟎) for values of Pr when  𝑴 = 𝜷 = 𝑹 =
𝑵 = 𝜷𝟏 = 𝑺𝒄 = 𝜸 = 𝟎.

6. GRAPHICAL ILLUSTRATION

6.1. Performance of M, 𝜷, R, N on 𝒇′(𝜼) &Performance of R on

𝒇′′(𝜼)

From Fig. 2 it is witnessed that as M reaches higher values there is 

a quick reduction in velocity due to Lorentz force which compete  

against the motion of the fluid and tends to reduce fluid flow. 

Advanced values of 𝛽 enhances fluid viscosity and slows down the 

motion of the fluid as shown in Fig. 3. Impact of R on 𝑓′(𝜂) and

𝑓′′(𝜂) is shown in Fig.4 & Fig.5. Higher values of R ie, higher

buoyancy forces have an enhancing effects on velocity since it acts 

as a pressure gradient which accelerates the fluid with in the 

boundary layer. Furthermore shear stress increases in the vicinity 

of the boundary 0 ≤ 𝜂 ≤ 0.5556 and decreases within the fluid 

domain 𝜂 > 0.5556 for an increase in R. Solutal buoyancy number 

N acts as favorable case for velocity and this can be observed from 

Fig. 6.  

Fig. 2 Dominance of 𝑀 on 𝑓′(𝜂
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   A = 1.0; Sc = 2.0;  = 0.1;  = 0.1
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 M = 1.0

 M = 1.5

 M = 2.0

Pr 
Magyari and 

Keller [42] 

Bidin and Nazar 

[43] 

Ishak 

[44] 

Present 

results 

1 0.9548 0.9547 0.9548 0.9549 

2 1.4714 1.4715 1.4714 

3 1.8691 1.8691 1.8691 1.8691 

5 2.5001 2.5001 2.5001 

10 3.6604 3.6604 3.6604 
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Fig. 3 Dominance of 𝛽 on 𝑓′(𝜂)

 

Fig. 4 Dominance of R on 𝑓′(𝜂)

Fig. 5 Dominance of R on 𝑓′′(𝜂)

Fig. 6 Dominance of N on 𝑓′(𝜂)

6.2. Performance of  𝜷𝟏 , Pr, A on 𝜽(𝜼)

Advanced values of thermal relaxation time 𝛽1 weaken the thickness of the 
boundary layer across the fluid and as a result temperature diminishes. This 

physical phenomenon best explains Cattaneo- Christov heat flux relaxation 

in Fig.7. Minor values of Pr yield thicker boundary layer with higher 

temperature across the boundary layer. Thermal boundary layer is 

generated within the lower part of the boundary layer at higher Pr, as a 

result temperature gradient vanishes adjacent to the free surface as 

illustrated in Fig. 8. It is interesting to observe an over shoot of temperature 

in the fluid adjacent to the boundary that occurs for some negative values 

of A and hence heat is expected to flow towards the wall from the ambient 

fluid and later the temperature exponentially decreases and approaches the 

free stream condition. This means that for some negative ‘A’ one expects 

reverse heat flow in the viscinity of the sheet. This result can be observed 

in many consistent previous results. This is known as Sparrow-Gregg-Hill 

(SGH) phenomenon which is observed in Fig. 9.  

Fig. 7 Dominance of 𝛽1 on 𝜃(𝜂
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 Fig. 8 Dominance of 𝑃𝑟 on 𝜃(𝜂) 

Fig. 9 Dominance of A on  𝜃(𝜂) 

6. 3. Performance of Sc, 𝛾, 𝜏 on 𝝋(𝜼)

The concentration gets reduced for increasing value of Sc. This may be 

explained as larger values of Sc corresponds to smaller values of mass 

diffusivity and hence thickness of solutal boundary layer becomes thinner 

when Sc is large as illustrated in Fig.10. Chemical reaction parameter 𝛾 

increases interfacial mass transfer and reduces the solutal boundary layer. 

This results in weaker molecular diffusivity and thinner boundary layer. 

Therefore advanced values of 𝛾 reduces 𝝋(𝜼) which is illustrated in Fig. 

11. Influence of thermophoretic parameter 𝜏 on concentration is plotted in

Fig. 12. It is observed that the effect of increasing value of 𝜏 gradually

decreases species concentration.

 Fig. 10 Dominance of 𝑆𝑐 on 𝜙(𝜂) 

Fig. 11 Dominance of 𝛾 on 𝜙(𝜂) 

Fig. 12 Dominance of 𝜏 on 𝜙(𝜂) 
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6.4. Performance of skin friction coefficient, Nusselt number, 

Sherwood number 

 The relation among surface drag coefficient, M, and 𝛽 in the range from 

0.1 to 1 is plotted in Fig. 13. As M reaches from 0.1 to 1 surface drag 

coefficient gets the form of straight lines with negative slope which means 

that for higher M it gradually decreases. It is also seen that for higher 

Maxwell parameter 𝛽  both the parameters declines.  The mutual relation 

between R, N and skin friction coefficient is graphically presented in 

Fig.14. It is noticed that there is a negligible increase in the drag coefficient 

when 𝑅 = 0.1 as N increases from 0.1 to 1. As R takes higher values it is 

seen that there is a monotonic increase in the drag coefficient for the same 

range of variation of N. In Fig. 15 Nusselt number versus Prandtl number 

Pr for a variation of thermal relaxation parameter 𝛽1 is drawn. The profiles

of Nusselt number are straight lines with positive slope indicating that the 

rate of heat transfer increases with increasing Prandtl number. As 𝛽1 takes

higher values the gradient of the profile increases and also with increase in 

Pr indicating an enhancement in the rate of heat transfer. Figure. 16 is the 

graph of Sherwood number drawn for a variation in chemical reaction 

parameter 𝛾 and Schmidt’s number Sc. It is observed that as 𝛾 increases 

there is a steady growth in Sherwood number. Increment in Sc leads to a 

significant enhancement in Sherwood number and the corresponding 

profiles are parallel. 

Fig. 13 Variation of Skin friction with 𝛽 for M 

Fig. 14 Variation of Skin friction with R for N 

Fig. 15 Variation of Nusselt number with 𝛽1 for Pr

Fig. 16 Variation of Sherwood number with Sc for 𝛾 

7. CONCLUSIONS

The steady boundary layer flow of an incompressible, electrically 

conducting Maxwell fluid over an exponentially stretching sheet in the 

presence of Cattaneo-Christov heat flux and chemically reactive solute 

transfer with first order chemical reaction is analyzed. The following 

conclusions are drawn: 

➢ Flow deceleration is observed with increasing Maxwell

parameter 𝛽 and magnetic field intensity M.

➢ The influence of themophorotic parameter 𝜏 is clearly observed

on concentration, as it increases concentration decreases.

➢ Both thermal and solutal buoyancy forces accelerates velocity

gradients.

➢ Sparrow-Gregg-Hill (SGH) phenomenon is observed with the

temperature exponent.

➢ The temperature and concentration are enhanced with increasing

magnetic field M and Maxwell parameter𝛽.

➢ Temperature in the Cattaneo-Christov model is seen to be lesser

than that of the Fourier model.

➢ Suppression in velocity due to Maxwell and magnetic field

parameters and a reduction in surface drag coefficient are 

observed. 

➢ The mass transfer rate increases with Schmidt number and

chemical reaction parameter
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NOMENCLATURE 

g Acceleration due to gravity 

𝑘0 Chemical reaction 

𝛽𝑇 Coefficient of thermal expansion 

𝛽𝐶 Coefficient of concentration expansion 

𝜌 Density of the fluid 

𝜎 Electrical conductivity 

𝐶∞ Free stream concentration assumed to be constant 

𝑇∞ Free stream temperature assumed to be constant 

𝑇0 Heating/cooling reference temperature 

𝜈 Kinematic viscosity 

𝐶∗ Local fluid concentration 

𝑇∗ Local fluid temperature 

D mass diffusivity 

𝜆  Relaxation time of the fluid 

𝜆1 Relaxation time for heat flux 

𝐶0 Reference concentration 

𝑇𝑟 Reference temperature 

𝑐𝑝 Specific heat at constant pressure 

𝑘 Thermal conductivity 

𝑘𝑟 Thermophoretic coefficient. 

�̅� Velocity component along x-axis 

�̅� Velocity component along y-axis 
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