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ABSTRACT

The tangent polynomials 7}, (z) are generalization of tangent numbers or the Euler zigzag numbers 7},. In
particular, 7, (0) = T,. These polynomials are closely related to Bernoulli, Euler and Genocchi polynomials.
One of the extensions and analogues of special polynomials that attract the attention of several mathematicians
is the Apostol-type polynomials. One of these Apostol-type polynomials is the Apostol-tangent polynomials
Tu(z,A). When A =1, T}, (z,1) = Ty (z). The use of hyperbolic functions to derive asymptotic approximations
of polynomials together with saddle point method was applied to the Bernoulli and Euler polynomials by Lopez
and Temme. The same method was applied to the Genocchi polynomials by Corcino et al. The essential steps
in applying the method are (1) to obtain the integral representation of the polynomials under study using their
exponential generating functions and the Cauchy integral formula, and (2) to apply the saddle point method. It is
found out that the method is applicable to Apostol-tangent polynomials. As a result, asymptotic approximation
of Apostol-tangent polynomials in terms of hyperbolic functions are derived for large values of the parame-
ter n and uniform approximation with enlarged region of validity are also obtained. Moreover, higher-order
Apostol-tangent polynomials are introduced. Using the same method, asymptotic approximation of higher-
order Apostol-tangent polynomials in terms of hyperbolic functions are derived and uniform approximation
with enlarged region of validity are also obtained. It is important to note that the consideration of Apostol-type
polynomials and higher order Apostol-type polynomials were not done by Lopez and Temme. This part is first
done in this paper. The accuracy of the approximations are illustrated by plotting the graphs of the exact values of
the Apostol-tangent and higher-order Apostol-tangent polynomials and their corresponding approximate values
for specific values of the parameters #, A and m.
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1 Introduction

The Apostol-tangent polynomials denoted by T; (z;A),A £ 0 are defined by generating func-
tion (see [1])

e o wh
MT’—I-l:X(:)Tn(ZJ)E’ 6]
where AeC and the validity of the series in Eq. (1) is given as follows:

T when X=1
wl <32
T when M#1.

when A =1, the equation gives the generating function for the classical tangent polynomials 7}, (z)
given by (see [2,3])

2e" > w' b4
mzlng(Z) R |W|<5- 2)

Setting z=0 in Eqgs. (1) and (2), we obtain
T,0,0): =T,(2) and T,,(0) : =T,, (3)

where T, (A) and 7, are called the Apostol-tangent numbers and classical tangent numbers,
respectively (see [1,4]).

First few values of the Apostol-tangent polynomials are given below:

_ 2| —4r+ (z+ (=24 2)1)?
2[z4( 2+Z))\],T2(z;)\)= [ (1+A)3 ]

b

2
TO(Z)»):H_—A,Tl(Z;)»): (112)?

Ty (1) = [—622A a +)\)2} F3(1+2)°7 =82 (—4+A)A> +122 (—1 +A2>:| ,

1+ 0

Ty (z:0) = [2422 (—14+M)AA+0)> =821 A+ +24 A+ 0 +16(=1+ 1)

(1+2)°
(14 (=104+2)A) =322 (1 4+2) (1 + (=4 + 1) V)].

The Apostol-tangent polynomials are extensions of the classical tangent polynomials. The
latter have become an interesting area for many mathematicians for their extensions and analogues
possess properties that are relevant in analytic number theory and physics (see [5-8]). In [1], the

2-variable q generalized tangent-Apostol type polynomials were introduced and investigated as a
new class of g-hybrid special polynomials.

Asymptotic approximations for Bernoulli polynomials B, <n2+%> and Euler polynomials

E, (nz+%) in terms of hyperbolic functions are established in [9]. In the study of Corcino

et al. [10], the Genichi polynomials are expressed as
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1 n! we'® dw
Gylz+=)=— / 4
"( 2) 21i J¢ cosh (w/2) wi+l @
where the contour C encircles the origin in the counterclockwise direction and contains no poles

of 1/cosh (w/2). With this, they have derived the asymptotic formulas for G, (z—i— %) in terms

of hyperbolic functions. However, asymptotic approximations of Apostol-tangent polynomials
parallel to the results obtained in [9] and [10], are not mentioned and found in those studies and
other related literature.

In this study, the asymptotic approximations of the Apostol-tangent polynomials 7}, (z; 1) for
large n which are uniformly valid in some unbounded region of the complex variable z, are derived
using saddle point method as used in [9] and [10]. Moreover, asymptotic expansion of higher-
order Apostol-tangent polynomials 7" (z;1) is obtained. Corresponding asymptotic formulas of
the tangent polynomials are given as corollaries.

2 Asymptotic Expansions of Apostol-Tangent Polynomials

Theorem 2.1. For AeC — {0}, and zeC such that [Imz~!| < # and |z71| <
|Z‘1—(”7i—5)|and n>1,

noigech (=148 1 —2sech?(z71 +6 1
Tn(nz_i_l;)h):nzsec (z +)[1_ sech” (z +)+0<_) ’ 5)

A 2nz? n?

where 6 = (logA) /2 and the logarithim is taken to be the principal branch.
Proof. Applying the Cauchy Integral Formula [11] to Eq. (1), we have

n! 2eM* dw
Tn (Z A) 27-” L 825+2“ +1 Wn-H ’ (6)

where C is a circle about the origin with radius < |%' —§|. With 2¢®*® cosh (w+8 = e®"+2) + 1,
it follows from Eq. (6) that

To(z+150) = ff< ) )

where /A = e1°8M/2 = ¢* and f(w) = 1/cosh (w+8). The function f () is meromorphic func-
tion with simple poles at the zeros of cosh (w+8) which are given by w; = 2j+1) % -6, j =
0,£1,42,...

Now take z+—— nz and let nz — oo with z fixed. It follows from Eq. (7) that
n! dw
T,(nz+1;)) = —/ w en(ZW—IOgW)_‘ q
a ) 2miv/A Cf( ) W (8)

The main contribution of the integrand above to the integral occurs at the saddle point of
the argument of the exponential [12]. This saddle point is at the point w = 1/z =z, z # 0.
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Assume that z~! is not a pole of f (w). Then approximations of T}, (nz+ 1;1) can be obtained by
expanding f (w) around the saddle point [13-16]. Let

= ()

=3 L (o,

W—Z_1|<V 9)

where r is the distance from z~! to the nearest singularity of f (w). For w is the circle C, the
above series is absolutely convergent if the saddle point z~! is closer to the origin than to any
of the singularities w;. That is, if z=! is in the strip |Imz_1| < ”_T‘W and |z‘1| < |z_1 —wj| for
j=0,+1,4£2,... It follows from Lemma 1, Lemma 2 and Theorem 1 of [16] that

(n2)" =S (z71) prc ()
T La) = ) 10
(nz+1;1) TR o (10)
where
po(m)=1,p1 (n) =0,pr (n) =—n,p3(n) =2n (1)
Pk () =1 = k) px—1 (n) +npg—2 (n) ,k > 3. (12)

Computing the derivatives f® (z71) for k=0,1,2 give

f(z_l) =sech (Z_l +8) , (13)
AR <z‘1> = —tanh <2_1 +8) sech <z_1 +8) , (14)
A (Z_l) = sech (2_1 —|—8) (1 — 2sech? (Z_l —|—8)> . (15)

Expanding the sum in Eq. (10) and keeping only the first three terms yield

(nz)" |:u(z_1) N u® (z_l)pl (n) N u® (z_l)pz (n) N 0( 1 >j|

Jr | oo T 2 (n2)? n?

Ty(nz+1;0) =

nl’lZZ
= sech <

N | =

2nz?

+5> ) sech (£ +5) (1 - 2sech? (£ +3)) +0(n_12)]

_ n'z" (sech <:1 —|—8)> {1 ~ 1-— 2sech22(% +8) o (iz) ] |
2nz n

Vi

The accuracy of the asymptotic formula obtained in Eq. (5) is shown in Fig. 1.

To enlarge the region of validity of Eq. (5) and obtain an asymptotic expansion valid in a
larger region, the following theorem will be utilized.
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Theorem 2.2. [9] The polynomials

! d
Pu@)=5— fc Fone = (16)

where f (w) is analytic at the origin with simple poles wi,w»,--- (and respective residues ry,12, - ),
can be represented, for each integer m > 0, as

m Wi hz
Pn(nz)=—zrken—+lf'(n+l,wknz)
k=1 "k
00 (k) (.—1 (k) (—1
JOE) b’ (271) pie ()
+ (nz)" , 17
( );) i =" (17)

that is valid for z € C, |z_1| < |z_1 —wj|, for all j=m+1,m+2,---, where the polynomials pj (n)

are given in Eq. (12) and hl(ff) is the kth derivative of the function

m

r
h’”(w):‘zw_lw,’

=1

where the residues w; are ordered by increasing modulus |wj| < ‘WI_H‘. Each term of the finite

sum in the above equation equals n!ry /WE_H multiplied by the Taylor polynomial of degree n in

z=0 of eWkZ,

The second asymptotic formula for 7}, (nz+ 1;1) with enlarged region of validity is given in
the following theorem.

-2 -1 1 2
10
[ -SDDICT

+16

(a) (b)

Figure 1: Solid lines represent 7T}, (nx + 1;A) for several values of n, whereas dashed lines represent

the right-hand side of (5) with z = x, both normalized by the factor (1 + |§\")_1 where we choose
a=02@ n=7and L=4 (b) n=14 and L =9
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Theorem 2.3. Let z € C\ {0} such that |z

m—1 and A € C{0}. Then, as n — oo,

_2n+1- m—1 (2k+£)ninz et 1 )
Tzt 150 = o 3 (D o F(”“’[—( : )m‘g]”z)
k=0

for k=0,1,2,---,

>

2 2
- EQk+Dmi=25 ‘ Qk+T)m+25

( ﬁ) [Qk+ 1) i — 287" 2
—(k+1)minz .
[— Qk+ 1) mi— 287" ’ 2
(nz)" 1
+ 7 {sech(; +5)
+m—l (—1)k+14(2k+1)7r - sech(%+8> (I—ZSech2 <%+8))

2 2
=0 4(§+5) + 2k +1)* 72 2nz

m—1 (_l)k 16(2k+ Drn |:(2k+ 1)2 77.'2 —12 <% +5)2:|

z 1
-y 5 5 +0(n—2) . (18)

k=0 nz? {4 <§+6> +(2k+1)27r2}

Proof. We start by computing the residues r; for the Apostol-tangent polynomials. Observe

that the case is the function f (w) =sech(w+38) = msh(lTB) = % which has simple poles at w; =

w —6,1=0,1,2,...,m—1. Thus, the corresponding residues are

_pw) 1

= = , 19
& q (w)) sinh(w;+96) (19)
where

1
sinh(wj+8) =sink ( (14 = )xi)=isink (Izr n 5) — (=i, (20)
2 2
On the other hand, for w_; = w -48,1=0,1,2,....m—1,
1
sinh (w_l —I—8) =—sinh ((H— 5) m’) =—isinh (Zrt + %) = (=), 21
Thus, the residues r;,/=0,1,2,...m—1 of the function f (w) are
1
= and r; = (-1, (22)

(_l)l—H[ =

(—1)f
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Next, the derivatives of A, (w) at the saddle point z—! will be computed. With the simple

poles w; = w —&§ and w_1 = w
obtained as follows:
m—1 - m—1 -
o () = = Z: w—w; B Z: w—w_;
m—1 1+1; m—1 A
:_Z (=D _Z (=D
— [(21+21)m _5] = [—(21;1)7” _ 8]
m—1
. -1 1
= Z (—1) QI+ i + Ql+ i
—~ [w+5]—T) [+ 8] + T)
B ’”Z‘l( i [ =@+ i
B o [w+8]% + M
e N Te E S PP
AW+ + QI+ 1)

Computing the derivatives yields

m—1

PN
hﬁ,? (W)ZZ (=D 32(21+1)n[w+8]2’
=0 {4(w+5)2+(2l+1)2n2}

m=1 (=1)/32Ql+ )7 [(2l+ 1)2r2 - 12(w+5)2]

1=0 {4(w+6)2+(2l+1)2772}3

At the saddle point z7!,

hY (z‘l) =

m—1

D4+ Dn
2 b
=0 4(% +5) +@I+1)2 72

m-l (=1)'32QI+ )7 (% +5)

() =3 .

=0 {4 (4 +5)2 + QI+ 1)2n2}

m—1 (_1)1 32 (2Z+ DHn <(2l+ 1)271'2 —12 <% +5>2)

3
=0 {4(§+5)2+(21+1)2n2}

— & of the function f (w), an expression for /A, (w) is

(23)

24

(25)

(26)

27



140 CMES, 2022, vol.132, no.1

From Theorem 2.2,

Winz n 90 rk) (,—1 h(k) -1
K F(n+l,Wknz)+(nz) Zf (z7') +hm (7)) P

T, Lyy=—-n"2 .
(nz+1;2) ) 22 k Jx P k! (nz)*

(28)

Keeping only the first three terms of the infinite sum in (28) and using Py (n) in Eq. (11),
f® (z71) given in Eqs. (13)~(15) and 7% (z71) given Eqs. (25)~(27) with wy w 8,1 =

(_31;1 nd (jl ’,k 0,1,...,m—1, the desired asymptotic formula is obtained.

The accuracy of the asymptotic formula obtained in Eq. (18) is shown in Fig. 2. The accu-

racy of the approximation in the oscillatory region is better that that the of the formula in
Eq. (5).

1.5x10°
[ ]

#

(2) (b)

Figure 2: Solid lines represent 77, (nx+ 1;A) for several values of n, whereas dashed lines represent

the right-hand side of Eq. (18) with z=x, both normalized by the factor (1+ |§|n)_1 where we
choose « =0.2. (a) n=7 and =4 (b) n=14 and »=9

Remark 2.4. Taking A = 1, Theorem 2.1 and Theorem 2.3, respectively, will give uniform
approximationformula and an asypmtotic expansion with enlarged region of validity which are
same formulas as those obtained in [17] for the tangent polynomials.

3 Approximation of Higher-Order Apostol-Tangent Polynomials

Higher-order Apostol-tangent polynomials are defined by the generating function

2
()\,62‘1’4—1) _ZTm<z )\-) |W|<—Whel’l r=1

and |w|<m when A #1: AeC ~ {0} (29)

In this section, it is shown that the method in Section 2 can be extended to obtain asymptotic
expansion of the Apostol-tangent polynomials of order m.
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Theorem 3.1 For XeC\ ({0}, and zeC\{0} such that |Imz_1| < # and |Z_1| <
\z‘l — (% —8)| and n,m > 1, the Apostol-tangent polynomials of order m satisfy

n.n m(-—1 - 2(-—1
n"z"sec (Zm +8) 1 m (m (m+ l)sezch (Z +8)) Lo <i2) ’ (30)
<ﬁ) 2nz n

when 6 = (logA) /2 and the logarithm is taken to be the principal branch.

T, (nz4+m; 1) =

Proof. Applying the Cauchy Integral Formula to Eq. (29),

n! 2Mme=W dw
N
Tn (Za )\') - 27Tl /C‘ (eln()\)_,’_zw + 1)}’}1 W”‘H > (31)

where C is a circle about 0 with radius less than =2 With (2e4+")" (cosh (w +8))" =
(e¥+2 +-1)", it follows from Eq. (31) that

n! e dw
TIT(Z;)»)Z—m/f(W)Wn—H (32)
271'i(\/x) C e w

where 1 = (elog®/ 2)m = and f (W) = m The function f(w) is a meromorphic function

with poles of order m at the zeros of cosh™(w + 6) which are given by w; = (2j+1) % -6, =

0,+1,42,---. It follows that by taking z+—— nz an letting nz — oo with fixed z,
! . d
T,T (nz+m; 1) = n—m / f(w) en(uv—logw)_":' (33)
2m(ﬁ) c W

Likewise, the approximations of 7)(nz+m;A) can be obtained by expanding f(w) around the
saddle point w=_z"!. Using Lemma 1, Lemma 2, and Theorem 1 of [9],

(n2)" =SB (271 Pr(n)
(ﬁ) ! k=0 k! (”Z)k ’

where Py (n) are the polynomials given in Eqs. (11) and (12). The derivative of f%) (z_l) for k=
0,1,2 are given by

L (Z_l)zf(z_l) = sech™ (Z_l +5), (35)
£ (z—l) — _mtanh (2_1 + a) sech™ (z—l + 5) : (36)
(

T (nz +m; k) = (34)

2_1) =m sech™ (z_l +8> (m — (m+1) sech? <z_1 +8)) . (37)
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Expanding the sum in (34) and keeping only the first three terms give

(nz)" |:v(z_1) N y(D (z_l)pl (n) N @ (z_l)pz (n) N 0( 1 >j|

T)! (nz+m;1) =

( ﬁ)m 0! T 2l (n2)? n?
) 1 msech™ <% + 8) (m — (m+ 1) sech? e + 8)) 1
=——— {sech”" | —+68 ) — +0|—=
< ﬁ) z 2nz? n?
_n”z” <sechm (%—FS)) | m(m—(m+l)sech2 <i:+8)) +0( 1 )
N < ﬁ)m 2nz? n?
The accuracy of the asymptotic formula obtained in Eq. (30) is shown in Fig. 3.
010}
005}
i ( 1 2 3
g -doost

(@ (b

Figure 3: Solid lines represent 7,'(nx + m;A) for several values of n and m, whereas dashed lines

represent the right-hand side of Eq. (30) with z=x, both normalized by the factor (1+ |§|n)_1
where we choose « =0.2 (a) m=7,n=10 and »=5 (b) m=8,n="7 and L =06

Corollary 3.2. Forz € C\ {0} such that |Imz"1| <%,

Z_1| < |Z_1 - ”Ti|andn,mz 1,

_ 2 (—1
T, (nz+m) =n"z"sech™ (z_1> {1 - it — o+ 1) seh” (7 +9)) +0 <1/n2)} . (38)

2nz?

Proof. This follows from Theorem 3.1 by taking A =1. To enlarge the region of validity of
Eq. (30) and obtain an asymptotic expansion valid in a larger region the following theorem will
be used.
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Theorem 3.3. For A € C\ {0},m € Z" and z € C such that |z‘1‘ < ‘z‘l — wk| forall k=/+1,1+

2,---, the Apostol-tangent polynomials of order m satisfy
- ) —m L WihZy, " /n 1 G=1) 1 —(—149) (n—29)!
T, (nz+m;A) =A ];X;e 7 2(; s (=1 (—1)g(wi) Wi T
=1j- =

_F(n—s+1 wknz))+(—l)i(j)n:|+( )Z (k)( ) h(k)(_l)Pk(n)} (39)

1 + k
wi wi" (nz)

where the polynomisals pg(n) are given in Eq. (12) hl(k) is the kth derivative of the function hj(w)
given by Eq. (49) and
m

>

j=1 (W - Wk)J

Are the given principal parts of the Laurent series corresponding to the poles wy, where the
entire function h(z) is determined by f(z).

Proof. With f (w) =cosh™ (w+29), it follows from Mittag-Leffler’s Theorem (see [18,19]) that

/ m

Vk/.
f(w) 321 ;:1 — gk (w) | +g(w)

—ZZ(W v +qu<w>+g(w>

k=1 j=1

—ZZ(W W),+f1(W), (40)

where

/
Sim =Yg (w) +g ),

k=1

gi(w) 1s a polynomial of w,ry; are residues of f(w) at wy,k=1,2,...,/. Note that inside the
disk |w| < [wpr1],f7(w) has no poles.

Recall from Eq. (33),
1 n! dw
TZn (f’lZ‘f—m;)\,):—%%/f(W)ewnZW, (41)

where 1 (w) = 1/cosh™ (w+ §) = sech™ (w+8) . Substituting Eq. (40) to Eq. (41) gives

I m
1 n ki dw
ik ;)» — E :E : J _ wnzg
w (8475 %3 Zﬂi/;( (w—wyy +f1(W))e witl

k=1 j=1
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_m n! dw m n! dw
Zm /CZZ e Wit +A2 2mi /Cfl () ewnzm' (42)

(w— Wk)’
Let

n,m .- n! , dw
X7 () =472 %/Cfl(w)emzma (43)

m dW
n,m _ e z
M@ =rt /sz e

(w— Wk)’

m 1 d w
I @

(w— Wk)’

Repeating the process to prove Theorem 3.1 where f(w) there is replaced by f;(w), we have

|
X =18 / Jfiwy rva—iozm &
27i Jo

(45)
w

Assume that z—! is not a pole of f;(w). We can expand f;(w) around the saddle point. That
is

oo oK) (-1
Ji(w) = Z% (w—z‘1>k,

_1‘ <r (46)

where r is the distance from z~! to the nearest singularity of f; (w). Substitute Eq. (46) to Eq. (43)
oo (k) (_—1
n,m - n! f] (Z ) 1 k wnz dw

. &) (k) —1 | k
— )\‘—7 (nz)n Zf} (Z ) 1 n_/ <W _ Z_l) eWVlZ dW
C

k! nz)" 2mi whtl
— (nz)

(k)
nz)" Zf )uk (n.2),

where

1 ! k d
uk(”az):—n_.fc(W—Z_l) ewnz_w‘

(nz)" 2mi witl

It follows from Lemma 1 [9] that

Pk ()
b = b 47
ui (n,z) = s 47)
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where p;(n) are the polynomials in Egs. (11) and (12). Thus,
. = (57 pe )
nm z nzg R 48
@=1"F o I 48)

valid for m € Z*,z € C\ {0} such that |z7!| < |z7! —wj| for j=1+1,/+2,... given the first 2/
poles of f (w). From Eq. (40),

Siowy =1 (w) — ZZ ka.

k=1 j= 1
This gives
S o0 =150 = O o),
where
hy (w) = 49)
,;;(W wi)
The expansion of X;""'(z) in Eq. (48) becomes
oo (k) (_—1 *) (-1
n LG =07 (270 pr )
X" () =172 (np)"y L L 50
1 (2) (nz) I;) k! ok’ (50)

valid for [z7!| < |z7!' —wj|,j=1+1,/+2,... and z#0. This range of validity is larger than that
in Theorem 2.1 and Theorem 3.1.

On the other hand, to obtain an expansion for Yl"’m (3), shift the integration contour in
Eq. (44) by w=wy +t. Then dw=dt and

I m i dt
ym 3z :)L—% / K (1vk+t)nz
@ 2:2:2711 c v

T antl
k=1 j=1 Wi +1)
m etnz dl
Winz :
Zze rlZJTlfr v n+1’ (51)
k=1 j=1 c B (et

where C': t=—wr+ Re?, —7 <0 < is a circle with radius R and center at —wy. Note that 0 is
not on the wis. This C’ is the image of C: w= Re through the shift w=wy + . Note that

z x
e

/ eNdx = —
0 t

giving

iz

z 1
e_:f edx + —.
t 0 t
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Similarly,
2 etx elx z etz 1
—dx=— = — — .
o U1 7 |0 Vi t
so that

elZ z elx 1
T
It follows that
ean nz elx 1
T T

Then Eq. (51) becomes

I m nz ,tx
n,m _, Winz l’l_' e_ l dt
Yo=Y Y e rkam,/,(/o v+ (52)

k=1 j=1 (v + 0"

First, we compute

| Ix |
L f aodr gy A
2niJo 071 (we+ 0"t 2mi Jo (Wi + 1)1

Note that when j =1, the RHS of Eq. (53) is x". For j>1, we use the Leibniz rule for
differentiation.

(33)

t=—wy’

This gives
d" L n n 3 a
ﬁ(etxt (j 1)>:Z(S>xn Setx%t G 1) . (54)
s=0 I=—wg

It can be computed that

%t_(j_l) = (_1)5(]_ l)j(]+ 1)(]— 1 +(S— l)) l—(j—]+s)

— (_1)8‘ O _ l)s, l—(]'—l-i-s)’

where (j — 1), denotes the rising factorial of j— 1 with increment s. Then Eq. (54) becomes

% <etxt_(/—1)> = Z (’;) 1S o WX (_l)s (1 _ 1>S (_Wk)—(/—1+s)

n
_ (l’l) XS o™ WX (_1)(]'—1) (] _ 1>;~ (Wk)—(]'—H—S) ]
=0
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Thus, Eq. (53) can be written

tx n

n! e L Z (n) xn_se—wkx (_1)(]—1) 0 _ l)s‘ (Wk)_(j_l_hv) , (55)

Y. , =1 n+1 = Ky
2ni Jo U7 (wi + 1) =
while
| . n .
Ly at = d_n ()
2ri o (wp+0) dt = —wy

= (=D)" (), (—wg) 7"
== (_1)] (j)n (Wk)_(j+n)
=), (56)

=T
W

Note also that

nz nz
/ XS oW (e — / 7S WX
0 0

Now the incomplete gamma function

o
I (a,z) =/ e 1,

gives
o0

Fn—s+1,wez) = / e 1" dt.

Wiz
Let n= # Then ¢t =nwy, and widn =dt. Moreover, t =00 <=1 =00;1 = Wiz &> 1 = Z.

Consequently,

o0
F(n—s+1,wiz)= f e K (wim)" widn
z

F(m—s+1,wiz2) <,
) _ —Win,,n—s
n—s+1 - f € n dn
0
00 z
_ f e KIS / e KIS g
0 0

Wi

z o0 I'(n—s+ l.wgz)
— W, n—S 7. _ —wn ., n—s .

fO e n dn - fO € n dﬂ n—s+1 :

Wi

or
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Take note z+—— nz. Then

nz 00 Fn—s+1,win
f eV S gy — f ¢RI =Sy ( n‘_"s+1 KNz) ' 57)
0 0 w

k

Substituting Eqgs. (55) and (56) to Eq. (52) yields

n m = 2 Z Zenknv |:(/HZ Z (};) XS o WX (_1)(]'—1) (] _ 1>s (Wk)—(/—1+5)> dx
0 s=0

k=1 j=1

RGUXOL }
W

(1) 080 = gm0 ([arse) dx}
0

1
44 M}iff ) (58)

m n
_m Nz
=12 E E e“’f”“rkj
S

k=1 j=1 =0

Using Eq. (57) into Eq. (58) we have

I m n 00
nm o, _ 4 =4 Kz n G-=1) ;: —(j—1+s) — Wyl s
Y () =272 E E "KMy, [;_0 (S> (GY) =1 wp) ’ (fo e kRS gt

k=1 j=1
T(n—s+1, 1Y
_Fenmst kanZ)) L >f+ <J>j| )
Wi V‘/k
Since
- "Se Tk dt = (n=9)! n>s (60)
0 Wn s+1°7° -
k

we can write Eq. (59) as follows:

, !
nm (z) = )\—7 Zzewkmrk |:Z( )( l)(/ 1)) G- Y Wi) ™ G—14s) (i:n ;‘21

k=1 j=1 k
['(n—s+1,wgnz) (—1Y (),
_ +— . 61
WZ s+1 ) W/k‘f‘” j| ( )

Substituting Eqgs. (52) and (61) into Eq. (44) we have

I m n ) . —!
T™ (nz+m;n) =A% IZ > ety [Z (Z) (=YD G = 1), (wg) =019 (i’;_—fjl

k=1 j=1 5=0 k
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) i ()

-1\ _ h;k) (Z—l
(nz)k

) A G
:|+(nz) kX_(:) 7

CMES, 2022, vol.132, no.1

I'(n—s+1,winz)

1Y
WZ s+1 W{"j—n

The comparison of the accuracy of the asymptotic formula obtained in Eq. (30) and Eq. (39)

0.6

is shown in Fig. 4
0.4 ’ [

¥ oA 0.4+

| // F %] o2
1 :‘.: LIt L Pl I L 1\\“““‘ I I 1 1 I I I 1 1 ::I L l"'I"I'.ll‘.'l'." L L
‘ 02}
: -02f g [
H ‘ [ 04|
04l ]

(b)

(@)

Figure 4: Solid lines in (a) and (b) represent 77 (nx +m;A) for n=3,m =3, whereas dashed lines
in (a) and (b) represent the right hand side of Egs. (30) and (39), respectively, with z= x, both
normalized by the factor (1+[%|")" ' where we choose @ = 0.5 (@ n=3m=3 and » =73 (b)
n=3m=3and »=3

valid for m € Z*,z € C\{0} such that |z7!| < |[z71owy| for all k =7+ 1,/+2,..., where the
polynomials py(n) are given in Eq. (12) and h?k) is the kth derivative of h; (w) given by Eq. (49
Note that if m=1, Eq. (61) reduces to

) KNz
—Z ‘T (n+1,winz) |,
m,ne 7", the

|
B —

Yi(z) =
l k=1 WZH
since (1)g=1 and (0); =0. This is exactly the first term Eq. (28)
Corollary 3.4. For z € C\{0} such that |z7!| < |z‘1—wk| for all k=/+1,142
'(n—s+1,winz)
+1
wi

)

(n—ys)!
n—s+1

tangent polynomials of order m satisfy,
Wi

I m n
T,T (nZ-i-m):ZZewanrkj |:Z( )( 1)(] 1) 0 (Wk) (—14s) (
s=0
=1 ) ey

k=1 j=1
f(k) (
}r(n )" Z - s

(62)

L= 1Y )
W
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where wy = (2k+ 1) &L, the polynomials py (n) are given in Eq. (12), h;k) is the kth derivative of
the function /; (w) given by Eq. (49) and

m

ZL

U wi

are the given principal parts of the Laurent series corresponding to the poles wy.
Proof. This follows from Theorem 3.3 by taking A =1.

4 Conclusion

The saddle-point method and the use of hyperbolic functions are shown to give good
approximations to the Apostol-tangent polynomials. Uniform approximations of the Apostol-
tangent polynomials and of higher-order Apostol-tangent polynomials are derived. Moreover,
approximation formulas with larger region of validity are obtained. The computations to derive
the approximation formulas with larger region of validity for the case of Apostol-tangent poly-
nomials of order m are quite tedious and the formulas obtained are original. Corollaries are
being stated to explicitly give the corresponding formulas for the special case A =1 and can
be used as check formulas of the general case. It will be interesting also to investigate if the
methods used in the paper will be applicable to the Apostol-tangent-Bernoulli polynomials and
Apostol-tangent-Genocchi polynomials of higher order.

For future research work, one may try to investigate more properties of Apostol-tangent
and higher order Apostol-tangent polynomials and establish g-analogues of these polynomials
(see [20-22]).
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