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ABSTRACT

In general, ordered algebraic structures, particularly ordered semigroups, play an important role in fuzzification in
many applied areas, such as computer science, formal languages, coding theory, error correction, etc. Nowadays,
the concept of ambiguity is important in dealing with a variety of issues related to engineering modeling problems,
network theory, decision-making problems in real-life situations, and so on. Several theories have been developed
by various researchers to overcome the difficulties that arise from uncertainty, including fuzzy sets, intuitionistic
fuzzy sets, probability, soft sets, neutrosophic sets, and many more. In this paper, we focus solely on neutrosophic set
theory. In ordered semigroups, we define and investigate the properties of neutrosophic »-ideals and neutrosophic
»-interior ideals. We also use neutrosophic s-ideals and neutrosophic s-interior ideals to characterize ordered
semigroups.
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1 Introduction

In [1], Zadeh proposed the theory of fuzzy sets to model vague notions in the universe. In
[2], Atanassov generalized the fuzzy set theory concepts and renamed as Intuitionistic fuzzy set
theory. According to his view, there are the two kinds of degrees of freedom in a globe such
as membership to a vague subset and non-membership to that given subset. In [3], Rosenfeld
introduced the concepts of fuzziness in groups and obtained several results. Recently, many
researchers pursue their research in this area and these concepts have been applied to different
algebraic structures such as semigroups, ordered semigroups, rings (see [4—10]).

Smarandache proposed the notions of neutrosophic sets to handle uncertainty that arises
everywhere. It is the generalization of fuzzy sets and intuitionistic fuzzy sets. Using these three
attributes such as a truth (7), an indeterminacy (/) and a falsity () membership functions,
neutrosophic sets are characterized. These sets have numerous applications in various disciplines
to deal with the complexities that arise primarily from ambiguity data. A neutrosophic set
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can differentiate between relative and absolute membership functions. Smarandache used these
sets in non-standard analysis, namely decision making theory, control theory, decision of sports
(winning/defeating/tie), etc.

In [11], Muhiuddin et al. presented the notion of implicative neutrosophic quadruple-algebras,
and various properties were investigated. In [12], Muhiuddin et al. found the relationship between
(e, &)-neutrosophic ideal and (e, )-neutrosophic subalgebra in a BCK-algebra. Also, they provided
conditions under which an (e, ¢)-neutrosophic subalgebraic structure to be an (g, g)-neutrosophic
ideal structure. In [13], Muhiuddin et al. introduced the theory of neutrosophic implicative »-ideal
in BCK-algebras, and examined its properties. In addition, the relationship between different kinds
of neutrosophic implicative sc-ideals were discussed.

In [14], Khan et al. defined and discussed various properties of neutrosophic s-subsemigroup
and e-neutrosophic s-subsemigroup in a semigroup. As a motivation from [14], we delve into dif-
ferent types of notions of neutrosophic s-structures, namely neutrosophic x-ideals, neutrosophic
»-bi-ideals, neutrosophic s-interior ideals and investigated various properties. In [15], Elavarasan
et al. proposed the notions of neutrosophic »-ideals and characteristic neutrosophic s¢-structure in
semigroup and discussed its properties. Further, the equivalent assertions for characteristic neutro-
sophic s-structure were provided. In [16], Porselvi et al. defined and obtained various properties
of neutrosophic »-bi-ideal structure in a semigroup. We have shown that both neutrosophic -
bi-ideals and neutrosophic s-right ideals were the same if the semigroup is regular left duo.
Moreover, we have obtained equivalent conditions for regular semigroup in terms of neutrosophic
»z-product. In [17], Porselvi et al. defined and discussed the notions of neutrosophic s-interior
ideal structures and neutrosophic s-simple in semigroup. Also, we explored equivalent assertions
for a simple semigroup, and neutrosophic x-interior ideal structures. For more concepts related to
this work, we refer the readers to [18-23].

The aim of this paper is to define the concepts of neutrosophic sc-ideals, neutrosophic -
bi-ideals and neutrosophic x-interior ideals in ordered semigroup, and discuss its properties. We
obtain an equivalent assertion of an interior ideal in ordered semigroup in terms of charac-
teristic neutrosophic s-structures. Further, we define the notion of e-neutrosophic s-ideals and
g-neutrosophic s-interior ideals in ordered semigroup, and explore its properties. Moreover we
show that the preimage of neutrosophic s-right (resp., left, ideal) ideal is neutrosophic s-right
(resp., left, ideal) ideal under a homomorphism of an ordered semigroup.

2 Preliminaries

An non-empty set N together with two operations “.” and “<”, denoted by (N, ., <), is said
to be an ordered semigroup if the given assertions are valid:

(1) (N,.) is a semigroup,
(i) (N, <) is a poset,
(iii)) For k1,kr e N, ki <k, = kk| <kky and k1k < kyk for all keN.

For any A, BCN, (A]={keN:k <h for some he A} and AB = {k 1k, : for all k1 € A and
kZEB}.

Definition 2.1. [24] Let (N,.,<) be an ordered semigroup and ¢ # K € N. Then K is a
subsemigroup of N if K2 C K.
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Definition 2.2. [24] Let (N, ., <) be an ordered semigroup. A non-empty subset K in N is a left
(resp., right) ideal of N if

(1) NK C K (resp., KNCK),
(ii) For k1 e K and k» eN; ky <ki = ky e K.
K is an ideal of N if it is a right and a left ideal of N.

Definition 2.3. [24] Let (N, ., <) be an ordered semigroup. A subsemigroup K in N is a bi-ideal
of N if

(i) KNK C K,
(i) For all k1,ky e N, k1 € K and ky <k imply k; € K.

Defintion 2.4. [5] Let (N,.,<) be an ordered semigroup. N is called regular if for each s €
N,3 ke N> s < sks.

Defintion 2.5. [5] Let (N,.,<) be an ordered semigroup. N is called intra-regular if for each
seN, 3 k],kzeNBSSklszkz.

Let (N, ., <) be an ordered semigroup. Then the s-function on N is a function #: N — [—1, 0]
and the collection of all the s-functions is denoted by F(N,[—1,0]). A se-structure is an ordered
pair (N,/) of N and an s-function /4 on N.

Definition 2.6. Let (N, ., <) be an ordered semigroup. A neutrosophic s-structure in N is of
the form:

N k
Np = = keNj,
P (Tp.Ip. Fp) {(T’P(k)aI’P(k)aF’P(k)) ke }

where Tp,Ip and Fp are the negative truth, negative indeterminacy and negative falsity mem-
bership functions respectively in N (s¢-functions). Obviously —3 < T'p(k) + Ip(k) + Fp(k) <0 V
keN.

Definition 2.7. Let (N, ., <) be an ordered semigroup. A neutrosophic s-structure Np in N is
a neutrosophic s-subsemigroup in N if the below assertion is valid:

Tp(kiky) < Tp(ky) Vv Tp(ks)
(Vk1,ka eN) | Ip(kiky) > Ip(k1) A Ip(ky)
Fp(kiky) < Fp(ky) v Fp(k)

Let Np be a neutrosophic s»—structure and u,d,v € [—1,0]. Consider the sets:
Th={keN | Tp(k) <p},
IL=lkeN | Ip(k) > 5},
Fj={keN | Fp(k) <v}.

The set Np(u,8,v):={keN | Tp(k) <u, Ip(k) =8, Fp(k) <v} is known as (i,3,v)-level
set on Np. It is evident that Np(u,§,v) = T;ﬁ ﬂ[f,s, NFp.
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We refer to [14—17] for basic definitions of neutrosophic s-structures in a semigroup, such as
neutrosophic s-ideals, neutrosophic s-bi-ideals, and neutrosophic s-interior ideal. We define the
neutrosophic s-structures in an ordered semigroup N as follows:

Definition 2.8. Let (N,.,<) be an ordered semigroup. A neutrosophic s-structure Np in N is
a neutrosophic s-ideal in N if the below assertions are valid:

Tp(kiky) < Tp (k)
() (Vk1,ky eN) | Ip(kiky) > Ip(ka) |.
Fp(kikz) < Fp(ky)

T'p(kiky) < T’P(kl))
Fp(kiky) < Fp(ky) '

(i) (Vk1,ky eN) ( Ip(kiko) = Ip(ky)

Tp(ky) < Tp(ko)
(ili) (Vk1,kr eN), (ki <ky)= | Ip(k) = Ipka) |.
Fp (k1) < Fp(k)

A neutrosophic s-structure Np in N is a neutrosophic s-left ideal in N if the conditions (i)
and (iii) are true. A neutrosophic s-structure Np in N is a neutrosophic s-right ideal in N if the
conditions (ii) and (iii) are true.

Definition 2.9. Let (N, ., <) be an ordered semigroup. A neutrosophic s-subsemigroup Np in
N is a neutrosophic »-bi-ideal in N if the below assertions are valid:

Tp(kiaky) < Tp(ky) v Tp(kz)
(i) (Ya,k1,ko eN) | Ip(kiaky) > Ip(k) ANp(ky) |.
Fp(kiaky) < Fp(k)) Vv Fp (k)

T'p(ky) < Tp(ko)
(i) (Yk1,ko eN), (k1 <ko)= | Ip(ky) = Ip(ky) |.
Fp (ki) < Fp(ky)

It is evident that all the neutrosophic x-ideals are neutrosophic s¢-bi-ideals, but neutrosophic
»-bi-ideal need not be a neutrosophic s-ideal, as given by an example.

Example 2.1. Consider the ordered semigroup N := {ky, k3, k3, k4, ks} with the binary operation

134

.” and the partial order “<” as follows:

and <:={(k1,k1), (k1,k3), (k1,ka), (k1,ks), (ka,k2), (ka, k4), (ka, ks), (k3, k3), (k3,ks), (k4, ka), (ka, ks),
(ks,ks)}.
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— ki ko k3 ky ks
Let Np = {(—0.8,—0.3,—0.7)’ (C06.-06.03)° (—04.-04.-03)° (080307 (<01,—05.-03 | Lhen

Np is a neutrosophic s-bi-ideal, but not a neutrosophic s-ideal as Ty(k3ks) = —0.1 >
TN(k3),IN(k3k5) =—-0.5< IN(kg,) and FN(k3k5) =—-0.3> FN(k3).

Definition 2.10. Let (N, ., <) be an ordered semigroup. A neutrosophic s-subsemigroup Np in
N is a neutrosophic x-interior ideal in N if the given assertions are valid:

T'p(kiaky) < Tp(a)
(i) (Ya,k1,ko eN) | Ip(kiaky) > Ip(a)
Fp(kjaky) < Fp(a)

T'p(ky) < Tp(ko)
(il) (Vk1,ky eN), (ki <ky) = | Ip(k1) = Ip(ka)
Fp(ky) < Fp(ky)

It is evident that neutrosophic s-ideals are always neutrosophic s-interior ideals, but not vice
versa, as given by an example.

Example 2.2. Let N be the set of all non-negative integers except 1. Then (N, ., <) is an ordered
semigroup under usual multiplication and the relation <.

0 3 7 21 therwi
Let Np = {(—0.8,—0.1,—0.7)’ (—02,—04,—05)° (=05-06,-06)° (=0.1,-0.5,—03)* (—0.%,53(')‘.&11?50.7)}- Then
Np is a neutrosophic s-interior ideal in N, but not neutrosophic s-ideal as Tn(3.7) = —0.1 >
Tn(3) and Tn(3.7) = —0.1 > Tn(7).
Definition 2.11. Let (N,.,<) be an ordered semigroup. For any R C N, the characteristic
neutrosophic x-structure in N is defined as

N

xrR(Np) =
P = Gy P, xrDps xR(F)P)
where
R (Dyp N [-1,0], ks | 1 T KER
otherwise,
0 if keR

XR(I)’PN_>[—1,0], k|_> .
—1  otherwise,

-1 if keR
XR(F)p N [—1,0), ki | 1 T KE
0 otherwise.
Definition 2.12. Let (N, ., <) be an ordered semigroup and let Ny := % and Np =

N . _ .
TplpFp) be neutrosophic s-structures in N. Then

(1) Ng is called a neutrosophic s-substructure in Np, denote by Np C Ny, if Tp(k)
Txc(k), Ip (k) < Irc(k), Fp(k) > Fxc (k) for all ke N.
If Nic € Np and Np C Ny, then we say that Ny = Np.

v
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(i1)) The union of two neutrosophic s-structures Nx and Np over N is defined as

Nx UNp =Nxup = (N; Tcup, Icup, Frup),
where V k1 €N,
(T U Tp) (k1) = Ticup (k1) = Trc (k1) A Tp(ky),
(U U Ip) (k1) = Ixnp (ki) = I (k) v Ip(ky),
(Fxc U Fp) (k1) = Ficup (k1) = Fic (k1) A Fp(ky).
(ii1) The intersection of two neutrosophic s-structures Ny and Np over N is defined as

N]C mN’P = N]CQ’P - (N, TK_',ﬂ'P’IK:ﬁ'PaFK:ﬁ'P)’
where V k; €N,

(TN Tp) (k1) =Trnp (k) = Tic(ky) v Tp(ky),
(I NIp) (k1) = Ixcnp (k1) = Ixc (k1) A Ip(ky),
(Fic N Fp) (k1) = Ficnp (k1) = Frc (k1) vV Fp(ky).

3 Neutrosophic »-Structures in Ordered Semigroups

In this section, we study some properties of neutrosophic s-ideals and neutrosophic s-interior
ideal structure in an ordered semigroup N. It is evident that neutrosophic s-ideals are neutro-
sophic s-interior ideals in N, but the converse part need not be true in general. Further, we show
that all neutrosophic s-interior ideals are neutrosophic s-ideals under certain conditions. Unless
otherwise stated, we assume that Np and Ny are neutrosophic se-structures in N throughout this
section.

Theorem 3.1. [15] Let N be a semigroup. Then for any K € N, the given assertions are
equivalent:

(i) K is left ideal (resp., right ideal),

(1) xx(Nx) is neutrosophic s-left ideal(resp., right ideal).

Theorem 3.2. Let (N, ., <) be an ordered semigroup. Then for any K C N, the given assertions
are equivalent:

(1) K is left ideal (resp., right ideal),

(i) xx(Nyc) is neutrosophic se-left ideal(resp., right ideal).

Proof. (i) = (ii)) Suppose K is left ideal and let ki,k» € N with k| < kp. Then Ty (k) <
Tic(ka), Irc(k1) = Ixc(k2) and Fxc(ky) < Fxc(ka).

If k2 € K, then XK(T)K;(IQ) = —1, XK(I)KZ(kZ) = 0 and XK(F)IC(kZ) = —1 and so
?;gT)IC(lkl) < xk(DMx(k) = =1, xx(Drc(k1) = xk(Dx(kz2) = 0 and xx(F)x(k)) < xxk(F)x

2)=—1.

If ky ¢ K, then xx(T)xc(k2) =0, xx(Dxc(k2) =—1 and xx(F)xc(k2) =0 and so xx(T)x (k1) <
0=xx(Mrc(k2), xx(Drc(k1) > —1=xx(Dx(kz) and xx(F)xc(k1) <0= xx(F)x(k2). Thus xx(Nx)
is neutrosophic s-left ideal. By Theorem 3.1, xx(Nx) is neutrosophic s»-left ideal.

(1) = (i) Assume xx(Ng) is neutrosophic s-left ideal. Let k1 € K, k> € N and kp < k;. Then

xk(Dc(kz) < xx(Mek) = —1, xx(Dxc(k2) = xxk(Drc(k1) =0 and xx (F)xc(k2) < xx (Fc(k1) =
—1 which imply k> € K. Hence by Theorem 3.1, K is left ideal.
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Theorem 3.3. [17] Suppose N is a semigroup and for any K C N, the equivalent assertions are:
(i) K is interior ideal,
(1) xx(Nx) is neutrosophic s-interior ideal.

Theorem 3.4. Let (N, ., <) be an ordered semigroup. Then for any K C N, the given assertions
are equivalent:

(1) K is interior ideal,
(i) xx(Nxc) is neutrosophic s-interior ideal.

Proof. (i) = (ii)) Suppose K is interior ideal and let k1,ky € N with k| < ky. Then Ty (k) <
Txc(k2), Irc(ky) > Ixc(kz) and Fic(ky) < Fxc(k2).

If k2 € K, then XK(T)IC(kz) = —1, XK(I)IC(kZ) = 0 and XK(F)IC(kZ) = —1 and so
xk (Mxc(k) =—1, xx(Dxc(k1) =0 and g (F)rc(k) =—1.

If k> ¢ K, then xx(T)xc(k2) =0, xx(Dx(kz)=—1 and xx(F)x(k2) =0 and so xx(T)xc(k1) <

xk (D (k2) =0, xx(Drc(kr) = xk(Drc(kz) = —1 and xx (Fxc(k1) < xx (F)xc(k2) =0. Thus xx (Nx)
is neutrosophic s-interior ideal by Theorem 3.3.

(i) = (1) Assume xx(Nx) is neutrosophic s-interior ideal. Let k; € K, k» € N and kp

<
ki. Then yx(T)x(k2) < xxk(Dx(k1) = =1, xx(Dxc(k2) > xxk(Dxc(k1) = 0 and xx(F)xc (k) <
xk (F)ic(k1) = —1 which imply k> € K. By Theorem 3.3, K is interior ideal.

Theorem 3.5. Let (N,.,<) be an ordered semigroup. Then the arbitrary intersection (resp.,
union) of neutrosophic s-interior ideals in N is a neutrosophic s-interior ideal in N.

Proof. The proof is a routine procedure.

Theorem 3.6. Let (N,.,<) be an ordered semigroup. If N is regular, then neutrosophic s-
interior ideals in N are neutrosophic s-ideals.

Proof. Assume Np is neutrosophic s-interior ideal and let kj,k» € N. As k; € N and N is
regular, there is » € N such that k; < kirky. Now, Tp(kyky) < Tp(krkirky) < Tp(ky),Ip(koki) >
Ip(kokirk)) = Ip (k1) and Fp(kok1) < Fp(kykirki) < Fp(ki). Therefore Np is neutrosophic se-left
ideal. In a similar way, we can claim that Np is neutrosophic s-right ideal.

Theorem 3.7. Let (N, ., <) be an ordered semigroup. If N is intra-regular, then neutrosophic
»-interior ideals in N are neutrosophic s-ideals.

Proof. Let Np be neutrosophic s-interior ideal and ki,k» € N. As k; € N and N is intra
regular, 3 s,7e N 3 k §sk%l. Now,

Tp(kaky) < Tp(kaskin) < Tp(ky),
Ip(koky) = Ip(kaskit) > Ip(ky),
Fp(kaky) < Fp(kaskit) < Fp (ki)

Therefore Np is neutrosophic s-left ideal. In the same way, we can claim that Np is
neutrosophic »-right ideal and hence Np is neutrosophic s-ideal.
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Definition 3.1. An ordered semigroup N is said to be
(1) left (resp., right) simple if it does not contain any proper left (resp., right) ideal of N.
(i1) simple if it does not contain any proper ideal of N.

Definition 3.2. An ordered semigroup N is known as neutrosophic »-simple if all the neutro-
sophic x-ideals are constant functions i.e., for any neutrosophic s-ideal Np in N, we can have
Tp(ky) =Tp(k), Ip(k)) =Ip(ky) and Fp(k)) = Fp(ky) for all k1,k € N.

Notation 3.1. Let (N,.,<) be an ordered semigroup. Then for any k € N, we define J, CN as
follows:

Je:={meN | Txc(m) < Tc(k), Ixc(m) = Ix(k) and Fi(m) < Fic(k)}.

Theorem 3.8. Let (N, ., <) be an ordered semigroup. If Ny is a neutrosophic s-right (resp.,
»-left, s-ideal) ideal in N, then for any k € N, J; is a right ideal (resp., left ideal, ideal) of N.

Proof. Let £k € N. Then clearly ¢ # J, C N. Let k1 € J; and k> € N. Then kik> € Jj.. Indeed;
Since ki,k» € N and Ny is neutrosophic s-right ideal, we get Tic(kikr) < Txc(k1), Ixc(kikz) >
I;c(kl) and F;c(klkz) < F;c(kl). Since k; € Ji, we get T;c(kl) < T;c(k), I;c(kl) > Ix(k) and
Fic(k1) < Fxc(k) which imply kiky € Ji. Let a; € Ji, ap € N with ap < a;. Then Ti(a) <
Txc(a1), Ix(az) > Ixc(a1) and Fxc(a2) < Fxc(a1). Since aj € Ji, we have Txc(a1) < Txc(k), Ix(a1) >
Ixc(k) and Fxc(a1) < Fxc(k). So Tx(ax) < Tx(k), Ixc(az) = Ixc(k) and Fixc(ax) < Fxc(k) which imply
ay € Ji. Therefore J;. is a right ideal in N.

Theorem 3.9. If N is an ordered semigroup, then N is neutrosophic s-simple if and only if N
is simple.

Proof. Suppose N is neutrosophic »-simple. Let J be an ideal in N. Then by Theorem 3.2,
x7(Nxc) is neutrosophic s-ideal. We now prove that N=J. Let k£ € N. Since N is neutrosophic
»-simple, x7(Nx) is constant and x;(Nx)(k) = xs(Nx) (k') for every k' € N. In particular, we have
X7 (Trc) (k) = x5 (Trc)(d) = =1, xs(Ixc) (k) = xsUrc)(d) =0 and x;(Frc) (k) = xs(Fxc)(d) = —1 for any
d € J which gives k€ J. Thus NCJ and hence N=J.

Conversely, let Nx be neutrosophic s-ideal with kj,k» € N. Then by Theorem 3.8, Ji, is
an ideal. As N is simple, we have Ji, = N. Since kj € Ji,, we have Ty (ko) < Txc(k1), Ixc(ka) >
Ixc (k) and Fxc(ky) < Fxc(kp). Similarly, we can prove that Tic(k() < Tx(kz), Ixc(kr) = Iic(kr)
and Fic(k1) < Fic(kp). So Tic(ky) = Tic(ky), Ixc(ky) = Ixc(k1) and Fyc(ky) = Fxc(k1). Hence N is
neutrosophic s-simple.

Lemma 3.1. [25] An ordered semigroup N is simple if and only if N= (N¢N] for all e N.

Theorem 3.10. For any ordered semigroup N,N is simple if and only if all the neutrosophic
z-interior ideals in N are constant functions.

Proof. Suppose ki,k» € N and N is simple. Let Nx be neutrosophic s-interior ideal. Then by
Lemma 3.1, we get N = (Nk;N] = (NkyN]. Since k; € (Nk1N], we get ki < tkys for t,s € N. Since
Njc is neutrosophic »-interior ideal, we can have Tixc (k1) < Txc(thkrs) < Tic(kp), Iic (k1) > Ixc(tkas) >
Iic (k) and Fixc (k1) < Fxc(thkys) < Fxc(k»). Similarly, we can prove that Tic(kp) < Tic(k1), Ixc (k) >
Ixc (k1) and Fxc (ko) < Fxc(k1). So Ny i1s constant.

Conversely, suppose Nx is a neutrosophic »-ideal in N. Then Ny is neutrosophic s-interior

ideal. By assumption, Ny is constant and hence Nx is neutrosophic sz-simple. Therefore N is
simple, by Theorem 3.9.
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Theorem 3.11. Let (N, ., <) be an ordered semigroup. If Np is neutrosophic s-interior ideal
with u,8,ve[—1,0] and =3 < u+38+v <0, then (u, 8, v)-level set in Np is neutrosophic sc-interior
ideal provided Np(u,8,v) # ¢.

Proof. Suppose Np(u,8,v) #£ ¢ for u,8,v €[—1,0]. Let Np be neutrosophic sc-interior ideal
and ki,k» € N with ky < ky. Then Tp(k)) < Tp(ky), Ip(k)) > Ip(ky) and Fp(k)) < Fp(ky). If
ks € Ty, then Tp(ky) < which implies Tp(ki) < and so ky € T. If k € I5,, then Ip (k) > 8

which implies Ip (ki) > 8 and so ki € If;,. If k> € F,, then Fp(ky) <v which implies Fp(k;) <v
and so k; € Fp. Hence k; € Np(u,d,v). By [[17], Theorem 3.16], Np(u,d,v) is a neutrosophic
s-interior ideal in N.

Theorem 3.12. ([17], Theorem 3.17) Let N be a semigroup and Nx be neutrosophic s-structure
in N with «, 8,y €[—1,0] such that -3 <a+8+y <0. If T"‘,I,’i and F,}é are interior ideals in
N, then Ny is neutrosophic s-interior ideal in N whenever Ty # ¢, I,’z # ¢ and F,’é Z+¢.

Theorem 3.13. Let (N,.,<) be an ordered semigroup. Let Nix be neutrosophic s-structure
with o, B8,y €[-1,0] and -3 <a+B+y <0. If T"‘,I,ﬂC and F,)é are interior ideals, then Ny is
neutrosophic sc-interior ideal whenever Ty # ¢, I,’z # ¢ and F,’é #+¢.

Proof. Let ky € N, ky € T with ki < k. Then ki € Ty as Ty is an interior ideal of N.
Suppose Tic (k1) > Tixc(ks). Then Ty (ki) > ty = Tyc(ky) for some #, € [—1,0). So k> € T,lé‘ but
ki ¢ T a contradiction. Thus Ty (k) < Ty (k2).

Let k1 e N, ky € [’fé with k; < k. Then kj € I,’i as I,"é is an interior ideal of N. Suppose
Iic(k1) < Ic(ka). Then Ixc(ky) < tg < Ic(ky) for some 15 € [-1,0). So ky € I} but ki ¢ I}, a
contradiction. Thus Ixc (k1) > Ixc(ky).

Let k1 eN, k€ F,’é with k; < k,. Then k| € F,’é as F,% is an interior ideal of N. Suppose
Fyc(k1) > Frc(k). Then Fic(ki) > t, > Fic(ka) for some 1, € [~1,0). So ky € Fy! but ki ¢ Fy, a
contradiction. Thus Fic (k1) < Fxc(kp).

Hence by Theorem 3.12, Ny is neutrosophic s-interior ideal.

Let (N,.,<) be an ordered semigroup. Following [14], we define e-neutrosophic »-
subsemigroup, e-neutrosophic »-ideal and e-neutrosophic x-interior ideal in N as follows:

Definition 3.3. Let (N,., <) be an ordered semigroup. A neutrosophic s-structure Np in N is
called an e-neutrosophic sc-subsemigroup in N if the given assertion is valid:

Tp(kiky) <V{Tpk1), Tp(ka),eT}
(Vk1,ka eN) | Ip(kiko) > A{Ip(ky), Ip(k2),er}
Fp(kiky) < Vv{Fp(ky),Fp(ky),eF}

where e7,e7,er €[—1,0] such that —3 <er+e7+er <0.
Definition 3.4. Let (N,.,<) be an ordered semigroup. A neutrosophic s-structure Np in N is

called an e-neutrosophic s-ideal of N if the given assertions are valid:

Tp(kiky) < Vv{Tp(ky),eT}
(i) (Vki,kr eN) | Ip(kiky) > AIp(ka), &1}
Fp(kiky) < V{Fp(ky),er}
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T'p(kiky) <Vv{Tp(k1),eT}
(i) (Vk1,k2 e N) | Ip(kiky) = AIp(ky), 61} |.
Fp(kiky) < V{Fp(k1),er}

Tp(ky) <Tp(ky) v 3T)
Fp(ky) < Fp(ky) Ver

(i) (Vk1,koeN), ky <k, = ( Ip(ky) = Ip(ko) Aeg

where e7,e7,6r €[—1,0] such that —3 <er+e7+¢er <O0.
Np is called an e-neutrosophic s-left ideal of N if it satisfies the assertions (i) and (iii).
Np is called an eg-neutrosophic s-right ideal of N if it satisfies the assertions (ii) and (iii).

Definition 3.5. Let (N,., <) be an ordered semigroup. A neutrosophic s-subsemigroup Np in
N is called a e-neutrosophic s-interior ideal in N if the following assertions are valid:

T'p(kikaks) < Vv{Tp(ks),er}
(1) (Vki,ka,k3eN) | Ip(kikaks) > A{Ip(ka),er} |.
Fp(kikak3) < V{Fp(ky),eF}

Tp(ky) < Tp(k3)Ver
(i) (Vka,k3€N), ky <ks= | Ip(ka) = Ip(ks3) Nep
Fp(ky) < Fp(k3) Ver
where e7,e7,ep €[—1,0] such that —3 <er+e7+er <O0.

Theorem 3.14. Let (N, ., <) be an ordered semigroup. If Ny and Np are an e-neutrosophic -
subsemigroup and a §-neutrosophic s-subsemigroup, respectively in N for any e7,e7,6F,87,871,0F €
[-1,0] with =3 <er+er+er <0 and —3 <8r+87+6r <0, then N NNp is a v-neutrosophic
s-subsemigroup of N for v:=¢ A§, that is, (vr,vr,vr) = (67 V 8T,61 AS1,6F V 8F).

Proof. The proof is similar to Theorem 4.14 of [14].

Theorem 3.15. Let (N, ., <) be an ordered semigroup. If Ny and Np are an e-neutrosophic -
interior ideal and a §-neutrosophic s-interior ideal, respectively in N for any er,e5,er,87,87,8F €
[-1,0] with =3 <er+er+er <0 and —3 <8r+8r+6r <0, then N NNp is a v-neutrosophic
s-interior ideal in N for v:=¢ A S, that is, (vy,vi,vE) = (e V1,81 A8, 8F V SF).

Proof. For any ki1,k»,k3 € N, we have

Txnp(kikoks) = V{Txc(kikaks), Tp(kikaks)}
< V{V{Tk(k2),er}, V{Tp(kz),d1}}
<V{V{Tx(k2),vr}, V{Tp(k2),vr}}
=V{Tx(k2), Tp(k2),vr}
=V{Txnp(k2),vr},

Ixnp (kikaks) = NMIic(kikaks), Ip (k1 koks) }
> MAUx (k) ert, AMIp(k2), 1}
> AN (ka), v}, AMllp (k2), vi}}
= NI (k2), Ip(k2), vr}
= AIxnp(k2),vr},
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Ficnp (kikaks) = V{Fxc(ki1kaks), Fp (kikaks)}
< V{V{Fx(ka),er}, V{Fp(ks),dF}}
< V{V{Fx(k),vr}, V{Fp(ka),vF}}
= V{Fx(k2), Fp(ka), vr}
= V{Fxnp(k2), vr}.
For any k{,k, € N with k| < kj, we have
Ticnp (k1) = Trc(kr) v Tp (k1)
<{Tx(ka) ver}Vv{Tp(ky) Vér}
= Trnp(k2) Vvr,
Ixnp (k1) = I (ki) A Ip(kr)
> {Iic(k2) Aer} AMIp(k2) A ST}
= Ixnp(k2) Avr,
Fxnp(k1) = Fxc (k1) v Fp(ky)
<{Frc(k2) Ver} Vv {Fp(ky) Vv ér}
= Fxcnp (ko) Vvr.
Therefore Ny NNp is a v-neutrosophic s-interior ideal in N.

Theorem 3.16. Let (N, ., <) be an ordered semigroup. Let Nx be an g-neutrosophic s-interior
ideal in N. If

= (T KT ) = ( \ TG, N Ieta), \/ Frc(kl)),

kieN k€N kieN
then the set
Qi={keN | Txk)<«rVver, Ix(k) >k Aer, Fic(k) <krV er}
is an interior ideal of N.

Proof. Let k1,ky e N. If ky,kr € 2, then

Tic(k)) <krver= \/{TxkD}Vver, Txlk) <krver= \/{Tx(k)}Vver,

kleN szN
Ietkn) =k ner= ]\ Ity Aer, Ietka) = ki ner= \ (ko)) Aer,
k1eN kyeN
Fre(ky) <kpver= \[{FxkD}Ver, Fx(ka) <crver= \/ (Fic(k)} Vv er.
k1eN kyeN

Now for any ki, kp, k3 €N,
Tic(kikaks) < \/{Trc(ka),e7} < \/{kr Vv er.e7) = KT V€T,

Ic(kikaks) = Nt (ka),ery = Nlkr nerery =kr ner,
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Fre(kikaks) < \/{Fic(ka),er} < \[IcF v ep, 65} = kF V .

So kikrks € Q.

Let ki, ko e N with k) <kp and ky € Q. Then Txc(kr) <krVer, Ixlky) > ki ner, Fic(ky) <
kr Verp. Since Ny is an e-neutrosophic sc-interior ideal in N, we have Txc (k1) < Txc(kz), Ix (k1) >
Ixc(k2) and Fyc(k1) < Fxc(k2). So Tx (k1) <krVer, Ix(ki) = ki Aep, Fxc(ki) <kpVer which imply
k1 € @ and hence Q is an interior ideal of N.

Following [26], let (N,., <) and (M, %, <) be ordered semigroups and a mapping f:N — M.
f is known as isotone if ki,ky € N, k; < ky implies f(k1) < f(ky). f is called inverse isotone if
ki,ko €N, f(k1) < f(ky) implies k| <k [each inverse isotone mapping is (1-1)]. f is said to be a
homomorphism if (i) f is isotone and (ii) f'(ky.k2) =f (k1) = f(ky) for all k1,ky e N. f is known as
an isomorphism if it is homomorphism, onto and inverse isotone.

For a map f: N — M of ordered semigroups and a neutrosophic s-structure Ny := (T’C}Mﬁ

over M and & = (e7,¢7,eF) With =3 <e7 +¢&; +er <0, define a neutrosophic se-structure Ni.: =

N .
T OVer N by:

Tic :N—[—1,0], k> \/{Txc(f(k)),eT},
L :N— [-1,0], k> Alxc(f(k),er},
FE N [=1,0], k> \/{(Fie(f (k). eF).

Theorem 3.17. Let (N,.,<) and (M, %, <) be ordered semigroups and f : N — M be homo-
morphism. If a neutrosophic s-structure Ny := % over M is an e-neutrosophic -
N

= UL is an g-neutrosophic s¢-subsemigroup in N.

Proof. The proof is similar to Theorem 4.16 of [14].

Theorem 3.18. Let (N, ., <) and (M, %, <) be ordered semigroups and f : N — M be homomor-
phism. If a neutrosophic s-structure Ni := (TKIMW over M is an e-neutrosophic s-left ideal

(resp., right ideal, ideal) of M, then N := is an e-neutrosophic s-left ideal (resp., right
ideal, ideal) of N.

Proof. Let Ny := % is an e-neutrosophic s-left ideal in M. For any ki,k» € N, we

subsemigroup of M, then Nj-:

__ N
3 3 &£
(T Ixc o)

have
Tic(kiko) = \/{Trc(f (kik2)), e} = \/ (Txc(f (k1) %[ (k2)).e7) = \/ (T (f (k2)). e7) = Ty (k2),
rclaky) = \Uic(f k), ery = N\t (f (k1) = f (ka),er} = [\ (f (k2)), &1} = I k),
Fe(kiky) = \/{Fic(f (ko). er} = \/{Fic(f (k1) %/ (k2)), 7} < \/{Fxc(f (k2)), 67} = Fie (k2).
Let k) <k,. Then
(k1) = Tic(f (k) Ver < Tic(f(k2)) Ver = Ti(ka),

L (k) = Iic(f (k) Aep = Ic (f (ko)) A ep = L (ka),
(k1) = Fic(f (k1)) v ep < Fic(f (k2)) V eF = Fie (k2).
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Therefore N is an e-neutrosophic s-left ideal in N.

Theorem 3.19. Let (N,.,<) and (M, %, <) be ordered semigroups and f : N — M be homo-
morphism. If a neutrosophic s-structure Ny := (T’C}Mﬁ over M is an e-neutrosophic s-interior

ideal of M, then Ni. := (TSIN+F£) is an e-neutrosophic s-interior ideal in N.
et

Proof. For any ki, k>, k3 €N, we have
T (kikoks) = \/{Tic(f (kikak3)), 7}
= VAT (f k) % f (k2) %/ (k3)), e7)
< \{Tx(f k), 1)
= Ty (k2),
I (kikoks) = N\ Urc(f (kikaks)), er)
= /\{I;c(/"(kl) *f(ky) * f(k3)), er}
= N\ (f k), e1)
= I (k2),
Fyc(kikaks) = \/ {Fxc(f (kik2k3)), &)
= \/{F;C(f'(kl) *f(k2) * f(k3)),eF}
< \/{Fx(f (ka)), eF)
= Fi (k).
Let k1 <kj. Then
Ty (k1) =Txc(f (k1) Ver < Tx(f(ka)) Vv er = Ty (ka),

Lic (k1) = Ic(f (k1) A ep = Ic (f (ko)) A ep = L (ko),
Fic (k1) = Fic(f (k1) vV er < Fic(f (k2)) V eF = Fy(k2).

Hence by Theorem 3.17, Nj is an e-neutrosophic s-interior ideal in N.

Let (N,.,<) and (M, *,=<) be ordered semigroups. Consider a map f : N — M. If Mp :=
% is a neutrosophic s-structures over M, then the preimage of Mp under f is defined to

be a neutrosophic s-structures
N
(F~N(Tp).f~1Up).f 1 (Fp))

over N, where f~1(Tp)(k) = Tp(f(k), £~ Up)(k) = Ip(f(k)) and [~ (Fp)(k) = Fp(f(k)) for all
k eN.

[ Mp) =
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Theorem 3.20. Let (N, ., <) and (M, %, <) be ordered semigroups and f : N — M be homomor-
phism. If My := TplpFp) is a neutrosophic s-subsemigroup of M, then the preimage of M

under f is a neutrosophic s-subsemigroup of N.
Proof. The proof is similar to Theorem 4.17 of [14].

Theorem 3.21. Let (N, ., <) and (M, *, <) be ordered semigroups and f:N— M be homomor-
phism. If Mp := (TP}MW i1s a neutrosophic s-right ideal (resp., left ideal, ideal) of M, then the

preimage of Mp under f is a neutrosophic s-right ideal (resp., left ideal, ideal) of N.
Proof. Let /~!(Mp) = ;7

any ki,k» € N, we can have

SN Tp)kiky) = Tp(f (kik) = Tp(f (k1) = (k) < Tp(f (k1) =/~ (Tp) (k).

SN Ip) (kika) = Ip(f (ki ko)) = Ip (f (k) + (ko)) = Ip(f (k1)) =/~  Up) (ky),

SN Ep)(kika) = Fp(f(kika)) = Fp(f (k1) % f (k2)) < Fp(f (k1)) =/~ (Fp)(k1).
Let k1,ky € N with k1 <k,. Then

TPk = Tp(f (k) < Tp(f (k) =f~(Tp)(ka),

[N p) k) = Ip(f (k) = Ip(f (k) = £~ (Ip) (k),

F N Fp) k) = Fp(f (k) < Fp(f (ko)) =~ (Fp) (k2).

be the preimage of Mp under the map f. For

N
~N(Tp) /" Up) S~ (Fp)

Therefore f~!(Mp) is a neutrosophic s-right ideal in N.

Theorem 3.22. Let (N, ., <) and (M, %, <) be ordered semigroups. Consider the homomorphism

f:N— M. If Mp:= TpipFp) is a neutrosophic s-interior ideal of M, then the preimage of

Mp under f is a neutrosophic s-interior ideal in N.
Proof. Let f~!(Mp) =
k1,ko, k3 € N, we have

SN (Tp)(kikaks) = Tp(f (kikaks)) = Tp(f (k1) #f (ka) % (k3)) = Tp(f (ka)) =~ (Tp) k),

7 Up) (kikaks) = Ip(f (kikaks)) = Ip (f (k) = f (ko) . f (k3)) = Ip(f (k2)) =~ (Ip) (ka),

[ Ep)kikoks) = Fp(f (kikaks)) = Fp(f (k1) %/ (k2) %[ (k3)) < Fp(f (k2)) =/~ (Fp) (k2).
Let k1, k> e N with k| < k>. Then

[N TRk = Tp(f(k) = Tp(f (k) =~ (Tp) k),

f N Up) ) = Ip(f (k1)) = Ip(f (k2)) = f ' (Ip) (k2),

SN Fp) k) = Fp(f (k1)) < Fp(f (ko)) =~ (Fp) (k2).

7T J‘71§]p) RIS be the preimage of Mp under f. For any

Therefore, by Theorem 3.20, f~!(Mp) is a neutrosophic sc-interior ideal in N.
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Let (N,., <) and (M, %, <) be ordered semigroups. Consider the onto function f : N — M. If
Ni := (T;CINW is a neutrosophic s-structures over N, then the image of Ny under f is defined

to be a neutrosophic s-structures

M
(f(Tio).f Uxo).f (Fio))

over M, where for all k, € M,

[Tty = N\ T,

J(Nye) =

kref=1(ky)
[ty = \/ Ik,

kief~1(kp)
fFEOk) =\ Frlk).

kief~1(ka)

Theorem 3.23. Let (N, ., <) and (M, %, <) be ordered semigroups. Consider an onto homomor-
phism f:N— M. Let Ny := TIc T be a neutrosophic s-structure over N such that

Tic(x0) = /\ Tx(2)

zeQ
(YOCN) @xpe Q) | 0= ze\/QIK(Z)
Fic(xo) = /\ Fxc(2)

zeQ

If Ny is a neutrosophic »-subsemigroup of N, then the image of Ny is a neutrosophic s-
subsemigroup of M under f.

Proof. The proof is similar to Theorem 4.18 of [14].

Theorem 3.24. Let (N, ., <) and (M, %, <) be ordered semigroups. Consider an onto homomor-
phism f:N— M. Let Ny := TIc T be a neutrosophic s-structure over N such that

Tic(xo) = /\ Tx(2)

zeQ
(VOCN) @xge @) | kG0 = -e\/QIK(Z)
Fic(xo) = /\ Fx(2)

zeQ

If Ny is a neutrosophic s-left ideal in N, then the image of Ni is a neutrosophic s-left ideal
in M under f.
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Proof. Let f(Nx) M be the image in Ny under f and ki,k» € M. Then

= (TSI Fro)

f~Yk1) #¢ and f~1(ky) # ¢. So there exist s € f~ (k1) and ¢ € f~ (k) such that

Tew)= N Tew. Tx@= N TxO),
uef~1(ky) vef~L(ky)

=\ Ixw. k= \/ Ik,
uef =1 (ky) vef~l(ks)

Fx(®= J\ Fx@, Fc®= J\ FxO).
uef =1 (k) vef (k)

Now,
fTotak) = N\ Te®
xef 1 (kika)
< Txc(s0)
< Tx (D)
= N\ Txo
vef~1(ky)
=f(Tx)(k2),
fU)kiky = \/ I
xef~(kikz)
> Ic(st)
> Ic(0)
=V xo
vef~L(ky)
=fUx)(k2),
fFOaky =\  Fc®)
xef~(kika)
< Fxc(st)
< Fe(1)
= A FcO
vef~L(ky)
=/ (Fi) (k).
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Let k1,ky € M with k| <k,. Then
[Tk = "\ T
xef~L(ky)
= Txc(s)
< Tx(2)
= A Tx®
vef~l(ks)
=f(Tr)(k2),
fUokp=\/ I
xef~L(ky)
= Ic(s)
> Ic (D)
=V Ik
vef~L(ks)
= f(x) (k2),
[FEGD =\ Fe
xef (k)

= Frc(s)
< Fx(?)

= N\ FcO
vef~L(ky)

=f (Fi)(k2).

Therefore f(Nx) is a neutrosophic s-left ideal in M.

Theorem 3.25. Let (N, ., <) and (M, %, <) be ordered semigroups. Consider an onto homomor-
phism f:N— M. Let Ny := Tl T be a neutrosophic s-structure over N such that

Tic(xo) = /\ Tx(2)

zeQ
(VQQN) (Axp € Q) I’C(XO):ZG\/QIK:(Z)
Fic(xo) = /\ Fxc(2)

zeQ

If Ny is a neutrosophic s-interior ideal in N, then the image of Ni under f is a neutrosophic
s-interior ideal in ML
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Proof. Let f(Nyc) = (f(T;c),f(RI/;Hc),f(F;c)) be the image of Nx under f. Let ki, k>, k3 € M. Then

Yk # ¢, £V (ka) # ¢ and f~!(k3) # ¢. Then there exist s € f~!(k1),t € f~ (ky) and u e f~ (k3)
such that

Te@= [\ Tx@. Tx®= /\ Tecw), Tcw= /\ TxO.

zef~L(ky) wef~L(ky) vef~L(ks)
k= \/ Ik@. IkO= \/ Ikm, Ikw= \/ ko,
zef~1(ky) wef~1(ky) vef~1(ks)
Fx@®= J\ Fc@. Fx®= J\ Fcw), Fcw= [\ FxO).
zef (k) wef~L(ky) vef~1(ks)
Now,

[T kiksky = N\ T
xef ~kikskz)

< T'xc(sut)

< Txw)

= A T

vef~L(ks)

=f(Tx)(k3),
fU)kikskyy = \/ I

xef ~kikskz)

> Ixc(sut)

> Irc(u)

=\ I

vef~L(ks)

=f ) (k3),
fFotakky =\ Fe)

xef 1 (kik3ka)

< Frc(sut)

< Fc(u)

= A FxO

vef~1(ks)

=/ (Fi) (k3).
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Let k1,k, € M with ki <k,. Then
[Tk = "\ T
xef~L(ky)
= Txc(s)
< Tx(2)
= A Tx®
vef~l(ks)
=f(Tr)(k2),
fUokp=\/ I
xef~L(ky)
= Ic(s)
> Ic (D)
=V Ik
vef~L(ks)
= f(x) (k2),
[FEGD =\ Fe
xef (k)
= Fixc(s)
< Fx(®
= A FcO
vef~L(ky)
=f(Fxc)(k2).

Hence, by Theorem 3.23, f(Ni) is a neutrosophic »-interior ideal in M.

4 Conclusion

In ordered semigroups, the concepts of neutrosophic s-ideals, neutrosophic s¢-bi-ideals, and
neutrosophic s-interior ideals were introduced and their properties were investigated. We defined
ordered semigroups by employing various neutrosophic s-ideals, neutrosophic s-bi-ideals, neu-
trosophic s-interior ideals and so on. In our future work, we intend to define different types
of notions in neutrosophic s-structures over-ordered semigroups, such as neutrosophic s-prime,
neutrosophic »-quasi-prime, and investigate the structural properties of ordered semigroups using
the concepts and results in ordered semigroups. Hopefully, our research work will continue in this
direction and will create a platform for other algebraic structures.
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