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ABSTRACT

In this paper, we introduce type 2 degenerate poly-Fubini polynomials and derive several interesting characteristics
and properties. In addition, we define type 2 degenerate unipoly-Fubini polynomials and establish some certain
identities. Furthermore, we give some relationships between degenerate unipoly polynomials and special numbers
and polynomials. In the last section, certain beautiful zeros and graphical representations of type 2 degenerate
poly-Fubini polynomials are shown.

KEYWORDS

Type 2 degenerate poly-Fubini polynomials; modified degenerate polylogarithm function; unipoly functions

1 Introduction

Special functions have gained posses a considerable prominence in various fields of mathe-
matics, physics and applied sciences (see [|—4]) and the references cited therein). Some of the most
worthy polynomials in the theory of special polynomials are the Fubini polynomials (see [5-7]),
the type 2 poly-Fubini polynomials (see [&]), the degenerate central Fubini polynomials (see [9,10])
and the new type degenerate poly-Bernoulli polynomials (see [11,12]), the degenerate poly-Cauchy
polynomials (see [13]), the degenerate poly-Genocchi polynomials (see [14]). Recently, the afore-
mentioned special polynomials and their various extensions have been widely investigated by many
researchers (see [1-32]) and see also each of the references cited therein.
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The generating functions of the classical Bernoulli B,, (1), Euler &,, (1) and Genocchi G, (1)
polynomials are given as

“S—ZBW) |$|<2n “S—Ze <u> |s|<n

m=0 m=0

and (1

ef—l—l ng(u) , &l <m, (see [18-20]),

m=0

respectively.
Kargin [29] defined the 2-variable Fubini polynomials by the following generating function:

1_v€§_1 ZF <uv>— )

Taking u= 0 in Eq. (2), the 2-variable Fubini polynomials F,(u, v) reduce to the classical
Fubini polynomials given by

1—v ef—l ZFm(V)_' (3)

We easily can write

1 1
Fy (“a _§> =&, (), Fy (_§> =En (4)

and

m
F,(v)= Z Sy (m, ) a! v™.

a=0

For v= 1 in (3), we get the known Fubini numbers F,,(1) = F,, as follows:

Z m 2 (see [5,6,10D). (5)

m=0

Some of the applications of Fubini polynomials and numbers can be found in [7-9,20,26,27].

The degenerate form of the exponential function is given as (see [11,12,14,22-29])

E=1+p0t, es@®eh®=1+p8)F, Pek. (©6)
The function efé (&) is defined by the series

E©O= Wy o ™

A Bl

m=0
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where the degenerate Pochhammer symbol (u),, g is specified by
Wpp=u@—=P) W=2B)--(u—m—-1p),wog=1, (m=1).

Carlitz et al. [15,16] presented the degenerate Bernoulli polynomials as

: le(Q————i———ﬂ+ﬂ®ﬂ—§25mﬂw€ ®)
p (f)— (1+,3€)ﬁ_1 m=0
where By, 5 (0): =B, s denotes degenerate Bernoulli numbers.

For « € Z, the modified degenerate polyexponential function [28] is defined by Kim—Kim to be

> (l)mﬂ u™
Eiyp (u) = Z m’ (lul<1). )
m=1
Note that
o0
. (D pu™
Eii g (u):Z%:eﬂ (u)—1. (10)
m=1 ’

Kim et al. [14] presented the generating function of the degenerate poly-Genocchi polynomi-
als as

El'a,ﬁ (logﬂ (1—}-};-')) ; B 0 @ gm
ep (§)+1 BE= Gy~ (@eD), (11)

m=0
where g,(,j‘fg 0): = g,(,‘j‘jg denotes the degenerate poly-Genocchi numbers.
The 2-variable degenerate Fubini polynomials F, g(u; v) [26] are defined by
1

1—v(a+pe)7-1)

(1+B&)F

=Y Fupen S e 5.07)), (12)

m=0
where Fy, g(0; 1) := Fj, g denotes the degenerate Fubini numbers.
The degenerate Daehee polynomials D,, g(u) [11] are specified by
logg (1+§)
§

where D, g(0) := D, g denotes the degenerate Daehee numbers.

(1+8)"“=) " Dup W) % (see [12,20]), (13)

m=0

The degenerate form of the first kind Stirling numbers are specified by

1 (loglg (1+8)° Z S1,8 (m, a)g— (¢>0), (see[l2]). (14)

m=ux
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Note here that limg_,o S g (m,a) = S1 (m, ), where Sy(m,a) are the first kind Stirling numbers
given by

1 > gm

— (log(148&)% =) Si(ma)=, (@=0). (15)

o! m!
m=x

The degenerate form of the second kind Stirling numbers are specified by
1 %-Wl
(65 @ -1 Z Sap(m @), (see [23]). (16)

m=ux

Observe here that limg_,¢ S> g (m, ) = Sy (m,«), where S»(m, «) are the second kind Stirling
numbers given by

1 PR m
a(ef—l) :ZSz(m,a)%!, (see [1-32]). (17)

m=ux

The following paper is as follows. In Section 2, we define type 2 degenerate poly-Fubini poly-
nomials via the modified degenerate polyexponential functions and obtain certain new properties
related to these numbers and polynomials. In Section 3, we consider the type 2 degenerate unipoly-
Fubini polynomials and discuss some identities of them. In Section 4, we find some values of
type 2 poly-Fubini polynomials and draw some beautiful graphs.

2 Type 2 Degenerate Poly-Fubini Polynomials and Numbers

In the present section, we define type 2 degenerate Fubini polynomials by utilizing the mod-
ified degenerate polyexponential function and we derive some interesting relations and formulas
related to these polynomials and numbers. We start the following definition as follows.

Let g € C and « € Z, we consider the type 2 degenerate poly-Fubini polynomials which are
defined by

Eiy g (logg (14£))
g(1-v(a+pe)7 1))

(1+p6)# ZF,;“; (; v) (18)

where F (“/)3 0;1): = F(a) denotes the type 2 degenerate poly-Fubini numbers, and logg (§) =

i L(£# —1) is the compositional inverse of eg(£) satisfying the following relation
log,s ep(§) =ep (log,s (5)) =§.

For « =1 in Eq. (18), we get

u 0 é-m
(1+pB&)F = Fnp (u;v) —, (19)
1=v(a+pe)7 - 1) 2:;) m!

where F, g(u; v) denotes the degenerate Fubini polynomials (see Eq. (12)).
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Obviously
Ei, 5(1 1 u m
lim fa.p (108 ( —|—1$)) (14 B&)F Z hm F(“ﬁ (u; v) S
B—0 _ 3 _
g(1-v(a+po7-1)) el

Eiy (log (1 +£)) o — ZF(a) (u; v) =

S(l—v(ef—l —

Thus, by (18) and (20), we have

hm F(“ﬁ ;) =F* (u;v), (m=>0)

where F, (@) (u;v) denotes the type 2 poly-Fubini polynomials (see [28]).
Theorem 2.1. For m > 0. Then, we have

(Dgpr1S15U+1,0+1)
F@ ( ) - B.p+ _
mp (V)= 12(;,)2(:) 1.8 () It 1ot

Proof. By using Eqgs. (9), (14) and (18), we observe that

@ g m Eiy g (logg (148))
25317 B W T
s(l—v((1+ﬁs>ﬂ—1))
1 1o (D (logg (1 +8))"
t—v(a+per-1)§5 oD

p+1

1 1o~ Wpr1p (logg (1+8))
1_v<(1+ﬂg)%_l>€:p:0 o+ D! (p+ e !

] 1S Dprrp & g/
— =) Sipl,p+1) =
1—v(<1+ﬁs>%—1)f,§<p+1> IIZ,ZH !

1 o~ (D1 gl
o Sipl+1,p+1)
1—V((l+ﬁé)ﬂ—1);)(p+l> 12 (I+1)!

o) oo I
gm (Wps1p Sipl+1p+1D g
- (rom) (ST e s

== o+

0 m
(1) Sipl+1p+1) ) &m
LHS=Y" (Z > (T) Fpp p (v) —2ELA2LE _P ) %

1
m=0 \ /=0 p=0 I+1 (p+ l)a

1055

(20)

(20)

(22)

(23)
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Therefore, by (23), we obtain the result.

Corollary 2.1. For m > 0. Then, we have

(1) Wppr1S18U0+1,p+1)
Fplp(n) = g;)< ) 1. (V) T : (24)

Theorem 2.2. Let m > 0. Then, we have

F (s v) = Z(n) Ey g ) @)pp- (25)

p=0

Proof. From (18), we observe that

ZF,E?,%W v)ﬁ— Ein, (logg (1 4 £)) (1+B&)F
m s(l—v(<1+ﬁs>ﬂ—1))

( F,“”o—) (Z(W
m=0

(Z s O )g_m) (Z(“)pﬂgp

m=0 p=0

L.H.S= Z(Z( )F(“)pﬁ(v)(u)p,g)g (26)

m=0 \ p=0

By comparing the coefficients on both sides of FEq. (26), we reach at the following
result (25).

In [12], it is well known that the degenerate second kind Bernoulli polynomials are defined by

3 RS g
m(1+5) —me,ﬁ (u) el 27)

m=0
where b, (0):= by, p denotes the degenerate second kind Bernoulli numbers.

Theorem 2.3. For m > 0, we have

1 m
(o) _ = m o
Fn1/3()_22(:)<p) Z p<p1+...+pa_1)
p= =

P1t+t0a—1
8 bpp(B=DbpgB—1)  bp,_,p(B—1
p1+1  pr+p+1  pr+--+pe1+1

Fm—p,ﬂ (V) . (28)
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Proof. From (9), it follows that

(l)m B (logﬂ (1 + u))
m—-1)'m~

d
i —Eiyp (logﬁ (14u) = i mXZ:l

_ U+ i (D p (logg L +w)" (1 +uf~!

B - Eiy 1 1 . 29
logg (1+u) =~ (m—1)!m*! fog, (1 + ) in—1,8 (logg (1+u)) (29)

Thus, from (18) and (29), we have
1

(o) — =
mXZ:F ’3() m! u(l—v((1+ﬂu)%—1))

1 S S Lo LN ¢ N L S O o U dd
T /1 186 Jo oz, 118 Jy Tog, (1) ¢
u(l—v((l+,3u)ﬂ—l>> o logg 0 g o logg

(¢—2)— times
1 P
- > X (in)

u(1=v (4807 =1)) 120 pr+- 70120

bpp(B—DbpgB—1  bp 1 p(B—1) u’
pi+l  pr+p2+1  pr+-+pe1+1p!

ZF(O’) ——ZZ( ) ) (zl+~-+pa—1>

=0,p=0 p1ttPa—1=p

Eigp (logg (1+u))

BB=Dbp,p(B-1) bpy_1.p(B—1) u”
X plﬂ 02, Pa—1,P Fm_p,/g(v)—. (30)
pi+1  pr+p+1l  pr+-+pa_1+1 m!

Therefore, by (30), we obtain the result.
Corollary 2.2. For « > 2, we have

@ 1 (m\ bpp(B—1)
F 5(\1) ;)(p)ppTFm—p,ﬂ(V)-

Theorem 2.4. Let « > 1 and ¢« e NU {0}, s € C, we have

Nap (—p) = (= D)F F\ ().
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Proof. Let o > 1, be an integer. For s € C, we define the function n4 g(s) as

1 é‘-s_l '
N, (8) = / Eiy p (logg (1 +§))dr
"o d g (1-v(a+peP 1)) '
1 s—1
= : d 1 Eiy g (logg (1+8))dt
PO g(1-v(a+po7-1))
g1
Eiq g (logg (1+&))dt
F(”/ (1=v( <1+ﬁs>ﬂ—1)) '

CMES, 2021, vol.129, no.2

(3D

Here, we note that the second integral converges absolutely for any s € C, then the second

term on the r.h.s. vanishes at non-positive integers. Hence,

. 1 o0 g5l
RuNEN c(1v(a 0t 1))
Also, for fM(s) > 0, the first integral in (32) can be written as
1 fiFme 1
I (s) = I s+l

Using (31) and (32), we see that
1 SS_I
A—) PF(S) 0 S(l—V<(l+/3$)ﬂ—l))

Na,p (—P) =

= lim —

Eiy g (logg (1+§))dt| < ——

Eiy g (logg (1+§))dt

L&Y mE 1 &EY o

BT ge
SNTeh S & ® sin—’prwzo s+l 1

(o)
1 1 F oz

=--4+0+---4+0+ lim
s>=p () s+p p!

F'(l1=s)sinms () ()
- 5 () F s
( z ) F(l+p)cos(n,o)%

+0+0+---

= lim
S——p s+p p!

= (=D’ F 0.

Therefore, by (33), the result is obtained.

(32)

(33)
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Theorem 2.5. Let « > 1 and p e NU{0}, s € C, we have

1 ” 1 (1) Sigm+1,p+1)
(ot) m ( ) p+1,8°Lp >
Proof. From (18), we note that

Eiy g (logég (1+8)) _ (1 —v((l +,3$)% _ 1)) ZF(aﬂ (v) gm

m=0
:ZFrﬁj‘/;(v)——yZZ< )(1)p5F,§f‘)pﬂ(v)—+yZF,§j‘}3
m=0 m=0 p=0 m=0
:(1+v)ZF,§f‘,)3(v)——yZZ( )(1)pﬂpr§f>pﬁ(v)$_, (34)
m=0 m=0 p=0

On the other hand,

Eiop (logg (1+6)) 1 i (1),.5 (logg (1 +8))”
3 CES (=Dl

1 (D)1 (logg 1 +8) (o4 1)1

par p!(p+1)* (p+1)!

I~ (Dpr1p — gm
=El T > Sipmp+1)—
p=0 P m=p+1 )

_5 (i L <1>p+1,ﬁ51,,3<m+1,p+1>) & 5
1 m+1 m!

Therefore, by (34) and (35), we reach at the desired result.

For « = 1 in Theorem 2.5., the following corollary is obtained.
Corollary 2.3. For p e NU{0}, we have

W pr18S1,6(m+1,0+1)
Fong (v) = {vZ( )(DMFm p,s<v>+p20 o
Theorem 2.6. Let m1 > 0. Then, we have
Sig+1,p+1)
(@) _ (@) 1B
VES ) ut 1iv) = v+ D) FS ) (5 v) — ZZ( )(p+1)"‘ 1 1 WDm—1,5-

1=0 p=0
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Proof. From (18), we note that

o0 Sm
@ 1y E@)

2} (B G+ 10 = Fy i) —

m=

_ Eiyp(logg (1+8)) B} .
_S(l—v((lﬂﬂg)%_l))(1+ﬁ5)ﬂ<(1+l3$)ﬁ 1)

_ Eiwp(logg(1+8) (1 (1+ B8P

1 —(1+B8)7
§ v 1—v<(1+ﬂ$)3—1>

Bio.p (logs (1+§)) (1 + 867 Eiap (logs (1+8)) (1+pE)
g(1-v(a+per 1)) §

< | =

o0

ZOO
ZF(aﬂ(uv)__ZZ Slﬂ(1+1/0+1)$ Z()mﬂ )

a—1
m=0 "m0 —0<p+1) I+1

< | —

m=0

g (a) Sl,ﬁ(l+1,,o+1) gm

m=0 =0 p=0 (p+1)a 1

Upon comparing the coefficients of fni: of the above equation, we get the result.

When = 0 and u=—1 in Theorem (2.6), we get

Sig+1,p+1
vEY) (1) = v+ 1) F) () LP . (m=0).
o (L) =+ 1D Fyp (v) — ;2(;2& <p+1>‘“ T (m=>0)
and
Sig+1,p+1
Fi ()= (v + D)y (—1; () LA ~Dpips
VEWL () = (v+ 1) Fark (—13v) — gpzo (pﬂ)al ) (=Dt

Theorem 2.7. Let m > 0. Then, we have
m
> (p>F(a)pﬁ (ul,vl)F B ) (12: v2)
p=0

F,Eu)g (u1 +uz;v2) — VlF;EU)s (U1 +uz;v1)

V2=

(36)
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Proof. Now, we observe that

Ei, 5 (1 1+ Ei, 5 (1 1+ u
wplogg 1+5) || g plogg A40) gyt
g(l—vl ((1+/35)ﬂ —1)) t(l—vz ((1+/35)ﬂ —1))
Eigllogs148) [ w440 7w a+pe)i
£ RV (g —1) 2T (4 80P 1)
3 Z (VZF( ﬂ(ul +ur;vy) — i F al)g (u1 +up; Vl)) g 37)
m=0 V2= m
On the other hand,
Ei, 5 (log, (1 uy Ei, 5 (log, (1 w
i ,ﬂ(Ogﬁ( —if)) (1+,3§)’31 L ,ﬁ(Ogﬁ( "f)) (1+,35)’32
g(1-vi(a+per—1)) (1= (a+p07 1))
(ZF,Ef‘/g (u1,V1)—) (ZF( (u2;v2) —)
m=0

= Z (Z( )F("‘)p g () Fi) (uz,m) : (38)
m=0 \ p=0

Therefore, by (37) and (38), we get the result.
For u; =up; = 0 in Theorem 2.7, we have
Corollary 2.4. Let « € Z and m > 0, we have

m (a) (a)

v F, % (v2) —viF, s (v1)
Z( )F(a)p,s(W)F( (v) = — 2 b
pard Vo — V1

Theorem 2.8. Let m > 0. Then, we have

Fy v—1)=(—D"Fy) o1 —u;—v).

Proof. From (18), we note that
ad gm Eiy g (logg (1 +£))

(a _1 S
LSl " e(1—o-n(a+per-1))

Einp (logy (1+8)) (1+ 85)7
g(l —v((1+ﬂs)% - 1) + (14 BE)F — 1)

(1 + BE)F
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_ Eip (logy (148)) (1+6) 7
e(1-v(-pert)

_ Eip (logy (146)) (1 = f (=€) 7
e(1+v(a-pen7-1))

o _1ymgm
:ZF()ﬂ(l ")#'
m=0 m:

Comparing the coefficients of & = ~ of the above equation, we obtain the result.
Adjusting u= 0 in Theorem 2.8, we get
Corollary 2.5. Let @ € Z and m > 0, we have

F =) =(=D)"F  (1;-).

Theorem 2.9. Let o € Z and m > 0, we have

m m—I |
(@) m 1 Dpr1pS1pl+1p+1)
Fmﬂ(v)= E E ( ) — VS (m—1r).

Proof. From (18), we see that

0 @ g_m Eiy g (logg (1+£))
2 s <1—v<(1+ﬂ$)ﬂ—l>>

3
( i p log,3(1+$))> (Z . ((Hﬁg)%_l)r)

r=0

(1), (logg 148)) ; §
=§(Z p,g([()_f)! )(ZZVS”(W)_)
p=1

m=0

m=0 r=0

R 1 (1)+1ﬂslﬁ(1+1p+1>gl . gm
(Zz(pﬂ)‘“ S ZZszﬂ(mr)

=0 p=0 m=0 r=0

m m—I [
I WppSipl+lo+l) g
S (ST T () o e s -10) &

m=0 \ /=0 r=0 p=0

Therefore, utilizing Eqgs. (40), the result is obtained.

(39)

(40)
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Corollary 2.6. Let @ € Z and m > 0, we have

m m—[ |

1 Sig+1,0+1)
Fm,,g(v)=zzz<’;“)()”“ﬂ ll”:l i V'Sa.p(m—1,1).

=0 r=0 p=0

In the next section, the type 2 degenerate unipoly-Fubini polynomials are established and,
certain explicit expressions and properties are obtained.
3 Type 2 Degenerate Unipoly-Fubini Polynomials and Numbers

Recently, Kim et al. [22] defined the unipoly function by

we | p)=>y_ %u’", (@eZ), (41)

m=1

where p denotes any real or complex valued arithmetic function which is a defined on N (set of
positive integers).

Moreover,
S u" '
()= —=Lia (), (see[I7), 42)

m=1
denotes the ordinary polylogarithm function.

Dolgy et al. [13] introduced the degenerate unipoly function attached to polynomials p (1) as
follows:

> (D), gt
e (] )= ) p ()~ (43)
i=1
We note that
1 .
Ug,B (u | F) =Eiy g (1) (44)
is the modified degenerate polyexponential function.
By using (43), we introduce the degenerate unipoly-Fubini polynomials as follows:
Uq,p (logg (1+8) Ip u gm
p (10 )14 gyt = ZF,E;";,,W v)— (45)

ea—v(a+perr—1)

In the case when u= 0 and y = 1, F@ F@)

mpp = Fmp p(O 1) are called the type 2 degenerate

unipoly-Fubini numbers.

Theorem 3.1. Let m > 0. Then, we have

(o) . ()
Fm’ﬁ’%(u,v) F m.p (U3 V), (kez).
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Proof. Let us take p (m) = rL Then we have

[ee] o m Ug,p log‘f} (1 +§) |_p u
5 re o en (A0
o’ g (1-w g7 1)
1 * (1), 4 (logg (1 + &))" u
e(1-wa+per-1);5 P!
Eiy 5 (logg (1 + &) u
s (085 U1D) ) ey

s (a4 1)
ZF(O’) () > —m (46)

Thus, by (46), the result is obtained.
Theorem 3.2. For m e N and o € Z, we have

(@) P+ Mo+ DISiplp+1,1+1) Fy lﬂ(V)
Enpp ()= 12(;;)() o+ DU+ @7
Proof. From (45), we get
(@) gm Ua,B (logﬁ (1+8) |P)
ZFtnﬂP m' - 1
Y osa—v(a+per-1)
1 ad 1
— T p(,o)(a)p,,g (logg (1+8))”
g1 —v((1+8)7 —1) )
1 P+ Mppiplo+ D! S gl
— - Sipp+1,0) =
s —v((+p6)7 1) pgo b+ z:pz+1 .
N [ S EPe+D M1+ DS g0+ 1,141) €
- (Breoy) (EErerprm iy
3 ZZ( )p<p+1><1>p+15<p+1>'51,3<p+11+1>Fm OV
m=0 \ /=0 p=0 (p+1)“(1+1) m!
(48)

Thus, we complete the proof of this theorem.
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In particular,

oo I
Siplo+1LI1+1)Fyy (V)
F@ o (M) LA Y. 49
mpp = Fmp ) ;pzzo L) e a @

Theorem 3.3. Let m > 0 and « € Z. Then we have

m [
Fylh @ =>"%" (1 ) F, o 0) @) Sy (L pi—p). (50)

=0 p=0

Proof. From (45), we observe that

Fen £ U, (logg (1+) Ip)
n;) mp U V) m! E(l—v((l—i-ﬁg)%—l))
_ ua,ﬁ(10g5(1+5)|P) > (u—i—,o—l) o o
e(1-v(a+p5)7r —1)) 155\ (1-a'®)

00 m o0 o )
(Z Fy O )g_) WY S (Z,p;—p)i—!)
p=0 I=p

m=0

(elgl &) —1+ 1)“

(ZF,ES‘};],( )—) ZZ(“)(’O)SM(Z P p)g—)

=0 p=0

m

00 m
L.H.S= Z (ZZ (l )Fr(n“),ﬁp ) @) Sy (1, p; P)) % (51)
m=0 \ /=0 p=0 )

By (51), we obtain the result.

Theorem 3.4. For m> 0 and « € Z, we have

m m—[ [

o +D + 1!
Forhp ) = ZZZ( )( ) et Fup 0 2L )((p)jﬁl)’f O ipdpt D). (52)
=0 a=0 p=0

Proof. From (45), we observe that

Z F(a) ) %-_m Ug,B (logﬂ (1 +£&) |p)

m,f 1
m=0 ! S(l—v<(1+,3§)é—l>>
1 > +1 !
- > PETIIL (t0g, (1 -+-) !

E(l—v((H—ﬂg)%—l)) = (+D)p
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_ logg (1+6) Zp(p+ D)D)y p(p+1)!
S(l —v((l + ENF — 1)) = erD¥ D!

_ logs (1+6) I PP+ DD pi1p(p+1)! &'
= : T TENG 251,3(10+1)ﬁ
1—v(a+pe7 —1) ;% -

a oo m I Yl ! /
( Dyp= )( Fa,m)f_) (ZZW* )((p)ﬁl)’f(ﬁ ) Slﬁ(l,o—i—l)g)

=0 p=0

(logg (1+8))"F!

oo b
P+ 1D 1)1 (41 g!
(ZZ a ) Po-apap ) ) (ZZ (pﬁ)a S ﬁ(lp+1)7)

00 m m /
m\ (m—1 P+ (pp1p(+D! gm
= Z (ZZZ (Z ) (a )Dm—l—a,ﬂFa,ﬂ ) " _i—;)a Sip,p+ 1)) - (53)

Comparing the coefficients of % of the above equation, the result is established.

Theorem 3.5. For m > 0 and « € Z, we have

Fr(n“/)gp (u;v) = F}Ez )1 pp WY (54)

Proof. Applying the difference operator Ag on both sides of Eq. (45), gives

> " w.p (1 1+ u
Alg (ZFr(na/)sp(u; v) ég__') =A/3 7} ,g(og,g( Sl) |p) (1 + B&)#
" e1—v(a+p07 1)

m=0

and then we have

i AP (o &t (logg (1+8) Ip)
m,B,p

o) g -y (A4 po)T 1)

_ Un,B (IOgﬁ (1+8&) |P)
g ((+pe)7 —1)

()
:ZFn?ﬂp(u R
m=0

Apels (£)

eg(6)§

Sm—}—l

(35)

Therefore, by (55), we obtain the result.
Theorem 3.6. Let m > 0 and o € Z. Then we have

d (o) < (@)
a_Fmaﬁp(u;V)=Z< )Fmapﬁp(u;v)(l)pﬂ.

p=0
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Proof. Applying the operator 38_14 in both sides of (45), we have

o 0 w.p (logg (1 +8) |
u ( Fytyp (57) '> u o (08 AXOD) (1, eyt
u\s2 mt)J  du s<1—v(<1+ﬂs>ﬂ—1)

0 g E”

2 Gl ()

ws (1085 1 +6)1p) 9

_ u,g(og,g lp) a_(1+,3§)ﬂ
e1—v(a+ppr—1)

ta,p (108 (1+8)|p)

_s<1—v(<1+ﬁs>ﬂ—1)

:<ZF,§f‘/)3p(uv) )(Z()pﬂ )
m=0

53 (Z( )Fr(na)pﬁp(” v><1>p,s) : (56)
m=0 \ p=0

(14 &)F (1 + &7

In view of (56), we complete the proof.
4 Computation of Zeros and Graphical Representation

To understand the structure of the type 2 degenerate poly-Fubini polynomials Fr(na/)g (u;v), we
employ some numerical investigations (using Mathematica ) to examine properties of figures, look

and to discover some interesting patterns. First, we give few F (@ ) p (s v) (for « = 5, B = 4) as

follows:
1
(@) _
Foﬂ (I/l, ) log (4) )
3 1 u v
F{%) (u;v) = — - + + :
L ) = T g @ 2log® | log @) T log @)
(@) 7 3 3u 3v 2 Su u?
F3) (u;v) = + — - + — +
2p (157) = 8llog(4)®  16log(4)> 16log4)> 16log(4)> 3log4) log4) log(4)
B 4y " 2uv n 2v?
log(4) log4) log4)’
(a) ) () = 231 7 Tu Tv 33 27u

— — + + - +
10241og (4)* 18log(4)® 27log(4)®  27log(4)® 64log(4)> 16log(4)?
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92 N 45y Quy 9y2 3 N 40u 27u?
32log(4)>  32log4)> 16log(4)> 16log(4)> 2log4) log(4) 2log(4)
n w . 55v 24uy n 3uy 2112 . 6uv? n 6v3
log(4) 2log(4) log(4) log(4) log(4) log(4) log(4)’
(@) 693 231 231u 231v 49 98u
Flg uwv) = s+ 7~ i ;T 37 3
’ 625log (4) 1281og (4) 2561og (4) 2561og (4) 271og (4) 271og (4)
14u? 28v 28uv 28y? 15 297u
+ 2710 3 3t 3t 3t 2 2
g (4) 9log (4) 271og (4) 271og (4) 8log (4) 161og (4)
4517 3u? 213y 8luy 9u?y 9y?
+ Slo 2 2 7+ 2 7+ 2
2 (4) 8log (4) 161og (4) 8log (4) 8log (4) log (4)
Quv? 93 24 470u 204> 26u° u

T Tlog@)?  dlog@?  Slogd) log@ log@ log@d | log(@

291y L 334uy  T2uPv L didy n 266v2  132uv? n 12022
log(4) " log(4) log(4) log(4) log(4) log4) log(4)

1200 24w 244
— + + .
log(4) log(4) log4

Next, we display the shape of ngfa/)S (u;v) for v= 4, —100 < u < 100 in Fig. 1, for
m=1,2,...,8.

2x 10" FT

1.5x 10"
1x 10" |

1.0x 10" |

=5

0

4, @

5.0x 10"

Fih(uiv)

—-1x10" |

0

Fu), B

-2x 10" |
-5.0x 10" F
-3x 10" |

~1.0x10" |, . . .' .
~100 -50 0 50 100 -100 -50 0

50 100

u u

Figure 1: Graphs of F,(n“})s (u;v) (for a = 5, B= 4 (left) and =7, B =% (right))

The real and complex zeros of Fr(n“/)g (u;v)=0for v=4, a =5, B= 4 are listed in Tab. 1.

The zeros of Féaﬁ) (u;v) =0 for ue C,v=4 are plotted in Fig. 2.

From Fig. 2, we note that Féaﬂ) (u;v) has Im (u) = 0 reflection symmetry.
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Table 1: Approximate solution of F,,

1069

o )

Real zeros

Complex zeros

AW N = §

—3.43237

—2.90029

—2.40918

—1.97775

—1.43237 — 3.77547i, — 1.43237 + 3.77547i

2.30158 — 6.91248i,2.30158 + 6.91248i

—1.5333 — 2.93783i, —1.5333 + 2.93783i,

6.66855 — 9.72262i, 6.66855 + 9.72262i

1.23681 — 5.7923i, 1.23681 4 5.7923i,

11.3869 — 12.2852i, 11.3869 + 12.2852i

—1.27333 — 2.44972i, —1.27333 4 2.44972i,4.64133 — 8.58081,
4.64133 — 8.580817, 16.3349 — 14.655117, 16.3349 4 14.6551i
1.08051 — 5.05226i, 1.08051 + 5.05226i, 8.44738 — 11.2601i,
8.44738 4+ 11.2601i,21.4477 — 16.8698i, 21.4477 4 16.8698i
—0.943915 — 2.07556i, —0.943915 4 2.07556i, 3.99085 — 7.7234i,
3.99085 + 7.7234i,12.5375 — 13.83034, 12.5375 + 13.8303i,
26.686 — 18.95611,26.686 4 18.9561i

Im(u)

N — —————————— oy
* 20F

Fommm -

Fmmmmmmm— e ————— %

Im(u)
o

Fululvaiois alvelrite Seuulali i

s T

B S e 3

20+

Figure 2: Zeros of Féaﬁ) (u;v) (for a = 5, B= 4 (left)

Re(u)

-10 -5 0 5 10
Re(u)

and o =7, = § (right))

Figure 3: Stacking structure of approximate

7,8 =75 (right))

roots of F,(n“/)g (u;v) (for a = 5, B = 4 (left) and o =
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Figure 4: Surface plot of F,gf‘/)g w;v), m=1,3,5 8 fora=15, =4 (left)and a =7, = % (right))

The stacking structure of approximate roots of F,(no‘})6 wu,w=0forv=4 m=1,2, ..., 81is
given in Fig. 3.

To provide more clear explanation of the structure of the 2 degenerate poly-Fubini polyno-

mials Fr(:‘})3 (u;v), we present the 3D surface for some values of m, these surfaces are displayed in

Fig. 4.

5 Conclusions

In this article, we have introduced type 2 degenerate poly-Fubini polynomials and established
certain identities of these numbers and polynomials. Further, we defined the degenerate unipoly-
Fubini polynomials and derived certain properties of these numbers and polynomials and given
multifarious relations including derivative and integral properties. In addition, we have provided
relationships between degenerate unipoly-Fubini polynomials and degenerate special polynomials.
In the last section, we have these polynomials with the help of Mathematica.
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