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ABSTRACT

In this paper, we introduce type 2 degenerate poly-Fubini polynomials and derive several interesting characteristics
and properties. In addition, we define type 2 degenerate unipoly-Fubini polynomials and establish some certain
identities. Furthermore, we give some relationships between degenerate unipoly polynomials and special numbers
and polynomials. In the last section, certain beautiful zeros and graphical representations of type 2 degenerate
poly-Fubini polynomials are shown.
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1 Introduction

Special functions have gained posses a considerable prominence in various fields of mathe-
matics, physics and applied sciences (see [1–4]) and the references cited therein). Some of the most
worthy polynomials in the theory of special polynomials are the Fubini polynomials (see [5–7]),
the type 2 poly-Fubini polynomials (see [8]), the degenerate central Fubini polynomials (see [9,10])
and the new type degenerate poly-Bernoulli polynomials (see [11,12]), the degenerate poly-Cauchy
polynomials (see [13]), the degenerate poly-Genocchi polynomials (see [14]). Recently, the afore-
mentioned special polynomials and their various extensions have been widely investigated by many
researchers (see [1–32]) and see also each of the references cited therein.
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which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.
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The generating functions of the classical Bernoulli Bm (u), Euler Em (u) and Genocchi Gm (u)
polynomials are given as

ξ

eξ − 1
euξ =

∞∑
m=0

Bm (u)
ξm

m!
, |ξ |< 2π ,

2
eξ + 1

euξ =
∞∑
m=0

Em (u)
ξm

m!
, |ξ |< π

and

2ξ
eξ + 1

euξ =
∞∑
m=0

Gm (u)
ξm

m!
, |ξ |< π , (see [18–20]) ,

(1)

respectively.

Kargin [29] defined the 2-variable Fubini polynomials by the following generating function:

euξ

1− v
(
eξ − 1

) = ∞∑
m=0

Fm (u, v)
ξm

m!
. (2)

Taking u = 0 in Eq. (2), the 2-variable Fubini polynomials Fm(u, v) reduce to the classical
Fubini polynomials given by

1

1− v
(
eξ − 1

) = ∞∑
m=0

Fm (v)
ξm

m!
. (3)

We easily can write

Fm

(
u,−1

2

)
= Em (u) , Fm

(
−1
2

)
= Em (4)

and

Fm (v)=
m∑

α=0

S2 (m,α)α! vα.

For v= 1 in (3), we get the known Fubini numbers Fm(1) = Fm as follows:

1
2− eξ

=
∞∑
m=0

Fm
ξm

m!
, (see [5,6,10]) . (5)

Some of the applications of Fubini polynomials and numbers can be found in [7–9,20,26,27].

The degenerate form of the exponential function is given as (see [11,12,14,22–29])

euβ (ξ)= (1+βt)
u
β , eβ (ξ) e1β (ξ)= (1+βξ)

1
β , β ∈R. (6)

The function euβ (ξ) is defined by the series

euβ (ξ)=
∞∑
m=0

(u)m,β
ξm

m!
, (7)
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where the degenerate Pochhammer symbol (u)m,β is specified by

(u)m,β = u (u−β) (u− 2β) · · · (u− (m− 1) β) , (u)0,β = 1, (m≥ 1) .

Carlitz et al. [15,16] presented the degenerate Bernoulli polynomials as

ξ

eβ (ξ)− 1
euβ (ξ)= ξ

(1+βξ)
1
β − 1

(1+βξ)
u
β =

∞∑
m=0

Bm,β (u)
ξm

m!
, (8)

where Bm,β (0) :=Bm,β denotes degenerate Bernoulli numbers.

For α ∈Z, the modified degenerate polyexponential function [28] is defined by Kim–Kim to be

Eiα,β (u)=
∞∑
m=1

(1)m,β u
m

(m− 1) !mα
, (|u |< 1) . (9)

Note that

Ei1,β (u)=
∞∑
m=1

(1)m,β u
m

m!
= eβ (u)− 1. (10)

Kim et al. [14] presented the generating function of the degenerate poly-Genocchi polynomi-
als as

Eiα,β
(
logβ (1+ ξ)

)
eβ (ξ)+ 1

euβ (ξ)=
∞∑
m=0

G(α)
m,β (u)

ξm

m!
, (α ∈Z) , (11)

where G(α)
m,β (0) :=G(α)

m,β denotes the degenerate poly-Genocchi numbers.

The 2-variable degenerate Fubini polynomials Fm,β(u; v) [26] are defined by

1

1− v
(
(1+βξ)

1
β − 1

) (1+βξ)
u
β

=
∞∑
m=0

Fm,β (u; v)
ξm

m!
, (see [25,27]) , (12)

where Fm,β(0; 1) := Fm,β denotes the degenerate Fubini numbers.

The degenerate Daehee polynomials Dm,β(u) [11] are specified by

logβ (1+ ξ)

ξ
(1+ ξ)u =

∞∑
m=0

Dm,β (u)
ξm

m!
, (see [12,20]) , (13)

where Dm,β(0) := Dm,β denotes the degenerate Daehee numbers.

The degenerate form of the first kind Stirling numbers are specified by

1
α!

(
logβ (1+ ξ)

)α =
∞∑
m=α

S1,β (m,α)
ξm

m!
, (α ≥ 0) , (see [12]) . (14)
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Note here that limβ→0 S1,β (m,α)= S1 (m,α), where S1(m,α) are the first kind Stirling numbers
given by

1
α!

(log (1+ ξ))α =
∞∑
m=α

S1 (m,α)
ξm

m!
, (α ≥ 0) . (15)

The degenerate form of the second kind Stirling numbers are specified by

1
α!

(
eβ (ξ)− 1

)α =
∞∑
m=α

S2,β (m,α)
ξm

m!
, (see [23]) . (16)

Observe here that limβ→0 S2,β (m,α)= S2 (m,α), where S2(m, α) are the second kind Stirling
numbers given by

1
α!

(
eξ − 1

)α =
∞∑
m=α

S2 (m,α)
ξm

m!
, (see [1–32]) . (17)

The following paper is as follows. In Section 2, we define type 2 degenerate poly-Fubini poly-
nomials via the modified degenerate polyexponential functions and obtain certain new properties
related to these numbers and polynomials. In Section 3, we consider the type 2 degenerate unipoly-
Fubini polynomials and discuss some identities of them. In Section 4, we find some values of
type 2 poly-Fubini polynomials and draw some beautiful graphs.

2 Type 2 Degenerate Poly-Fubini Polynomials and Numbers

In the present section, we define type 2 degenerate Fubini polynomials by utilizing the mod-
ified degenerate polyexponential function and we derive some interesting relations and formulas
related to these polynomials and numbers. We start the following definition as follows.

Let β ∈ C and α ∈ Z, we consider the type 2 degenerate poly-Fubini polynomials which are
defined by

Eiα,β
(
logβ (1+ ξ)

)
ξ
(
1− v

(
(1+βξ)

1
β − 1

)) (1+βξ)
u
β =

∞∑
m=0

F (α)
m,β (u; v)

ξm

m!
, (18)

where F (α)
m,β (0; 1) : = F (α)

m,β denotes the type 2 degenerate poly-Fubini numbers, and logβ (ξ) =
1
β

(
ξβ − 1

)
is the compositional inverse of eβ (ξ ) satisfying the following relation

logβ eβ (ξ)= eβ
(
logβ (ξ)

)= ξ .

For α = 1 in Eq. (18), we get

1

1− v
(
(1+βξ)

1
β − 1

) (1+βξ)
u
β =

∞∑
m=0

Fm,β (u; v)
ξm

m!
, (19)

where Fm,β(u; v) denotes the degenerate Fubini polynomials (see Eq. (12)).
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Obviously

lim
β→0

⎛
⎜⎝ Eiα,β

(
logβ (1+ ξ)

)
ξ
(
1− v

(
(1+βξ)

1
β − 1

)) (1+βξ)
u
β

⎞
⎟⎠=

∞∑
m=0

lim
β→0

F (α)
m,β (u; v)

ξm

m!

= Eiα (log (1+ ξ))

ξ
(
1− v

(
eξ − 1

))euξ = ∞∑
m=0

F (α)
m (u; v)

ξm

m!
. (20)

Thus, by (18) and (20), we have

lim
β→0

F (α)
m,β (u; v)= F (α)

m (u; v) , (m≥ 0) (20)

where F (α)
m (u; v) denotes the type 2 poly-Fubini polynomials (see [28]).

Theorem 2.1. For m≥ 0. Then, we have

F (α)
m,β (v)=

m∑
l=0

l∑
ρ=0

(
m
l

)
Fm−l,β (v)

(1)β,ρ+1S1,β (l+ 1,ρ + 1)

l+ 1 (ρ + 1)α−1 . (22)

Proof. By using Eqs. (9), (14) and (18), we observe that

∞∑
m=0

F (α)
m,β (v)

ξm

m!
= Eiα,β

(
logβ (1+ ξ)

)
ξ
(
1− v

(
(1+βξ)

1
β − 1

))

= 1

1− v
(
(1+βξ)

1
β − 1

) 1
ξ

∞∑
ρ=1

(1)ρ,β
(
logβ (1+ ξ)

)ρ
(ρ − 1) !ρα

= 1

1− v
(
(1+βξ)

1
β − 1

) 1
ξ

∞∑
ρ=0

(1)ρ+1,β
(
logβ (1+ ξ)

)ρ+1

(ρ + 1) ! (ρ + 1)α−1

= 1

1− v
(
(1+βξ)

1
β − 1

) 1
ξ

∞∑
ρ=0

(1)ρ+1,β

(ρ + 1)α−1

∞∑
l=ρ+1

S1,β (l,ρ + 1)
ξ l

l!

= 1

1− v
(
(1+βξ)

1
β − 1

) ∞∑
ρ=0

(1)ρ+1,β

(ρ + 1)α−1

∞∑
l=ρ

S1,β (l+ 1,ρ + 1)
ξ l

(l+ 1) !

=
( ∞∑
s=0

Fm,β (v)
ξm

m!

)⎛⎝ ∞∑
l=0

l∑
ρ=0

(1)ρ+1,β

(ρ + 1)α−1

S1,β (l+ 1,ρ + 1)
l+ 1

ξ l

l!

⎞
⎠

L.H.S=
∞∑
m=0

⎛
⎝ m∑
l=0

l∑
ρ=0

(
m
l

)
Fm−l,β (v)

(1)ρ+1,β S1,β (l+ 1,ρ + 1)

l+ 1 (ρ + 1)α−1

⎞
⎠ ξm

m!
. (23)
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Therefore, by (23), we obtain the result.

Corollary 2.1. For m≥ 0. Then, we have

F (1)
m,β (v)=

m∑
l=0

l∑
ρ=0

(
m
l

)
Fm−l,β (v)

(1)β,ρ+1 S1,β (l+ 1,ρ + 1)

l+ 1
. (24)

Theorem 2.2. Let m≥ 0. Then, we have

F (α)
m,β (u; v)=

m∑
ρ=0

(
m
ρ

)
F (α)
m−ρ,β (v) (u)ρ,β . (25)

Proof. From (18), we observe that

∞∑
m=0

F (α)
m,β (u; v)

ξm

m!
= Eiα,β

(
logβ (1+ ξ)

)
ξ
(
1− v

(
(1+βξ)

1
β − 1

)) (1+βξ)
u
β

=
( ∞∑
m=0

F (α)
m,β (v)

ξm

m!

)⎛⎝ ∞∑
ρ=0

(u)ρ,β
ξρ

ρ!

⎞
⎠

=
( ∞∑
m=0

F (α)
m,β (v)

ξm

m!

)⎛⎝ ∞∑
ρ=0

(u)ρ,β
ξρ

ρ!

⎞
⎠

L.H.S=
∞∑
m=0

⎛
⎝ m∑

ρ=0

(
m
ρ

)
F (α)
m−ρ,β (v) (u)ρ,β

⎞
⎠ ξm

m!
. (26)

By comparing the coefficients on both sides of Eq. (26), we reach at the following
result (25).

In [12], it is well known that the degenerate second kind Bernoulli polynomials are defined by

ξ

logβ (1+ ξ)
(1+ ξ)u=

∞∑
m=0

bm,β (u)
ξm

m!
, (27)

where bm,β(0):= bm,β denotes the degenerate second kind Bernoulli numbers.

Theorem 2.3. For m≥ 0, we have

F (α)
m,β (v)= 1

2

m∑
ρ=0

(
m
ρ

) ∑
ρ1+···+ρα−1=ρ

(
ρ

ρ1+ · · · +ρα−1

)

×bρ1,β (β − 1)
ρ1+ 1

bρ2,β (β − 1)
ρ1+ρ2+ 1

· · · bρα−1,β (β − 1)
ρ1+ · · · +ρα−1+ 1

Fm−ρ,β (v) . (28)
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Proof. From (9), it follows that

d
du

Eiα,β
(
logβ (1+ u)

)= d
du

∞∑
m=1

(1)m,β
(
logβ (1+ u)

)m
(m− 1) !mα

= (1+ u)β−1

logβ (1+ u)

∞∑
m=1

(1)m,β
(
logβ (1+ u)

)m
(m− 1) !mα−1 = (1+ u)β−1

logβ (1+ u)
Eiα−1,β

(
logβ (1+ u)

)
. (29)

Thus, from (18) and (29), we have∞∑
m=0

F (α)
m,β (v)

um

m!
= 1

u
(
1− v

(
(1+βu)

1
β − 1

))Eiα,β (logβ (1+ u)
)

= 1

u
(
1− v

(
(1+βu)

1
β − 1

)) ∫ u

0

(1+ ξ)β−1

logβ (1+ ξ)

∫ ξ

0
· · · (1+ ξ)β−1

logβ (1+ ξ)

∫ ξ

0︸ ︷︷ ︸
(α−2)− times

(1+ ξ)β−1

logβ (1+ ξ)
tdt · · ·dt

= 1

u
(
1− v

(
(1+βu)

1
β − 1

)) ∞∑
ρ=0

∑
ρ1+···+ρα−1=ρ

(
ρ

ρ1+ · · · +ρα−1

)

× bρ1,β (β − 1)
ρ1+ 1

bρ2,β (β − 1)
ρ1+ρ2+ 1

· · · bρα−1,β (β − 1)
ρ1+ · · · +ρα−1+ 1

uρ

ρ!
∞∑
m=0

F (α)
m,β (v)

um

m!
= 1

2

∞∑
m=0

m∑
ρ=0

(
m
ρ

) ∑
ρ1+···+ρα−1=ρ

(
ρ

ρ1+ · · · +ρα−1

)

×bρ1,β (β − 1)
ρ1+ 1

bρ2,β (β − 1)
ρ1+ρ2 + 1

· · · bρα−1,β (β − 1)
ρ1+ · · · +ρα−1+ 1

Fm−ρ,β (v)
um

m!
. (30)

Therefore, by (30), we obtain the result.

Corollary 2.2. For α ≥ 2, we have

F (2)
m,β (v)= 1

2

m∑
ρ=0

(
m
ρ

)
bρ,β (β − 1)

ρ + 1
Fm−ρ,β (v) .

Theorem 2.4. Let α ≥ 1 and α ∈N∪ {0}, s ∈C, we have

ηα,β (−ρ)= (−1)ρ F (α)
ρ,β (v) .
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Proof. Let α ≥ 1, be an integer. For s ∈C, we define the function ηα,β(s) as

ηα,β (s)= 1
Γ (s)

∫ ∞

0

ξ s−1

ξ
(
1− v

(
(1+βξ)

1
β − 1

))Eiα,β (logβ (1+ ξ)
)
dt

= 1
Γ (s)

∫ 1

0

ξ s−1

ξ
(
1− v

(
(1+βξ)

1
β − 1

))Eiα,β (logβ (1+ ξ)
)
dt

+ 1
� (s)

∫ ∞

1

ξ s−1

ξ
(
1− v

(
(1+βξ)

1
β − 1

))Eiα,β (logβ (1+ ξ)
)
dt. (31)

Here, we note that the second integral converges absolutely for any s ∈ C, then the second
term on the r.h.s. vanishes at non-positive integers. Hence,

lim
s→−ρ

∣∣∣∣∣∣∣
1

� (s)

∫ ∞

1

ξ s−1

ξ
(
1− v

(
(1+βξ)

1
β − 1

))Eiα,β (logβ (1+ ξ)
)
dt

∣∣∣∣∣∣∣≤
1

� (−ρ)
M = 0. (32)

Also, for �(s) > 0, the first integral in (32) can be written as

1
Γ (s)

∞∑
l=0

F (α)

l,β (v)

l!
1

s+ l
.

Using (31) and (32), we see that

ηα,β (−ρ)= lim
s→−ρ

1
Γ (s)

∫ 1

0

ξ s−1

ξ
(
1− v

(
(1+βξ)

1
β − 1

))Eiα,β (logβ (1+ ξ)
)
dt

= lim
s→−ρ

1
Γ (s)

∫ 1

0
ξ s−1

∞∑
l=0

F (α)

l,β (v) ξ l

l!
dξ = lim

s→−ρ

1
Γ (s)

∞∑
l=0

F (α)

l,β (v)

s+ l
1
l!

= · · · + 0+ · · · + 0+ lim
s→−ρ

1
� (s)

1
s+ρ

F (α)
ρ,β (v)

ρ!
+ 0+ 0+ · · ·

= lim
s→−ρ

(
Γ (1−s) sinπs

π

)
s+ρ

F (α)
ρ,β (v)

ρ!
= Γ (1+ρ) cos (πρ)

F (α)
ρ,β (v)

ρ!

= (−1)ρ F (α)
ρ,β (v) . (33)

Therefore, by (33), the result is obtained.
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Theorem 2.5. Let α ≥ 1 and ρ ∈N∪ {0}, s ∈C, we have

F (α)
m,β (v)= 1

1+ v

⎡
⎣v m∑

ρ=0

(
m
ρ

)
(1)ρ,β F

(α)
m−ρ,β (v)+

m∑
ρ=0

1

(ρ + 1)α−1

(1)ρ+1,β S1,β (m+ 1,ρ + 1)

m+ 1

⎤
⎦ .

Proof. From (18), we note that

Eiα,β
(
logβ (1+ ξ)

)
ξ

=
(
1− v

(
(1+βξ)

1
β − 1

)) ∞∑
m=0

F (α)
m,β (v)

ξm

m!

=
∞∑
m=0

F (α)
m,β (v)

ξm

m!
− y

∞∑
m=0

m∑
ρ=0

(
m
ρ

)
(1)ρ,β F

(α)
m−ρ,β (v)

ξm

m!
+ y

∞∑
m=0

F (α)
m,β (v)

ξm

m!

= (1+ v)
∞∑
m=0

F (α)
m,β (v)

ξm

m!
− y

∞∑
m=0

m∑
ρ=0

(
m
ρ

)
(1)ρ,β F

(α)
m−ρ,β (v)

ξm

m!
. (34)

On the other hand,

Eiα,β
(
logβ (1+ ξ)

)
ξ

= 1
ξ

∞∑
ρ=1

(1)ρ,β
(
logβ (1+ ξ)

)ρ
(ρ − 1) !ρα

= 1
ξ

∞∑
ρ=0

(1)ρ+1,β
(
logβ (1+ ξ)

)ρ+1

ρ! (ρ + 1)α
(ρ + 1) !
(ρ + 1) !

= 1
ξ

∞∑
ρ=0

(1)ρ+1,β

(ρ + 1)α−1

∞∑
m=ρ+1

S1,β (m,ρ + 1)
ξm

m!

=
∞∑
m=0

⎛
⎝ m∑

ρ=0

1

(ρ + 1)α−1

(1)ρ+1,β S1,β (m+ 1,ρ + 1)

m+ 1

⎞
⎠ ξm

m!
. (35)

Therefore, by (34) and (35), we reach at the desired result.

For α = 1 in Theorem 2.5., the following corollary is obtained.

Corollary 2.3. For ρ ∈ N∪ {0}, we have

Fm,β (v)= 1
1+ v

⎡
⎣v m∑

ρ=0

(
m
ρ

)
(1)ρ,β Fm−ρ,β (v)+

m∑
ρ=0

(1)ρ+1,β S1,β (m+ 1,ρ + 1)

m+ 1

⎤
⎦ .

Theorem 2.6. Let m≥ 0. Then, we have

vF (α)
m,β (u+ 1; v)= (v+ 1)F (α)

m,β (u; v)−
m∑
l=0

l∑
ρ=0

(
m
l

)
1

(ρ + 1)α−1

S1,β (l+ 1,ρ + 1)
l+ 1

(u)m−l,β .
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Proof. From (18), we note that

∞∑
m=0

(
F (α)
m,β (u+ 1; v)−F (α)

m,β (u; v)
) ξm

m!

= Eiα,β
(
logβ (1+ ξ)

)
ξ
(
1− v

(
(1+βξ)

1
β − 1

)) (1+βξ)
u
β

(
(1+βξ)

1
β − 1

)

= Eiα,β
(
logβ (1+ ξ)

)
ξ

⎛
⎜⎝1
v

⎛
⎜⎝
⎛
⎜⎝ (1+βξ)

u
β

1− v
(
(1+βξ)

1
β − 1

)
⎞
⎟⎠− (1+βξ)

u
β

⎞
⎟⎠
⎞
⎟⎠

= 1
v

⎛
⎜⎝Eiα,β

(
logβ (1+ ξ)

)
(1+βξ)

u
β

ξ
(
1− v

(
(1+βξ)

1
β − 1

)) − Eiα,β
(
logβ (1+ ξ)

)
(1+βξ)

u
β

ξ

⎞
⎟⎠

= 1
v

⎛
⎝ ∞∑
m=0

F (α)
m,β (u; v)

ξm

m!
−

∞∑
l=0

l∑
ρ=0

1

(ρ + 1)α−1

S1,β (l+ 1,ρ + 1)
l+ 1

ξ l

l!

∞∑
m=0

(u)m,β
ξm

m!

⎞
⎠

= 1
v

∞∑
m=0

⎛
⎝F (α)

m,β (u; v)−
m∑
l=0

l∑
ρ=0

(
m
l

)
1

(ρ + 1)α−1

S1,β (l+ 1,ρ + 1)
l+ 1

(u)m−l,β

⎞
⎠ ξm

m!
. (36)

Upon comparing the coefficients of ξm

m! of the above equation, we get the result.

When u= 0 and u=−1 in Theorem (2.6), we get

vF (α)
m,β (1; v)= (v+ 1)F (α)

m,β (v)−
m∑
l=0

l∑
v=0

(
m
l

)
1

(ρ + 1)α−1

S1,β (l+ 1,ρ + 1)
l+ 1

, (m≥ 0) .

and

vF (α)
m,β (v)= (v+ 1)F (α)

m,β (−1; v)−
m∑
l=0

l∑
ρ=0

(
m
l

)
1

(ρ + 1)α−1

S1,β (l+ 1,ρ + 1)
l+ 1

(−1)m−l,β , (m≥ 0) .

Theorem 2.7. Let m≥ 0. Then, we have

m∑
ρ=0

(
m
ρ

)
F (α)
m−ρ,β (u1; v1)F

(α)
ρ,β (u2; v2)

=
v2F

(α)
m,β (u1+ u2; v2)− v1F

(α)
m,β (u1+ u2; v1)

v2− v1
.
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Proof. Now, we observe that⎛
⎜⎝ Eiα,β

(
logβ (1+ ξ)

)
ξ
(
1− v1

(
(1+βξ)

1
β − 1

)) (1+βξ)
u1
β

⎞
⎟⎠
⎛
⎜⎝ Eiα,β

(
logβ (1+ ξ)

)
t
(
1− v2

(
(1+βξ)

1
β − 1

)) (1+βξ)
u2
β

⎞
⎟⎠

= Eiα,β
(
logβ (1+ ξ)

)
ξ

⎛
⎜⎝ v2
v2− v1

(1+βξ)
u1+u2

β

1− v2
(
(1+βξ)

1
β − 1

) − v1
v2− v1

(1+βξ)
u1+u2

β

1− v2
(
(1+βξ)

1
β − 1

)
⎞
⎟⎠

=
∞∑
m=0

(
v2F

(α)
m,β (u1+ u2; v2)− v1F

(α)
m,β (u1+ u2; v1)

v2− v1

)
ξm

m!
. (37)

On the other hand,⎛
⎜⎝ Eiα,β

(
logβ (1+ ξ)

)
ξ
(
1− v1

(
(1+βξ)

1
β − 1

)) (1+βξ)
u1
β

⎞
⎟⎠
⎛
⎜⎝ Eiα,β

(
logβ (1+ ξ)

)
t
(
1− v2

(
(1+βξ)

1
β − 1

)) (1+βξ)
u2
β

⎞
⎟⎠

=
( ∞∑
m=0

F (α)
m,β (u1; v1)

ξm

m!

)⎛⎝ ∞∑
ρ=0

F (α)
ρ,β (u2; v2)

ξρ

ρ!

⎞
⎠

=
∞∑
m=0

⎛
⎝ m∑

ρ=0

(
m
ρ

)
F (α)
m−ρ,β (u1; v1)F

(α)
ρ,β (u2; v2)

⎞
⎠ ξm

m!
. (38)

Therefore, by (37) and (38), we get the result.

For u1 = u2 = 0 in Theorem 2.7, we have

Corollary 2.4. Let α ∈Z and m≥ 0, we have

m∑
ρ=0

(
m
ρ

)
F (α)
m−ρ,β (v1)F

(α)
ρ,β (v2)=

v2F
(α)
m,β (v2)− v1F

(α)
m,β (v1)

v2− v1
.

Theorem 2.8. Let m≥ 0. Then, we have

F (α)
m,β (u; v− 1)= (−1)m F (α)

m,−β (1− u;−v) .

Proof. From (18), we note that

∞∑
m=0

F (α)
m,β (u; v− 1)

ξm

m!
= Eiα,β

(
logβ (1+ ξ)

)
ξ
(
1− (v− 1)

(
(1+βξ)

1
β − 1

)) (1+βξ)
u
β

= Eiα,β
(
logβ (1+ ξ)

)
(1+βξ)

u
β

ξ
(
1− v

(
(1+βξ)

1
β − 1

)
+ (1+βξ)

1
β − 1

)
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= Eiα,β
(
logβ (1+ ξ)

)
(1+βξ)

u−1
β

ξ
(
1− v (1−βξ)

1
β

)

= Eiα,β
(
logβ (1+ ξ)

)
(1−β (−ξ))

− 1−u
β

ξ
(
1+ v

(
(1−β (−ξ))

− 1
β − 1

))

=
∞∑
m=0

F (α)
m,−β (1− u;−v) (−1)m ξm

m!
. (39)

Comparing the coefficients of ξm

m! of the above equation, we obtain the result.

Adjusting u= 0 in Theorem 2.8, we get

Corollary 2.5. Let α ∈Z and m≥ 0, we have

F (α)
m,β (v− 1)= (−1)m F (α)

m,−β (1;−v) .

Theorem 2.9. Let α ∈Z and m≥ 0, we have

F (α)
m,β (v)=

m∑
l=0

m−l∑
r=0

l∑
ρ=0

(
m
l

)
1

(ρ + 1)α−1

(1)ρ+1,β S1,β (l+ 1,ρ + 1)

l+ 1
vrS2,β (m− l, r) .

Proof. From (18), we see that

∞∑
m=0

F (α)
m,β (v)

ξm

m!
= Eiα,β

(
logβ (1+ ξ)

)
ξ
(
1− v

(
(1+βξ)

1
β − 1

))

=
(
Eiα,β

(
logβ (1+ ξ)

)
ξ

)( ∞∑
r=0

vr
(
(1+βξ)

1
β − 1

)r)

= 1
ξ

⎛
⎝ ∞∑

ρ=1

(1)ρ,β
(
logβ (1+ ξ)

)ρ
(ρ − 1) !ρα

⎞
⎠( ∞∑

m=0

m∑
r=0

vrS2,β (m, r)
ξm

m!

)
⎛
⎝ ∞∑
l=0

∞∑
ρ=0

1

(ρ + 1)α−1

(1)ρ+1,β S1,β (l+ 1,ρ + 1)

l+ 1
ξ l

l!

⎞
⎠( ∞∑

m=0

m∑
r=0

vrS2,β (m, r)
ξm

m!

)

=
∞∑
m=0

⎛
⎝ m∑
l=0

m−l∑
r=0

l∑
ρ=0

(
m
l

)
1

(ρ + 1)α−1

(1)ρ+1,β S1,β (l+ 1,ρ + 1)

l+ 1
vrS2,β (m− l, r)

⎞
⎠ ξm

m!
. (40)

Therefore, utilizing Eqs. (40), the result is obtained.
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Corollary 2.6. Let α ∈Z and m≥ 0, we have

Fm,β (v)=
m∑
l=0

m−l∑
r=0

l∑
ρ=0

(
m
l

)
(1)ρ+1,β S1,β (l+ 1,ρ + 1)

l+ 1
vrS2,β (m− l, r) .

In the next section, the type 2 degenerate unipoly-Fubini polynomials are established and,
certain explicit expressions and properties are obtained.

3 Type 2 Degenerate Unipoly-Fubini Polynomials and Numbers

Recently, Kim et al. [22] defined the unipoly function by

uk (u | p)=
∞∑
m=1

p (m)

mα
um, (α ∈Z) , (41)

where p denotes any real or complex valued arithmetic function which is a defined on N (set of
positive integers).

Moreover,

uk (u | 1)=
∞∑
m=1

um

mα
=Liα (u) , (see [17]) , (42)

denotes the ordinary polylogarithm function.

Dolgy et al. [13] introduced the degenerate unipoly function attached to polynomials p (u) as
follows:

uα,β (u | p)=
∞∑
i=1

p (i)
(1)i,β u

i

iα
. (43)

We note that

uα,β

(
u | 1

�

)
=Eiα,β (u) (44)

is the modified degenerate polyexponential function.

By using (43), we introduce the degenerate unipoly-Fubini polynomials as follows:

uα,β
(
logβ (1+ ξ) |p)

ξ(1− v
(
(1+βξ)

1
β − 1

) (1+βξ)
u
β =

∞∑
m=0

F (α)
m,β,p (u; v)

ξm

m!
. (45)

In the case when u = 0 and y = 1, F (α)
m,β,p = F (α)

m,β,p (0; 1) are called the type 2 degenerate

unipoly-Fubini numbers.

Theorem 3.1. Let m≥ 0. Then, we have

F (α)

m,β, 1
�

(u; v)= F (α)
m,β (u; v) , (k ∈Z) .
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Proof. Let us take p (m)= 1
Γβ
. Then we have

∞∑
m=0

F (α)

m,β, 1�
(u; v)

ξm

m!
=

uα,β

(
logβ (1+ ξ) | 1

�
p
)

ξ
(
1− v((1+βξ)

1
β − 1

) (1+βξ)
u
β

= 1

ξ
(
1− v((1+βξ)

1
β − 1

) ∞∑
ρ=1

(1)ρ,β
(
logβ (1+ ξ)

)ρ
ρα (ρ − 1) !

(1+βξ)
u
β

= Eiα,β
(
logβ (1+ ξ)

)
ξ(1− v

(
(1+βξ)

1
β − 1

) (1+βξ)
u
β

=
∞∑
m=0

F (α)
m,β (u; v)

ξm

m!
. (46)

Thus, by (46), the result is obtained.

Theorem 3.2. For m ∈N and α ∈Z, we have

F (α)
m,β,p (v)=

∞∑
l=0

l∑
ρ=0

(
m
l

)
p (ρ + 1) (1)ρ+1,β (ρ + 1) !S1,β (ρ + 1, l+ 1)Fm−l,β (v)

(ρ + 1)α (l+ 1)
. (47)

Proof. From (45), we get

∞∑
m=0

F (α)
m,β,p (v)

ξm

m!
= uα,β

(
logβ (1+ ξ) |p)

ξ(1− v
(
(1+βξ)

1
β − 1

)

= 1

ξ(1− v
(
(1+βξ)

1
β − 1

) ∞∑
ρ=1

p (ρ) (1)ρ,β
ρα

(
logβ (1+ ξ)

)ρ

= 1

ξ(1− v
(
(1+βξ)

1
β − 1

) ∞∑
ρ=0

p (ρ + 1) (1)ρ+1,β (ρ + 1) !

(ρ + 1)α

∞∑
l=ρ+1

S1,β (ρ + 1, l)
ξ l

l!

=
⎛
⎝ ∞∑
j=0

Fj,β (v)
ξ j

j!

⎞
⎠
⎛
⎝ ∞∑

ρ=0

ρ∑
l=0

p (ρ + 1) (1)ρ+1,β (ρ + 1) !

(ρ + 1)α
S1,β (ρ + 1, l+ 1)

l+ 1
ξ l

l!

⎞
⎠

=
∞∑
m=0

⎛
⎝ ∞∑
l=0

l∑
ρ=0

(
m
l

)
p (ρ + 1) (1)ρ+1,β (ρ + 1) !S1,β (ρ + 1, l+ 1)Fm−l,β (v)

(ρ + 1)α (l+ 1)

⎞
⎠ ξm

m!
.

(48)

Thus, we complete the proof of this theorem.
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In particular,

F (α)

m,β, 1
�

(v)= F (α)
m,β (v)=

∞∑
l=0

l∑
ρ=0

(
m
l

)
S1,β (ρ + 1, l+ 1)Fm−l,β (v)

(ρ + 1)α−1 (l+ 1)
. (49)

Theorem 3.3. Let m≥ 0 and α ∈Z. Then we have

F (α)
m,β,p (u; v)=

m∑
l=0

l∑
ρ=0

(
m
l

)
F (α)

m−l,β,p (v) (u)(ρ)S2,β (l,ρ;−ρ) . (50)

Proof. From (45), we observe that

∞∑
m=0

F (α,p)
m,β (u; v)

ξm

m!
= uα,β

(
logβ (1+ ξ) |p)

ξ
(
1− v

(
(1+βξ)

1
β − 1

)) (e−1
β (ξ)− 1+ 1

)u

= uα,β
(
logβ (1+ ξ) |p)

ξ
(
1− v

(
(1+βξ)

1
β − 1

)) ∞∑
ρ=0

(
u+ρ − 1
ρ

)(
1− e−1

β (ξ)
)ρ

=
( ∞∑
m=0

F (α)
m,β,p (v)

ξm

m!

)⎛⎝ ∞∑
ρ=0

(u)(ρ)

∞∑
l=ρ

S2,β (l,ρ;−ρ)
ξ l

l!

⎞
⎠

=
( ∞∑
m=0

F (α)
m,β,p (v)

ξm

m!

)⎛⎝ ∞∑
l=0

l∑
ρ=0

(u)(ρ) S2,β (l,ρ;−ρ)
ξ l

l!

⎞
⎠

L.H.S=
∞∑
m=0

⎛
⎝ m∑
l=0

l∑
ρ=0

(
m
l

)
F (α)

m−l,β,p (v) (u)(ρ) S2,β (l,ρ;−ρ)

⎞
⎠ ξm

m!
. (51)

By (51), we obtain the result.

Theorem 3.4. For m≥ 0 and α ∈Z, we have

F (α)
m,β,p (v)=

m∑
l=0

m−l∑
a=0

l∑
ρ=0

(
m
l

)(
m− l
a

)
Dm−l−a,βFa,β (v)

p (ρ + 1) (1)ρ+1,β (ρ + 1) !

(ρ + 1)α
S1,β (l,ρ + 1) . (52)

Proof. From (45), we observe that

∞∑
m=0

F (α)
m,β,p (v)

ξm

m!
= uα,β

(
logβ (1+ ξ) |p)

ξ
(
1− v

(
(1+βξ)

1
β − 1

))

= 1

ξ
(
1− v

(
(1+βξ)

1
β − 1

)) ∞∑
ρ=0

p (ρ + 1) (1)ρ+1,β ρ!

(ρ + 1)α ρ!

(
logβ (1+ ξ)

)ρ+1
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= logβ (1+ ξ)

ξ
(
1− v

(
(1+βξ)

1
β − 1

)) ∞∑
ρ=0

p (ρ + 1) (1)ρ+1,β (ρ + 1) !

(ρ + 1)α (ρ + 1) !

(
logβ (1+ ξ)

)ρ+1

= logβ (1+ ξ)

ξ

1

1− v
(
(1+βξ)

1
β − 1

) ∞∑
ρ=0

p (ρ + 1) (1)ρ+1,β (ρ + 1) !

(ρ + 1)α

∞∑
l=ρ

S1,β (l,ρ + 1)
ξ l

l!

=
( ∞∑
s=0

Ds,β
ξ s

s!

)( ∞∑
a=0

Fa,β (v)
ξa

a!

)⎛⎝ ∞∑
l=0

m∑
ρ=0

p (ρ + 1) (1)ρ+1,β (ρ + 1) !

(ρ + 1)α
S1,β (l,ρ + 1)

ξ l

l!

⎞
⎠

=
⎛
⎝ ∞∑
b=0

b∑
a=0

(
b
a

)
Db−a,βFa,β (v)

ξb

b!

⎞
⎠
⎛
⎝ ∞∑
l=0

m∑
ρ=0

p (ρ + 1) (1)ρ+1,β (ρ!+1)

(ρ + 1)α
S1,β (l,ρ + 1)

ξ l

l!

⎞
⎠

=
∞∑
m=0

⎛
⎝ m∑
l=0

m−l∑
a=0

l∑
ρ=0

(
m
l

)(
m− l
a

)
Dm−l−a,βFa,β (v)

p (ρ + 1) (1)ρ+1,β (ρ + 1) !

(ρ + 1)α
S1,β (l,ρ + 1)

⎞
⎠ ξm

m!
. (53)

Comparing the coefficients of ξm

m! of the above equation, the result is established.

Theorem 3.5. For m≥ 0 and α ∈Z, we have

F (α)
m,β,p (u; v)=mF (α)

m−1,β,p (u; v) . (54)

Proof. Applying the difference operator �β on both sides of Eq. (45), gives

	β

( ∞∑
m=0

F (α)
m,β,p (u; v)

ξm

m!

)
=	β

⎛
⎜⎝ uα,β

(
logβ (1+ ξ) |p)

ξ(1− v
(
(1+βξ)

1
β − 1

) (1+βξ)
u
β

⎞
⎟⎠

and then we have
∞∑
m=0

	βF
(α)
m,β,p (v)

ξm

m!
= uα,β

(
logβ (1+ ξ) |p)

ξ(1− v
(
(1+βξ)

1
β − 1

)	βeuβ (ξ)

= uα,β
(
logβ (1+ ξ) |p)

ξ(1− v
(
(1+βξ)

1
β − 1

)euβ (ξ) ξ

=
∞∑
m=0

F (α)
m,β,p (u; v)

ξm+1

m!
. (55)

Therefore, by (55), we obtain the result.

Theorem 3.6. Let m≥ 0 and α ∈Z. Then we have

∂

∂u
F (α)
m,β,p (u; v)=

m∑
ρ=0

(
m
ρ

)
F (α)
m−ρ,β,p (u; v) (1)ρ,β .
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Proof. Applying the operator δ
δu in both sides of (45), we have

∂

∂u

( ∞∑
m=0

F (α)
m,β,p (u; v)

ξm

m!

)
= ∂

∂u

⎛
⎜⎝ uα,β

(
logβ (1+ ξ) |p)

ξ(1− v
(
(1+βξ)

1
β − 1

) (1+βξ)
u
β

⎞
⎟⎠

∞∑
m=0

∂

∂u
F (α)
m,β,p (u; v)

ξm

m!

= uα,β
(
logβ (1+ ξ) |p)

ξ(1− v
(
(1+βξ)

1
β − 1

) ∂

∂u
(1+βξ)

u
β

= uα,β
(
logβ (1+ ξ) |p)

ξ(1− v
(
(1+βξ)

1
β − 1

) (1+βξ)
u
β (1+βξ)

1
β

=
( ∞∑
m=0

F (α)
m,β,p (u; v)

ξm

m!

)⎛⎝ ∞∑
ρ=0

(1)ρ,β
ξρ

ρ!

⎞
⎠

=
∞∑
m=0

⎛
⎝ m∑

ρ=0

(
m
ρ

)
F (α)
m−ρ,β,p (u; v) (1)ρ,β

⎞
⎠ ξm

m!
. (56)

In view of (56), we complete the proof.

4 Computation of Zeros and Graphical Representation

To understand the structure of the type 2 degenerate poly-Fubini polynomials F (α)
m,β (u; v), we

employ some numerical investigations (using Mathematica ) to examine properties of figures, look

and to discover some interesting patterns. First, we give few F (α)
m,β (u; v) (for α = 5, β = 4) as

follows:

F (α)
0,β (u; v)= 1

log (4)
,

F (α)
1,β (u; v)=− 3

32 log (4)2
− 1

2 log (4)
+ u

log (4)
+ v

log (4)
,

F (α)

2,β (u; v)= 7

81 log (4)3
+ 3

16 log (4)2
− 3u

16 log (4)2
− 3v

16 log (4)2
+ 2

3 log (4)
− 5u

log (4)
+ u2

log (4)

− 4v
log (4)

+ 2uv
log (4)

+ 2v2

log (4)
,

F (α)

3,β (u; v)=− 231

1024 log (4)4
− 7

18 log (4)3
+ 7u

27 log (4)3
+ 7v

27 log (4)3
− 33

64 log (4)2
+ 27u

16 log (4)2



1068 CMES, 2021, vol.129, no.2

− 9u2

32 log (4)2
+ 45v

32 log (4)2
− 9uv

16 log (4)2
− 9v2

16 log (4)2
− 3

2 log (4)
+ 40u

log (4)
− 27u2

2 log (4)

+ u3

log (4)
+ 55v

2 log (4)
− 24uv

log (4)
+ 3u2v

log (4)
− 21v2

log (4)
+ 6uv2

log (4)
+ 6v3

log (4)
,

F (α)
4,β (u; v)= 693

625 log (4)5
+ 231

128 log (4)4
− 231u

256 log (4)4
− 231v

256 log (4)4
+ 49

27 log (4)3
− 98u

27 log (4)3

+ 14u2

27 log (4)3
− 28v

9 log (4)3
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27 log (4)3
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8 log (4)2
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16 log (4)2

+ 45u2

8 log (4)2
− 3u3

8 log (4)2
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16 log (4)2
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8 log (4)2
− 9u2v

8 log (4)2
+ 9v2

log (4)2

− 9uv2

4 log (4)2
− 9v3

4 log (4)2
+ 24

5 log (4)
− 470u

log (4)
+ 204u2

log (4)
− 26u3

log (4)
+ u4

log (4)

− 291y
log (4)

+ 334uv
log (4)

− 72u2v
log (4)

+ 4u3v
log (4)

+ 266v2

log (4)
− 132uv2

log (4)
+ 12u2v2

log (4)

− 120v3

log (4)
+ 24uv3

log (4)
+ 24v4

log (4)
.

Next, we display the shape of F (α)
m,β (u; v) for v = 4, −100 ≤ u ≤ 100 in Fig. 1, for

m= 1, 2, . . ., 8.
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Figure 1: Graphs of F (α)
m,β (u; v) (for α = 5, β = 4 (left) and α = 7, β = 1

3 (right))

The real and complex zeros of F (α)
m,β (u; v)= 0 for v= 4, α = 5, β = 4 are listed in Tab. 1.

The zeros of F (α)

8,β (u; v)= 0 for u ∈C, v= 4 are plotted in Fig. 2.

From Fig. 2, we note that F (α)

8,β (u; v) has Im (u) = 0 reflection symmetry.
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Table 1: Approximate solution of F (α)
m,β (u; v)

m Real zeros Complex zeros

1 −3.43237 –
2 – −1.43237− 3.77547i,− 1.43237+ 3.77547i
3 −2.90029 2.30158− 6.91248i, 2.30158+ 6.91248i
4 – −1.5333− 2.93783i,−1.5333+ 2.93783i,

6.66855− 9.72262i, 6.66855+ 9.72262i
5 −2.40918 1.23681− 5.7923i, 1.23681+ 5.7923i,

11.3869− 12.2852i, 11.3869+ 12.2852i
6 – −1.27333− 2.44972i,−1.27333+ 2.44972i, 4.64133− 8.58081i,

4.64133− 8.58081i, 16.3349− 14.6551i, 16.3349+ 14.6551i
7 −1.97775 1.08051− 5.05226i, 1.08051+ 5.05226i, 8.44738− 11.2601i,

8.44738+ 11.2601i, 21.4477− 16.8698i, 21.4477+ 16.8698i
8 – −0.943915− 2.07556i,−0.943915+ 2.07556i, 3.99085− 7.7234i,

3.99085+ 7.7234i, 12.5375− 13.8303i, 12.5375+ 13.8303i,
26.686− 18.9561i, 26.686+ 18.9561i
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Figure 2: Zeros of F (α)

8,β (u; v) (for α = 5, β = 4 (left) and α = 7,β = 1
3 (right))
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Figure 3: Stacking structure of approximate roots of F (α)
m,β (u; v) (for α = 5, β = 4 (left) and α =

7,β = 1
3 (right))
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Figure 4: Surface plot of F (α)
m,β (u; v), m= 1, 3, 5, 8 (for α = 5, β = 4 (left) and α = 7,β = 1

3 (right))

The stacking structure of approximate roots of F (α)
m,β (u; v) = 0 for v = 4, m = 1, 2, . . ., 8 is

given in Fig. 3.

To provide more clear explanation of the structure of the 2 degenerate poly-Fubini polyno-

mials F (α)
m,β (u; v), we present the 3D surface for some values of m, these surfaces are displayed in

Fig. 4.

5 Conclusions

In this article, we have introduced type 2 degenerate poly-Fubini polynomials and established
certain identities of these numbers and polynomials. Further, we defined the degenerate unipoly-
Fubini polynomials and derived certain properties of these numbers and polynomials and given
multifarious relations including derivative and integral properties. In addition, we have provided
relationships between degenerate unipoly-Fubini polynomials and degenerate special polynomials.
In the last section, we have these polynomials with the help of Mathematica.
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