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ABSTRACT

In the paper, by virtue of a general formula for any derivative of the ratio of two differentiable functions, with the
aid of a recursive property of the Hessenberg determinants, the authors establish determinantal expressions and
recursive relations for the Bessel zeta function and for a sequence originating from a series expansion of the power
of modified Bessel function of the first kind.
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1 Introduction and Motivations

Recall from [1], and [2,3] that the classical Euler gamma function I'(z) is defined by

n!n*

Nz = hm ze C\{0,—1,-2,...}.
o [Tiog +k)’
Recall from [4], that the modified Bessel function of the first kind 7,(z) is represented by
o0
1 Z\ 2n+v
1 = —_— = C 1
U(Z) ;n'r(v—i—n—i—l)(Z) s S ) ()
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where v € C\ {—1,-2,...} is said to be the order of I,(z). Recall from [I], that the generalized
combinatorial number (or say, generalized binomial coefficient) is denoted and defined by
'z+1
(Z) —ITw+DIrEz—w+1)’
w
0, zeC\{-1,-2,..},w,z—we{-1,-2,...}.

zw,z—weC\{-1,-2,...};

Concretely and explicitly, the power series expansion

© 1 2k 420\ /z\2k+2v
op =S e ()G
v ()] Z[r<v+k+1)]2 k <2)

k=0

was listed [5], For ve C\ {—1,-2,...} and r,z € C, the main result in [5], reads that

> 1 By (v,r) sz\2k+rv

I, (0] = - , 2

()] gr(u+k+1)[r(u+1)]’—1 k! (2) )

where
k

+k rwv+2 b;

B"("’”:r(verl)B"‘l(”’rH (Uk )Zr(vjr(;zrz) (U7k> Besi (217 ®
j=2

and

i bk+1 (v) x_k_ 1 \/E 1, (2\/}) _2 (4)

=T (v+k+2) Kl CTW+2) | v+114 (2V%)

with the convention that the sum is zero if the starting index exceeds the finishing index. By the
way, in the paper [0], there are new conclusions and applications on series expansions of powers
of several fundamental elementary functions. In [5], the first five expressions for Bi(v, r) were
listed as follows:

BO(VJ’):L Bl(var):ra BZ(var)=:j—:::?r2_v;_"_lra
v+2)(wv+3) ;3 3@w+3), 4
B N = - s
T R I T
V+2)W+3H W+ 4, 6(v+HW+4) 5 (v+4) A9 +41) , 6(5v+11)
By(v,r)= 3 rt— 3 r 3 re— 3 r.
v+1) wv+1) w+D’(w+2) w+D’(w+2)

In [7], the recursive relation (3) was simplified as

By (v,r) = By (v,r)

F(v—i—k—i—l)l“(v—i—l)Xk:(k) Jr+1)—k
J

k P JTw+j+DTwv+k—j+1)

in which the sequence by (v) for k € N is not involved.
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In [8], Theorem 2.3, alternative recursive relations

B,(v,r+1)=

(r+l)l“(v+k+l)l“(v+1)2k:<k> kBi_j (v.7)
J

k = JTw+j+DTw+k—j+1)
and

Bk_j(l),r)
Frw+j+DTw+k—j+1)

k
Bk(V,V—i-l):Bk(v,r)+r(v+k+l)r(V‘i‘l)Z(f)
j=1

were derived via a probabilistic interpretation of the series expansion of powers of a general series.
In [9], the complete Bell polynomials, denoted by B, (a1, a>,...,a,), are defined by

n

o0 ar oo 7
exp( FZ"):ZBn(al,az,...,an);.

k=1 n=0

By the way, in the article [10], some new results on the Bell polynomials of the second kind

are surveyed and reviewed. Let j, , for n € N denote the zeros of %, where J,(z) is the first kind
Bessel function which can be represented as
o 2n
Z\V (—=1)"(z/2)
J == - C
v (@) (2) ;n!r(v+n+l)’ &

where v e C\ {—1,—2,...} is called the order of J,(z). The Bessel zeta function

1
L= — (5)

n=1 ]v,n

for ¢ > 1 was originally introduced and studied in [11-14]. In [§], there are the following special
values:

1
v 2 = v 4 =T 3> v 6) = >

2 4v+1) @ 16(v+1)3 v (6) 16 (v +1)* Qv +3) 6
£ (8 = 10v+11 (©)
256w+ 1) 202+ Tv +6)

Theorems 3.1 and 3.2 in [&] read that

T w+k+1)

B . ="

Bi (007, (), =118, ()., (=1 o= D 115, 2 )

and

k—1
By (v, 1) K 14 ~2i42 . (k—l) Bj_j 1 (v,1)
kT DRIV i (F T ) 2
Fvt+k+1) r;;( ) S R O A oy

Corollary 4.2 in [8] confirms that By(v, r) is a polynomial in r of degree k.
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One of the reasons why ones investigated the series expansion (2) and the sequence By(v, r) is
that the products of the first kind Bessel functions and of the first kind modified Bessel functions
appear frequently in problems of statistical mechanics and plasma physics considered in [15-17].
This reason has been mentioned in [5,7].

In the papers [§,18] and in Entry A131490 of The On-Line Encyclopedia of Integer
Sequences, the sequence by1(v) generated in (4) has been studied. In [8], there are two concrete
values

1
b] (l)) =-—1 and b2 (U) = m (7)

Theorem 5.1 in [8] reads that
(=D by (0) = k! (k4 1)12% ¢y (2K) .

Corollary 5.2 in [8] asserts that the number by, (0) is an integer. Theorem 5.4 in [§] reads
that
ck=DIT(w+k+1)

wv+DHTrwv+2)

and confirms that, due to the second value in (7), the sequence bi(v) for k€ N is not an integer
sequence.

br (v) = (—1) 220 12k =2), k=2 (8)

In this paper, we will establish determinantal expressions and recursive relations of the
sequences by 1(v), bry1(0), and ¢,(2k) for k € N. It is clear that, if all elements in determinants
are closed forms, determinantal expressions are also closed forms.

2 Determinantal Representations via Ratios of Gamma Functions

We are now in a position to establish determinantal expressions of the sequences by, 1(v),
bi11(0), and ¢,(2k) for ke N.

Theorem 2.1. For ke N and v € C\ {—1,-2,...}, the sequence b;,(v) can be determinantally
represented as

bit1 (v) = % (U +£+ 1) % [Po 1,1 () Q21,2 M| gy 1y 2k 1) )
where
1— (=) G- 1
Pojey1,1(v) = ( 2 26D F(v = 1)) | (10)
1<i<2k+1

with (—1)!! = 1 is a (2k+1) x 1 matrix and, with the convention (nm> = 0 for n <m,

1+(—1)"—/C_1> (i—j—1)!! 1
2 (1

Q2126 (V) = ( B i—1 26=D/2 (v oy lizdl +2)>
2 1<i<2k+1,1<j<2k

is a (2k+ 1) x (2k) matrix.
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Proof. Replacing 2,/x by ¢ in the power series expansion (4) yields

i () 1 \*_ 1 t Lo

T+k+2) k2 CTw42) [ 200+ I (0 ’

o0

2k
B0 gt 20+ DI+ Y e ML G) ’

L1 (1) T (+k+2) Kl
iy (1) _ b () 1\
IVH(Z)_2(v+l)[2+b1(v)]+2(v+l)l“(v+2)];F(U+k+2)k!(2> .

This implies that

B i, (1)
br(v)= 2(w+1) 0 L11 (D)
and
N R S B N O
b1 (v) = Ck—DI W+ DI w+2) o [Iv+1 (l)} "

for ke N. From (1), it follows that

—-2Ww+1), t—0.

t
tl, (1) ZZk 0 k'F(v+k+1) (E)
2k

L (@) dhe Ok'r(v+k+2) (3)
Hence, we obtain b;(v) = —1, which confirms the first value in (7).
Let
0 1 1\ F
HN=Y — | =
v () gk!r(wkﬂ) (2)
and
X 1 1\ k
Hn=y — (=) .
#v () kX:(:)k!r(v+k+2) (2)
Then
2m—1)!!
- (2k) ! 1\ ( €=2m
[¢p D] = = Z ( ) — 12" (v4+m+1)’
2t Ay , Q=0T (v+k+1) 0, 0= 2mt1
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(2k)!

and
1 oo
o (010 = 5 Z
k=4+1G

k=D (v +k+2)

"

as t— 0, where me {0}JUN and (—D)!!'=1.

In [19], there exists a general formula

p (1)
P (1)

P’ (1)

(—DF
qk-‘rl ([)

@ [&] _
dik Lg(n] MFD@
%D @

P (1)

q @ q (D - 0

q" (1) G q 1 - 0

*=2) 1) (lf 2) g% =3 @ q (0

45D (p) (k ) Dy (’;:;)C]/(t)

¢® o Q)““m
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k k
Q_Q%m Q_Jdm

Qm—1)!! r—r
=2m
2T (v+m+2)
e=2m+1
0
0
0
(13)
0

q(0)

for £ > 0. By the way, this formula has been extensively applied in recent years, see [20,21] and
closely related references therein. Applying p(¢) and ¢(¢) in (13) to ¢,(¢) and ¢,(¢) results in

tI, (1)

lim [
t—0

2k
=21lim )

=0 (,02k+1 0

- 2k+1(0) s

@y

¢y (0)
é;, (0)

(V)
(2k-2)

»F 7V (0)

(2k)

s ]<2"> ol [mu)}‘m
=Zlm
Iv+1 (€3] =0 @y (D)

v (D)
@, (1)

oy ()

v (D) 0
@, (1) @y (1)

o0 (f)w@(ﬂ

wWJW)(?_ﬂ@%&m
@k () (fk - 1) o2 ()
40 () (%k> @1 ()

@y (0) 0
@, (0) oy (0)

¢! (0) (2) ¢, (0)

2k — 2) (2k—3) )

)W”w>

2k-2)

@y )

oV

(2k)

& (D)

(Zk 2) ()

§
%”w><
(r)e

0

0 o0

0 0
0 0
0 0
@y (0) 0
(3k23)w® wo

2% , 2% )
(Zk - 2) oy (0 (Zk - 1) ¢, 0

0 0
0 0
0 0
e (D) 0
(i J%m o0 (1)
kN o (2%
<2k - 2) o0 () <2k - 1) @ (0
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1 1

Fw+1) Fr(v+2) 0 ) 0 0
. " w2 0 0
2M(v+2) 2M(v+3) 0 0 0
=2[M (42K |: : : o
Qk=3)N Qk=3)N 1
0 0
2=1r(w+k)  26k=1T(w+k+1) T(w+2)
2%—1 2k—3)N 1
0 0 S A A -
1 2K=1T (v +k+1) T(v+2)
Qk—1N Qk—1N 0 (Zk > 1
kT w+k+1) 28T (v+k+2) 2k—2) 2T (v+3)
Accordingly, we acquire
Beei )= Q@ (k41 [F42)Pt]
= k= \v+1 vl
=D 1 =hir 1
20 Tw+1) 20 T(+2) ?1)" | 0 0
0 0 ) 0 0
m 1 m 1 0 0 0
2T T(v+2) 2T T(v+3)
x|: : : Lo
Qk=3H1 1 Qk=3)N 1 0 DIt 1
k=1 T(+k) k=1 T(+k+1) 200 T(w+2)
0 0 2k—1\ Qk—3)N 1 0 (=Hn 1
1 k=1 T(+k+1) 20 T(w+2)
Qk—-DN 1 Qk—DN 1 2k m 1
2k T(w+k+1) 2k T(v4+k+2) 2k—2) 21 T(v+3)

which can be rearranged as the form in (9). The proof of Theorem 2.1 is complete.
Theorem 2.2. For k € N, the sequence by, 1(0) can be determinantally represented as
biy1 () _ @GR!
k+1 k-1

where

P11 (0) Qo126 O 1) a1y » (14)

l—(=DiE=2!1" 1

Pojet1,1(0) = ( G F(ﬂ))
2 ) 1<i<2k41

and

I+ (=D (i-1\—j-D!! 1
o412k (0) = 2 i—1) 2602 r(z +@)
2 1<i<2k+1,1<j<2k

with (—1)!! = 1 and the convention (nm) =0 for n < m.

Proof. This can be deduced from taking v = 0 in Theorem 2.1 and reformulating it for
intuitive and visual beauty.
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Theorem 2.3. For £k € N and v € C\{—1,-2,...}, the values at ¢ = 2k of the Bessel zeta
function ¢,11(¢) can be determinantally represented as

| [r (l) +2)]2k+1
k)

where the matrices Pyi1,1(v) and Qa1 2x(v) are defined by (10) and (11), respectively.
Proof. Combining (8) with (9) in Theorem 2.1 results in

_ Lyt RT0+k+D)

Cos1 k) = (—DFF |Pois11 (V) Qo2 (v)‘(2k+l)><(2k+l)’ (15)

278,11 (2
b1 (v) OIDT012) Su41 (2k)
Q! (v+k+1) [T+
= k=D (k ) 3 [Po1,1 () Q21,2 M gy 1y 2k 1) -

Further simplifying gives (15). The proof of Theorem 2.3 is complete.

3 Determinantal Representations via the Pochhammer Symbols

For z e C and n € {0} UN, the Pochhammer symbol (z),, or say, the rising factorial (z),, is
defined in [6,22] and [1], by

n—1
_F(z+n)_ _Jz@+D - +n=1), nx>1;
o=t o i

In terms of the Pochhammer symbol (z), defined by (16), we can rewrite Theorems 2.1-2.3
for intuitive and visual beauty respectively as follows:

Theorem 3.1. For k€ N and v e C\{—1,-2,...}, the sequence by, 1(v) can be determinantally
represented as

2k w42
b1 ) =5

! ! 0 0 0
v+ 1) (v+2) 1
0 0 0 0

| . v+2)
S S 0 0 0
2(w+1) 2(v+2)
: : : a7

2k — 3! Qk—3)! 1 0
2=l w4+ Dy 281 w+2)y v+2)
0 0 2k—1) k=3 0 1

1 2k=1 (w4 2)p 4 v+2)

Qk—1! k-1 <2k ) 1
2k (4 1)y 2k (v 42)1 2k=2) 2(v+2)
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Proof. In the proof of Theorem 2.1, we can write

[ 10

DN T+ DT +2)

20 T(w+1) 20 T(w+2) —DUT k42 0 0
—!! v+
0 0 2 Tot2 0 0
mre+b mre+2 0 0 0
2l T(v+2) 2l T(w+3)
x|: : : o :
Qk—=3HNTWw+1) Qk=3)! Tw+2) (=D T@Ww+2) 0
k=1 T(+k) %=1 T(w+k+1) T Tw+2)
0 0 2k—1>(2k—3)!! ro+2 (=DUT@W+2)
1 21 Tw+k+1) 20 T(v+2)
@k—D!' T+  @Ck=D!! TEW+2) <2k >gr<u+z>
% Tw+k+D % Tw+k+2) T\2%-2) 2 Tw+3)

Substituting this equation into (12) and considering the definition in (16) lead to (17). The
proof of Theorem 3.1 is complete.

Theorem 3.2. For k € N, the sequence by, 1(0) can be determinantally represented as

_IR2(k+ D]
b1 (0) =3 2k —1)!!
(- (=
o 1 x0!! 0 0 0
(—DH!
(i” 01” 1x0!! 0 0
211 2 % 2! 0 0 0
o : : S .9
Qk—3)!11  (Qk—23)!! (—DH! 0
Qk—2)!1 kQk—2)!! o 1x0!! o
0 0 ?k_1> k(?Zk_—sz))‘!‘! 0 (1_x z)'v
@k—hU _@k-DU 2 1
Qi (k+1) 2k 2k—2) 2% 2N

where (—1)!! = 1.

Proof. This can be deduced from letting v = 0 in Theorem 3.1 and reformulating it for
intuitive and visual beauty.

Theorem 3.3. For ke N and v € C\ {0, —1,—-2,...}, the sequence ¢,(2k) can be determinantally
represented as

(_1)k+1 v

& (2k) = T
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L ! 0 0 0
Mo v+ 1) .
0 0 0 0
| | (v+ 1Dy
— e — 0 0 0
2(v) 2w+ 1)
x |: : : (19)
k-3 k-3 1
0
=Ty 21w+ wv+1y
0 0 <2k— 1) QRk-=3! 1
1 k=1 (w4 1)y (v+1)o
Qk—1H!! QRk-—1H!! <2k ) 1
2k (W) 2k (v 4 1)y, 2k=2) 2w+ 1)
Proof. Combining (8) with (17) in Theorem 3.1 results in
KT (w+k+2) 2kw+2)
kL 2%k _ k
Pkt ) =D TS o 0=
1 1
- - 0 0
v+ 1) w+2) .
0 0 —_— 0 0
v+2)
1 _ 1 0 0
2(v4+ 1) 2(v+2)
< ) :
k-3 k-3 1 0
k=l w1y 21 w42, (v+2)
0 0 (Zk— 1) Qk-3!I" 1
1 2k=T (v 4+2), 4 (v+2)
QRk-1H!! Qk-—1D!! <2k ) 1
2k (w+ 1y 2k (v +2); 2k=2)2(v+2)

Further simplifying gives (19). The proof of Theorem 3.3 is complete.
4 Recursive Relations

In this section, we establish recursive relations of the sequences byy1(v) and (—1)¥+12%z,(2k)
for ke N.

Theorem4.1. For k> 2 and v € C\ {—1,-2,...}, the sequence by (v) has the recursive relation

bit1 (v) =

kK To+k+2T0+2) i(zk )

Qk—20+1)11 (20 —3)!!
v+1 Qk—1!! 202 be (v) (20)

pars TW+k—C4+)T e+ "

Consequently, the sequence (—1)*t12%¢,(2k) for k> 2 and v € C\{0,—1,—2,...} satisfies the
recursive relation

kK Tw+1D (=21, 20 —2)

k
CoHNTw+k+1) _r(v—i_l);(2k—2£+2)!!r(v+k—€+2)'

(=1 2ke, (2k) =

(e2y)
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Proof. Let Dy =1 and

el ) 0 0 0
el €2 €3 0 0
e31 €32 e33 ... 0 0
Dy =|: : : : : : (22)
€n-21 €n-22 €p-—23 ... €p2p-1 0O
€n—1,1 €en—12 €p—13 ... Ep—1n—-1 En—ln
€n,1 €n2 €n3 cee Epp—1 €n.n

for ne N. In [23], it was proved that the Hessenberg determinant D, for n> 0 satisfies D| =ej
and

n n—1
Dn = Z (_l)n—r en,r l_[ €jj+1 Dr—l (23)
r=1 j=r

for n > 1, where the product is 1 if the starting index exceeds the finishing index. Replacing n by
2k+1 for k>0, letting

1—(=DiG—2N 1
20 20 (v 5)
for 1 <i < 2k+ 1, and taking
L+ D (-1 G—j=D! !
€ij+1 = b (j— ]) 2= /2 r <v n “;_]\ +2>

for 1 <i<2k+1and 1 <j < 2k in (23) yield

éj1 =

2%t 2%
2—r1
Dojy1 = Z (=D eapt1y l_[ej,;'+1 D,y
r=1 j=r

2k 2k+1 2k
= (=% exi1 H%;/H D0+Z(_1)2k_r+182k+1,r l_[ej,j+1 D,
J=1 r=2 J=r
k=D 1 12_"[ 1
-2k r(u+k+1)j:1r(u+2)
2"2+:11+(—1)"(2k )(Zk—r—i-l)!! 1 12_"[ 1 b
Sy : -1
&2 r—2) 20@k-r/2 F(v 4 2hered +2) aTe+y |7
2k —1)!! i(% ) Qk—20+ 1! b
_ — 201
KTt k+ DT+ S \2=2) 2hth 1P (e — £ 4 3) [T (0 + )P 260 1
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. k-1 B k-1
ST w4 k4+ DT+ 2T w4k +2) [T (v+2)P*!

_Xk:(zk ) Qk—20+ 1)1 .
S\ =2) Pt T (v k- e 3+ P2

D,

B Qk—1)!! B Qk—1)!
Tk DT AT w+k+2) T+ ITw+1)

i(zk ) 2k =20+ D! .
_ .
S \26=2) 2k=tHIT (v -k — 4 3) [T (v + )PP 2!

Dy

Qk -1k Xk:(Zk ) Qk =20+ 1)1

T kT w+k+2)[T w+2)Pk B ~ 20 =2 ) 2k—E+1T (y 4k — £+ 3) [T (v + 2) 2K —26+]

for k> 2. Further setting
Qk—D!! 1 v+1 Bt ()
v
2! (v+k+1> M+t !
k

Dyjey1 =

for k € N produces
k-1 1 v+1 B () QRk—1!"k
V) =
Q2! (v+k+1> T+ 22 N T o r bk +2) [T v+ 2)7F
k

< 2%k 2k —20+ 1)1 Q-3 1 vt 1
_Z( ) Zg_lbﬁ(v)

20 =2 ) ok—t+1P (y + k — €+ 3) [T (v 4 2)F 24T 20 —2) ! (v—i—ﬁ) M(v+2)]
-1

=2

which can be simplified as (20).
Substituting (8) into (20) produces

kel KT (v +k+2)

D T DTe T2

2% ¢,41 (2k)

22726, (20-2)

k r(u+k+z)2":(2k )(2k—2£+1)!!(2£—3)!! =Dt

v+l Qk—Dn —\2t-2 Twt+k—£€43) v+l

which can be rearranged as

k 'v+2) —F(v+2)2k: (_1)@26—1§v+1 2¢-2)

Ykt Ak _
D20 OO = G T kT 2) k201N ik —+3)

=2

The recursive relation (21) is thus proved. The proof of Theorem 4.1 is complete.
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5 More Numerical Computation of the First Few Values

Via newly-established determinantal expressions (9), (14), (15), (17)—(19), with the aid of the
famous software Mathematica version 12.0, we numerically compute more special values of the
sequences by 1(v), bri1(0), and ¢,(2k) for k € N, which are supplements of those listed in (6) and
(7), as follows:

1
v 4 = ) v 6 = )
b ) 16(v+1)*>w+2) & (©) R+ Ww+2)(v+3)
Sv+11 2
v 8) = , b =,
v (8) 256w+ DY +2)2 (W +3) (v+4) 3 v+ @v+2)
12 24 (5v +16)
by(vV)= —————, bs(v)=— .
= o YT T O Do 03

We notice that the numerical computation of ¢,(4), ¢,(6), and ¢,(8) here correct corresponding
ones listed 1n (6).

Using the famous software Mathematica version 12.0, we plotted graphs of ¢,(2k) for 1 < k
< 4 on the interval (—1, 9) in Fig. 1.

0112 1
4(14v)
0.10 N
16 (1+V)? (2+V)
0.08 | 1
32 (14v)% (2+V) (3+V)
0.06 | 11+5v
256 (1+v)* (2+v)? (3+V) (4+V)
104 -
02
2 4 6 8

Figure 1: Graphs of ¢,(2k) for 1 < k < 4 on the interval (-1, 9)

6 Conclusions

In this paper, by virtue of a general formula (13) for derivatives of the ratio of two differen-
tiable functions and with the aid of a recursive property (23) of the Hessenberg determinants (22),
we establish six determinantal expressions (9), (14), (15), (17)—(19), find two recursive relations (20)
and (21) for the sequence by, 1(v) defined by (4) and for the Bessel zeta function ¢,(2k) defined
by (5).
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