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Analysis and Dynamics of Illicit Drug Use Described by
Fractional Derivative with Mittag-Leffler Kernel

Berat Karaagac® %, Kolade Matthew Owolabi" > “ and Kottakkaran Sooppy Nisar*

Abstract: Illicit drug use is a significant problem that causes great material and moral
losses and threatens the future of the society. For this reason, illicit drug use and related
crimes are the most significant criminal cases examined by scientists. This paper aims at
modeling the illegal drug use using the Atangana-Baleanu fractional derivative with
Mittag-Leffler kernel. Also, in this work, the existence and uniqueness of solutions of the
fractional-order Illicit drug use model are discussed via Picard-Lindel6f theorem which
provides successive approximations using a convergent sequence. Then the stability
analysis for both disease-free and endemic equilibrium states is conducted. A numerical
scheme based on the known Adams-Bashforth method is designed in fractional form to
approximate the novel Atangana-Baleanu fractional operator of order 0 < <1. Finally,
numerical simulation results based on different values of fractional order, which also
serve as control parameter, are presented to justify the theoretical findings.

Keywords: Atangana-Baleanu fractional operator, illicit drug use, existence and
uniqueness of solutions, stability analysis.

1 Introduction

[llicit drug use is both a serious threat to human health and a common problem for the
nations and the world due to material and moral losses, the decrease in national welfare,
loss and misery of individual lives, serious infectious diseases, deaths, and the increase in
crimes associated with addiction. Certain drugs are natural such as cannabis and cocaine
or could be derived from natural substances such as heroin. Some may be synthetic such
as amphetamines and various others. These drugs are classified into four main categories
based on their effects: stimulants, depressants, opioids and hallucinogens. Stimulant
substances improve attention, energy, blood pressure, pulse and respiratory rates.
Depressant substances reduce pain and make the individuals feel sleepy. Furthermore,
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these substances slow down pulse and respiration. Opioid substances slow down all
physical functions and hallucinogens alter the consciousness leading to visions. The first
impact of illicit drug use includes mental and nervous diseases such as insanity, early
dementia, insomnia, paralysis and hallucination. It leads to nausea, vomiting, bleeding
and injuries in the digestive tract. In the liver and kidneys, which play the most important
role in the elimination of the harmful substances included in the drugs, failure and
occlusions are observed. In the long term, Type B hepatitis, HIV/AIDS, and malaria
could be observed. Some reasons for using illicit drugs might be to achieve the original
feeling; eliminate the sense of loneliness or cope with peer and family problems. Another
reason, especially in the case of adolescents and young adults, is peer pressure, as illicit
drug use could be observed in individuals with a peer circle where drug use or drug use
attempts are common. The presence of genetic predisposition could lead to drug abuse of
between 30% and 70%.

Although drug abuse was a personal decision in western countries until the late 19th
century. In 1961, the United Nations Single Convention on Narcotic Drugs prohibited the
production and procurement of certain narcotic drugs unless licensed for special purposes
such as medical treatments and scientific research (Single Convention on Narcotic Drugs,
1961, Convention on Psychotropic Substances, 1971, Convention against the Illicit
Traffic in Narcotic Drugs and Psychotropic Substances, 1988). But, what about the
history of illicit drugs use until about 58 years ago? Since the beginning of human
history, individuals have tried to change their level of consciousness and sensual
perceptions by ingesting herbs, alcohol and other substances. These substances have been
used by clergies in religious ceremonies, for medical purposes and their use was socially
approved by the majority of the society. More than 4000 years ago in Asia, the monks
and shamans used Amanita muscaria, a red mushroom with white spots, often observed
in fairy tales and famous cartoons, to trigger trance. For similar purposes, psilocybin
mushrooms were used in Central America and the Aztecs in Pre-Columbian Mexico used
Lophophora williamsii, a needleless cactus species with protrusions. The use of these
plants slowly disappeared before the 1950s.

Certain drugs were used for therapeutic purposes in most human history. For instance,
opium, the first opioid, was used by Egyptians and Persians around 3400 BC to treat
warriors. After the 18th century, its use became prevalent in Europe, India and China in
the treatment of cancer and labor pain. In the late 18th century, the addictive property of
the drug was identified. In 1805, morphine and codeine were isolated from opium and
used to treat opium dependency. The scientists aimed to produce heroin from morphine
as a replacement, however, it was also found to be highly addictive. The social attitudes
towards illicit drug use have changed dramatically over time. Although policies and
penalties against drug use vary significantly between nations, there have been several
attempts to legalize and prohibit illicit drug use. Past experiences, the damages
encountered by the society and the individual due to drug abuse demonstrated that there
are justified reasons for the prohibition of the use of such drugs today. According to the
2018 data published on the United Nations Office on Drugs and Crime (UNODC) official
web site, more than 275 million people use drugs worldwide despite the knowledge that
the adverse effects of drug abuse are more severe than previously claimed. Despite public
research, education and social programs and legal practices against illicit drugs,
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permanent poverty, long-term unemployment and deterioration of living conditions,
psychological problems, addiction-oriented factors have led to sudden increase in illicit
drug use and trade.

Successful mathematical algorithms have observed real life problems and obtained exact
solutions of the problems which define nature nature [Li and Zhu (2018); Chen, Xu, Zuo
et al. (2019); Ghanbari, Osman and Baleanu (2019); Osman (2019)]. Similarly,
mathematical models on illicit drug use assist us in understanding the phenomenon by
assuming that real-life phenomena were accurately defined. Thus, it allows us to examine
the behavior related to the phenomenon under different conditions using various
parameters, and to observe the differences in the outcome. More importantly, with the
help of constructed models, we can find answers to our ‘if” scenarios. Research has
shown that modeling of real-life phenomena with the concept of fractional calculus is
most accurate and acceptable [Ghanbari, Kumar and Kumar (2020); Kheiri and Jafari
(2019); Naik, Zu and Owolabi (2020); Owolabi and Atagana (2019b); Podlubny (1999);
Yavuz and Bonyah (2019)]. This technique has been applied under various auspices with
record of success [Karaagac (2018, 2019a, 2019b); Owolabi (2018a, 2018b, 2018c,
2018d, 2018e, 2019); Owolabi and Atangana (2018a, 2018b, 2018c, 2019a); Owolabi and
Gomez-Aguilar (2018); Owolabi and Hammouch (2019)] and references therein.
Standing on these various achievements of fractional derivatives, the illicit drug use
model is defined with Atangana-Baleanu fractional derivative in this paper. The presence
and uniqueness of the solution are demonstrated by the Picard-Lindelof theorem which is
significant for initial value problems in ordinary differential equations. The stability of
the system is examined by considering the eigenvalues for the disease-free and endemic
states. In the following sections, a numerical diagram is obtained for the solution of the
system and numerical results are presented using tables and charts.

Let us consider the fractional illicit drug use model defined by Atangana—Baleanu
fractional derivative given by an ordinary differential equation system:

B peS(t)=(1-S)u—-pP(E+7I)S

jBCD[’E(t)=(,BS—a—;/—0'—,u—v)E+ﬂTIS

PCD(t)=aE—-(p+0+u+d)l (1)
JCD!R(t)=0cE+0I—(c+p+06)R

LDV (t)=yE+pl+eR—(pu+w)V

a

We let N(¢) depict the studied population, which is clustered into sub-classes

N(@) ={S(1), EQ@),I(t), R(1),V (1)}

Among these sub-classes, S(¢) depicts the individuals who do not abuse drugs, but are in
contact with individuals who abuse drugs, E(¢) depicts the class of individuals with mild
drug use or infrequent illicit drug use. /(¢) represents the group of individuals with
severe illicit drug use. R(f) represents the group of individuals who experienced
psychological problems due to illicit drug use and V' (¢) depicts the group of individuals
who are identified as illicit drug users. The systemic parameters are described as follows:
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M is a constant number depicting the number of recruitment and non-illicit related death
rate in the population within the time period 7. f is the parameter that measures the

strength of the interaction between sensitive individuals and illicit drug users. a is the
rate of mild drug users who become heavy users in time. y,¢,p are the detection and

rehabilitation for the individuals in E,R,I. o©,0 are the rates of light and heavy users
developing psychological (mental) illness. v, d are the light and heavy users that exited

the model due to quitting drug use or drug use-related death. § includes mentally ill
individuals who exited the model permanently by drug use-related death. w depicts the
users who permanently exited the system due to rehabilitation recovery. r is a
modification factor; it explains a comparison of heavy drug users with light drug use
affecting new drug users. The most important feature that distinguishes the present model
from other models is the fact that individuals with psychological diseases are also
included in the system [Mushayabasa and Tapedzesa (2015)]. The measurement of the
impact of illicit drugs on psychological diseases, which are the most dangerous threats to
society, is a significant point that needs to be noted here.

The remaining sections are arranged as follows: Some useful preliminaries based on the
Atangana-Baleanu fractional operator are given in Section 2. The existence and
uniqueness result of the main model is presented in Section 3. The main results involving
stability analysis of the equilibria (drug-free equilibrium state and endemic equilibrium
state) are reported in Section 4. Numerical experiments to justify the theoretical findings
in some instances of fractional order are given to reveal the behavior of dynamics
components. The conclusion is finally drawn in the last section

2 Preliminaries

In this section, some definitions and properties related to fractional calculus are reported.
In the process, we are going to refer to the following given specific definitions and
properties of the Atangana-Baleanu fractional derivatives of Caputo type [Atangana and
Baleanu (2016)] that are peculiar to this study.

Definition 2.1 The left- and right-sided Caputo fractional derivative for order a >0 is
respectively defined as

c fo(f)=ﬁ [(t=&y™" £ (&)de e,

cha e (D Fo et ,
D)= g J 8T () righy
where n—1<a<nneN, feC"'[0,z].

Definition 2.2 The left- and right-side of the Atangana-Baleanu fractional order
derivative for a given function f(t) in the sense of Caputo is defined as

B(a)td .
95C D (1) = IEO(:)Q /;(;)Ea[_lf‘a(;_g) }dé (left),
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, B b «
;:Bthaf(z):_ 150;) J‘Ea [_lfa (t—§) }df (right)

where B(a)=(1-a)+ is a normalization function and E,(-) is the Mittag-

a
F(a)
Leffler function.

Definition 2.3 Atangana-Baleanu fractional integral order « is defined as

e <f<r>>=%ﬂmmy(@(r—fr* as,

if f(¢) is a constant, integral will be zero.

3 Existence and uniqueness

In general, a first order ordinary differential equation given with the initial value problem
is as follows:

d
IO @

There might be no solution for the differential equation given in Eq. (2), it might have an
infinite solution, or it might have a single solution. Researchers who are interested in
such problems look for answers to two questions: Under which conditions does the
solution to problem (2) exist (question of existence)? Under which conditions is the
solution unique (the question of uniqueness)? Hence, we provide answers to these two
questions under this section. We study the illicit drug use model which is formulated with
the Caputo fractional derivative.

In what follows, we construct the dynamic system given in Eq. (1) as
2 DrS(1)= £,(t,S,E,LLRV)=(1-S)u—B(E+7I)S
o CDYE(t)= f,(t.S,E.I,RV)=(BS—a—-y—oc—pu—Vv)E+ BrIS

2D (t)= f1(6.S,E.LRV)=aE—(p+0+pu+d)I 3)
JCDIR(t)=f,(t.S.E,I,LRV)=cE+0I —(¢+pu+35)R
DMV (t)= fs(t.S,E, LRV )=yE+ pl +sR—(pu+w)V

and
X()=(S,E,LLRV),F(X(1),t)= (£ (X®), £, (X(®), /;(X(®)), £, (X©®)), /s (X(®)).
Considering the solutions of the system as continuous functions from a finite time-
interval J to a bounded subset U e IR’, with the initial value X (z,)=X, we set,

J=[t—t0,t+t0],U=R(x,r) and
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CﬂrlZJx[x—rl,xﬂq]:Jle, C =JX[X—F2,X+F2]:JXR2,C,,.3

a a,ry a
=J><[x—r3,x+r3]=J><R3,
Cw=J><[x—r4,x+r4]=J><R4, C =J><[x—r5,x+r5]=J><R5

a,rs

R, are the closed balls in /R™ around x with radius r,. We let C,, (J,U) denote a set of
continuous function from J to U equipped with the norms

M, = Zup”fI (X (1), M, Zgup”fz (X (1)), M, =Csup||f3 (1,X(1))

2

a ary 3
M, =Csup||f4 (£, X (1)), M, = sup |f5 (X)), M= sup fs (t,X(t))”
ary a,rs a,rs

where supremum of all M,,M,, M,,M, and M, values is M . Let us define a Picard
operator T from C,, (J,U) to C,,(J,U) suchas
r:cC, (J,U)->C,(J,U)

t

T(X<t>>=X<r0>+1‘—“F(X<r>)+ﬁIF(X(s»(r—s)“" s’

B(a) a)T(a);

Applying the Picard-Lindelof Existence Uniqueness theorem to the illicit drug model
with the initial value problem, results to the following theorem.

Theorem 3.1 (Picard-Lindeldf ) Suppose C,, : [to —a,t,+ a] xU = R(x,r) — IR" is

continuous and bounded by a constant 1. Furthermore, that C,, is Lipschitz continuous

with Lipschitz constant L for every t e [to —a,t, + a], Then initial value problem has a
unique solution xeC,, (J,U) as long as the time-interval is chosen with a satisfying
0<a<min(1/L,r/n).

Stepl: The first aim is to show that the Picard operator T is a contraction on the space
C,,(J,U). We note that f, functions are continuous because C,, is Lipschitz. U is
closed and bounded, so f, take their min and max value on U. Therefore,

X@®eC,,(J.U)
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[ (x(6))- ¥ (1) = %F(x(opmﬁ(ﬂs»(r—sr1 ds
-« a ’ “
< B(a)F(X(t)) + B(a)r(a);[F(X(s))(t—s) ds

l-a al?

max

l-«a a r a-1
B ||F(X(t))||+W j “F(X(s))(t—s)

50, it remains that 7 maps C,, (J,U) into itself.

Step 2: Consider two elements X, (), X,(¢)eC,,(J,U), then

4 Stability analysis
In this section, the analysis of equilibria of the illicit drug model is considered. The
model given in Eq. (1) has two equilibrium points, one is the drug free equilibrium £

and the other is the endemic equilibrium El.

4.1 Drug-free equilibrium state

It is obvious that if drug abuse is absent in the community, the equilibrium for drug-free
state requires the number of light or heavy drug users or the number of having mental
disease people who suffer from mental illness due to illegal drug use and detected illicit

drug users to be equal to zero. Drug free equilibrium is £, =(S,,E,,1,,R,.V; ). Thus, we

get the basic reproductive number which is a matrix used to predict the potential of a
disease spread in a population, following

[)’(d+,u+p+az'+o9)
(a+y+p+v+o)(d+u+p+6)

R=
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When we solve the system given in Eq. (1) by setting each fractional differential equation
equal to zero, drug-free equilibrium is obtained following

(Sy,Ey» 1y, R,V ) =(1,0,0,0,0).

The general Jacobian matrices for the illicit drug model is

[—p-pB(E+7I) -pBS —prS 0 0 |
BE + Brl m BrS 0 0
J= 0 a —(p+6+u+d) 0 0
0 o 0 —(5+,u+§) 0

.0 y p £ ~(u+w)]

where M =pS—-a—y—oc—pu—v is the resulting Jacobian matrix in this case,
and(S,, E,, 1y, R,.V,)=(1,0,0,0,0)

—u -B —pr 0 0
0 p-a-y-oc—u-v pr 0 0
J(EO): 0 a ~(p+0+u+d) 0 0 4)
0 o 6 —(e+u+6) 0
0 y o & —(u+w)
the characteristics polynomial of the matrices given in (4) is
(—A—,u)(—w—/i—,u)(—5—g—/1—,u) )

x(—aﬂz‘+(—a+,B—}/—/”t—,u—v—a(—d—i—,u—p—@)))=O.

Solving this eigenvalue problem, we get the eigenvalues

A=, = W=, A =-0—&— ;A5 =,B—d—a—7/—2u—v—p—0'—¢9$\/K
where
A=d2+a2—2d(a+7+U+0‘—,6’—p—9)+2a(y+v+0'+2ﬁr—ﬁ—p—6’)
+(Brp+o-y-v-0o).

Therefore, if f<d+a+y+2u+v+p+c+07F JA , the drug-free equilibrium will be
stable.

4.2 Endemic equilibria state

The endemic equilibrium state is the state where the drug use cannot be totally eradicated
but remains in the population. In other words

E =(S".E".I",R",V")%(0,0,0,0,0). At the endemic equilibrium state, £, the Jacobian

Matrix becomes
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-, m -, 0 0
U P-y-p-v-o+a L—l
(d+utp+0) at(a+y+p+v+o)
AN , 0 0
J(El)— (a+y+u+v+o) (d+p+p+ar+6)
0 a ~(p+0+p+d) 0 0
0 o 0 ~(e+u+d) 0
I 0 y p £ ~(u+w)|
_(a+y+u+v+o)d+pu+p+0) and
1 (d+u+p+ar+0) ’

_tlat+y+u+tv+o)d+u+p+0)
(d+u+p+ar+6) '

2

The endemic equilibrium points of the illicit drug use model depend on the solutions of the
characteristic equation of the Jacobian Matrix given in J (El) . If real parts of all
eigenvalues are negative, then the equilibrium is stable. If at least one eigenvalue has a

positive real part, then the equilibrium is unstable. The first two roots are
A =—p—-w, A, =—0—&—u . Computations to obtain the other eigenvalues from the

characteristic equation are very complex. However, we can represent the eigenvalues of the

matrices J (E1) graphically in Fig. 1 with the chosen value of parameters given in caption.

All

10

-10

Figure 1: Eigenvalues of endemic state matrices El for w=0.3; £=0.02; r=1.25;
y=0.1;p=0.356=0.6;a=0.01 v=0.035; §=0.14; d=0.2; o=0.05; =0.09

5 Numerical method

In the present part of this paper, numerical results for fractional illicit drug use model are
obtained. For this purpose, we will use the numerical scheme derived by Atangana et al.
in [Atangana and Owolabi (2018)]. Considering the first equation of illicit drug use
model, applying the fundamental theorem of calculus, one obtains
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S(I)_S(to):%fl(f’)()*mifl (t,)()(t—f)“’1 dé,

where f, =0. Thusat t=¢ _, for n=0,1,2,...

n+l

il

s(rm)—s(o)=%fl(rn,xn)+m ! (1,0~ &) £ (1, X)dt, (©)

if we rename the given integral such as

sl

= [ (4,0 =€) £ (%)t

0
where n<a <n+1 and a €(0,1]. For calculating the integral given above, we need the
Lagrange polynomials for polynomial interpolation;

_ﬁ(tn5Xn) fi(tnfl’anl)
)= =)
h h
Substituting polynomial B, (¢) into /I, and 11,

Pk(t t_tn)'

t

III - thl (tn+1 - é)(kl (j{l(tnT,)(n)(t _tnl)_W(l‘ _tﬂ )J dt

= M "jﬂ (th _5)0{,1 (t—tnil)dt_M n+l (t

h 0 0

By using the transformation y=¢ ,, —&, one obtains

n+l _ég)ail (t_tn )dt

1, =j{w(((n+1_k)“(n_k+z+a)_(n_k)“(n_k+z+za)))

a(a+1)

_(hafl (tn—l’Xﬂ—l)(((n-i-l_k)aH —(n—k)a (n_k+1+05)))]}.

a(a+1)

(7

where ¢, = 0. Putting Eq. (7) into Eq. (6) implies
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o

$(4,1)=5(0)+ af(t X))

a) — +1

( (( X)l)(((m k) = (n-k)" (n- k+1+a)))J}

If we apply the same process to all equations of Illicit drug use model, we obtain the
following numerical schemes

E(t,)= E(0)+ % 1,(1,.x,)

-
B
{ (e ((n+1-k)" (n k+2+a)—(n-k)“(n—k+2+2a)))

l-a

B(a)
kz{h fo{t: X, )(((n+1—k)“(n-k+z+a)—(n-k)“(n_k+z+za)))

a(a+1)

Lh fz((aj )(((nﬂ_k)“”_(n_k)“(n_k+1+a)))]}

1<tn+1)=1<o>+;7ﬁ<zn,xn>
h*

)
{ f30:+i;)(((n+l—k)a(n—k+2+a)—(n—k)a(n—k+2+2a)))

_[h“ﬁ (ZnI’Xﬂl)(((n-l—l_k)aH —(n—k)a (n_k+1+05)))J}

a(a+1
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V()= V(o)+1_—0‘f5 (t,.X,)

B(a)

o e [W X, 0, a
+B(a)r(a)k_0{ Q(ZH) (1) (1= +2+0)~(n-k) (n-k +2+20)

_(hafs (f,,_an—l)(((n+l—k)a+l _(n_k)“ (n_k+1+a)))J}

a(a+1)

The above system is going to solve for a sequence of time steps. By using the initial
condition for starting to guess for the iterative method, one obtains solutions in (n + 1)_th

step by the solutions in n_th step. This process goes until desired final time 7,

6 Numerical experiments

In this section, the numerical experiment of the illicit drug system as discussed in the
previous sections is carried out with the aid of the Matlab 2013a package. The aim of this
section is two-fold. The first is to draw a comparison between the classical order
derivative and the Atangana-Baleanu fractional operator. Secondly, we intend to examine
the behavior of the dynamic system at different instances of fractional power a € (0,1).

In the experiment, simulation is done with 2= 0.01,# =10 and parameters
w=0.3,4=0.02,7=1.25,=0.35,y=0.1,p=0.35,¢ = 0.6,
a=0.01,v=0.035,0=0.14,d =0.2,6 = 0.05,6 = 0.09, ®)
S(0)=0.85,E(0)=0.02,1(0)=0.01, R(0)=0.00,V(0) = 0.00.

In Figs. 2-5, we draw a comparison between the classical system obtained when « =1.00
with different instances of « €(0,1) as shown in the figures captions. It is evident in Fig. 2
that both integer and non-integer order systems display almost similar distribution. But as
the value of « is decreasing from 1 the effect of the fractional derivative power becomes
pronounced. Figs. 6 and 7 correspond to the coexistence and individual response to the
fractional index « . It is obvious as shown in the population profiles that the number of
people with severe drug use [ , those that are badly affected due to illicit drug use R and the
group identified as drug users ¥ decline in the population with respect to changes in « .
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Figure 5: Numerical results for integer-order system with « =1 (thick-red) and
fractional-order case o =0.77 (dash-black)
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Figure 7: Individual species responses to some fractional « values

7 Conclusion

Recently, mathematical modeling of real-life phenomena in physical sciences using the
concept of fractional-order operators for the system of differential equations has been a
subject of investigations. The nonlocal and non-singular derivatives have some important
properties called the memory effect, and such a rare characteristic is completely missing
in the classical derivatives. Hence, the effect of illicit drug use with the new fractional
derivative whose formulation is based on the nonlocal and non-singular kernel is
investigated in this paper. The integer-order derivative in time is replaced with this new
fractional operator called the Atangana-Baleanu fractional derivative. We adopt the novel
numerical scheme based on the fractional version of the Adams-Bashforth method for
approximating the dynamical system. Stability analysis for both the endemic and
epidemic dynamics, with emphasis on the threshold dynamical system is characterized by
the basic reproduction number. Existence and uniqueness of solutions are also conducted.
Numerical results for some instances of fractional power are given to justify the
theoretical findings. Extension to other derivatives such as the Caputo, Caputo-Fabrizio,
among several other existing operators to model complex models arising in mathematical
epidemiology, is left for future research.
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