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Abstract: In this paper, general interpolating isogeometric boundary node method
(IIBNM) and isogeometric boundary element method (IBEM) based on parameter
space are proposed for 2D elasticity problems. In both methods, the integral cells
and elements are defined in parameter space, which can reproduce the geometry
exactly at all the stages. In IIBNM, the improved interpolating moving least-
square method (IIMLS) is applied for field approximation and the shape functions
have the delta function property. The Lagrangian basis functions are used for field
approximation in IBEM. Thus, the boundary conditions can be imposed directly
in both methods. The shape functions are defined in 1D parameter space and no
curve length needs to be computed. Besides, most methods for the treatment of
the singular integrals in the boundary element method can be applied in IBNM
and IBEM directly. Numerical examples have demonstrated the accuracy of the
proposed methods.
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1 Introduction

Isogeometric analysis (IGA) [1,2] has been applied in many areas and it has at least two advantages
compared with the traditional methods: (i) the geometry of the model keeps unchanged in the whole
procedure; (ii) the refinement can be performed easily in parameter space. Actually, IGA tries to do the
analysis directly on the CAD model, in which the solid can be characterized by the boundary with
parametric functions [3]. Thus, combining the IGA with the boundary element method (BEM) [4-9] is a
natural idea and relative investigations for IGA BEM can be found in [10—13]. In most types of IGA
BEM, B-spline and NURBS basis functions are applied. However, some regular geometry can be
construed by simple analytical parametric functions, such as circle and sphere. Besides, the parametric
function for a curve or surface is not uniform and different CAD packages may use different functions. Is
there any possibility to construct an isogeometric method that is independent of parametric functions?
One of the most possible method is the boundary face method (BFM) [14]. In BFM [15,16], only the
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forms of parametric functions are needed to be known. Actually, the translations between parameter
coordinates and physical coordinates can be done easily by functions in some CAD packages [17-20].

In this paper, the idea is applied in an interpolating boundary node method (IBNM), or can also be called
an interpolating boundary element-free method (IBEFM) [21-23]. In the original boundary node method
(BNM) [24] or Galerkin BNM [25,26] the moving least-square (MLS) approximation [27-30] is used for
field approximation, which leads to difficulty for applying boundary conditions. The interpolating moving
least-square (IMLS) method [27] with singular weight functions can be implemented to obtain shape
function with delta function property. However, it may lead to difficulties while implementation because
of the singular weight functions. An improved interpolating moving least-square (IIMLS) approximation
was further presented [21,31] with no singular weight functions and has been applied in BEFM [32].
Wang et al. [33] proposed regularized improved interpolating moving least-square method and adaptive
orthogonal improved interpolating moving least-square method [34] to avoid the singular moment matrix
while computing the shape function.

In this paper, an interpolating isogeometric boundary node method (IIBNM) is proposed. The method
can be considered as a general isogeometric method based on parameter space. The parametric functions are
only used to characterize the boundary and the IIMLS method is implemented to interpolate the fields,
including the displacement and traction fields. An isogeometric boundary element method (IBEM) can
also be obtained if the Lagrangian basis functions are implemented to interpolate the fields. In both
methods, there is no discretization error and the integrals are performed on isogeometric cells or
elements. Besides, the boundary conditions can be applied easily in both methods, since the shape
functions obtained by the IIMLS method and Lagrangian basis functions have the interpolating property.
Compared with the conventional BEM and BNM, the proposed methods can avoid the discretization
error of geometry and can be integrated with Computer-Aided Design (CAD) easily. Compared with
BNM and the isogeometric BEMs [10,35,36], the shape functions for field approximation have
interpolating property, and it leads to a simpler way to impose the boundary conditions.

2 The Boundary Integral Equation with Isogeometric Cells

In this section, the boundary integral equation (BIE) for 2D elasticity problems is reviewed and
discretized by isogeometric cells. The basic equations can be written as

O',‘]"j =0 (1)
1

& =5 (uij + uj) (2)

0jj = Cijki€rl 3)

with

Cijit = 40401 + u(0i 1 + 0itdjk) “4)

where o;; are the stresses, ¢;; are the strains and u; are the displacements. C;; are the components of the elastic
tensor and J; are the Kronecker-delta functions. u is the shear modulus, 4 = 2vu/(1 — 2v) is the Lamé
constant, and v is the Poisson ratio.

One can have the boundary integral equation (BIE) as [37]

0= / U(x, y)t(y)dr(y) - / T(x, y)[u(y) — u(x)}dT(y) 5)
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where I is the boundary of a bounded domain €2 in R?. t represents the traction vector on I'. For plane strain
state, the components of U(x,y) and T(x,y) are

-1
8n(l —v)u

To(x,y) = ﬁ {100 = 29030+ 20 50— (1= 20)rgm — )} )

Un(x,y) = {3 =4v)In(r)ox — rari} (6)

where r = ||x — y||, and n(y) is the unit outward normal. Points x and y are the source point and field point in
RR?, respectively.

In conventional BEM or BNM, the boundary I" in Eq. (5) is approximated by the discrete cells. In BNM,
the cells are used for the convenience of computing the integrals on the boundary. In BEM, the cells are also
used for approximating the fields and they are called elements. In general, the straight line or the parabola can
be used as each cell to approximate the boundary. However, for complex curves, these kinds of cells cannot
reproduce the geometries exactly and the discretization error occurs.

In most of the CAD/CAE packages, the curves are represented by parametric functions and only the
local coordinates in one-dimensional parameter space are needed to obtain the global coordinates in two-
dimensional space. In general, a curve can be represented by parametric functions by

x =400 x=5A9) ®)
where x{x1,x,} are the global coordinates and ¢ is the parameter coordinate. Usually one can use x(&) to

clarify that point x is represented by the parameter ¢ in parametric form.

The normal n of a point x on the curve can be obtained by

8x 2 ax 1

n{n;,np} = {875’ i )
Now suppose the boundary I" can be represented in parametric form and one can partition it as
N
L= "T)[&, &l (10)
J=1

where I';[¢;, £;11] is the jth cell with range [, &;11], & is the jth parameter and N is the number of cells. I'; is
also represented in parametric form by Eq. (8), thus, the boundary I" can be reconstituted exactly no matter
how many cells are used. This is why the cells are called as isogeometric cells.

Then Eq. (5) can be written as

Bl RUECRCIEINE

J=1 2k

N (11)
=3 [ T ¥ u(r(©) — ulx(o)
=1 YL
where ¢ and ¢ are parameter coordinates for points x and y, respectively. J can be evaluated by
o On’
J= /&Y (@ (12)

o¢ 0¢
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Eq. (11) has partitioned the boundary with isogeometric cells for the purpose of integration. The rest of
the problem is how to approximate the field and two methods will be introduced in the next two sections.

3 The Interpolating Isogeometric Boundary Node Method

In this section, the [IMLS method is implemented to obtain the shape function for field approximation
and the interpolating isogeometric boundary node method (IIBNM) is derived.

3.1 The Improved Interpolating Moving Least-Square Method [21,31]
Suppose point x{x|, ...,x;} is a point in a domain € in space R?(d = 1,2,3) and the local support
domain R(x) is centered at x. For function u(x), one can define another formula as

i(x,y) = u(y) = > q(x,y)u(y;) (13)
=1
where ¢(x,y;) is defined as
C(X’Y‘)

9xy) =i 7o (14)
> i1 LX)

with
I X — YiH2

C(X7Yk) —— ' 2 (15)
Hi:l,i;ék HYk - YiH

The function ¢(x,y;) has the following properties:
_s )L i=j

and

 alxy)=1, xe€Q (17)

i=1

The local function of #(x,y) can be evaluated by

i'(x,y) = Y gi(x,y)a;(x) (18)
=1

where g;(x) are coefficients needed to be determined. g;(x,y) is defined as

g(x,y) =pi(y) = > _ a(xy)pi(y,) (19)

=1

In Eq. (19), p;(x) are basis functions.
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To obtain the unknown a;(x), one can define the weighted discrete L? norm as
J = Z w(x —y;) [ﬁh(xa y;) —u(x, Yi)]2
=1
=Y wx—y)D_gxy)ax) —uly) + > q(x,y,)uly,)
=1 =1

where w(x —y;) are weight functions.

From Eq. (20), we can have

=

Ay(x) = ) w(x —y)g(xy:)ai(x,y:)

Bu(x) = D w(x —y)ai(x, )0k — ¢(x,y,)]

Then i(x,y) will be expressed as
i (x,y) = §(x,y)A™ (x)B(x)u
With
g(x,y) = [22(%y):8(x¥), -, gn(%,¥)]
Finally, if letting y = x, we can evaluate u(x) by
u(x) = g(x,x)A" ' (x)B(x)u + q(x)u = ®(x)u
where
®(x) = g(x,x)A™ (x)B(x) + q(x)
qx) =[g(xy1), a(xy2), - q(xy,)]

And shape functions @ (x) have [32]:

811
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Property 1. Interpolating property:

O(x)) = 0 = { (1) i;j (32)

Property 2. Reproducing property:

Z@ Xp;(y;) = pi(%) (33)

3.2 The Interpolating Isogeometric Boundary Node Method
With the IIMLS approximation, a meshless interpolating isogeometric boundary node method (IIMLS)
can be obtained. The displacements u(y) and tractions t(y) on the boundary point y can be interpolated by

w(y) = w(y }j@ ®(&)y (34)

u(y) = Z D,(E)th = 35)

where ¢ is the parameter coordinate for pointy, u} and # are the nodal displacement and traction, and ®;(&) is
the shape function obtained by IIMLS method as

®(&) = (& HAT(EB(E) +q(&) (36)
By substituting Eqs. (34) and (35) into Eq. (11), one can obtain

N
Z /F U (x Zcb )i dé

= 37)

Z / Tu(x Z‘I’ d— 3 ()

i=1

For boundary node x(&,), Eq. (37) can be rewritten as:

Un( ,(&)dJdé
/F (x Z )t

J

/ Ti(x Z@ JuilJdé (38)

™=

Il
_

J

N
N
Z/FTkl (&)ufJdé

1

J

Finally, Eq. (38) can be rewritten as
Hu = Gt (39)



CMES, 2020, vol.124, no.3 813

where
T (x(6p),¥(8)  Ta(x(Sp),¥(9))]

] =2 A ESp o LIET -
T (x(&),¥(€))  Tia(x(&,),¥(S))

o2y /| i@ Tt m@n

_ Ui (x(&p),¥(8)  Unn(x(&p),¥(9) | 4

Gl =3 | NS mia(a i) |eevas “

u:[u} uy Ul ug]T (42)

t=[d & ... 2o 2] (43)

In Eqgs. (40) and (41), K; is the set of cells that have contributions to ®;(¢) and K, is the set of cells
contain node x(&,) (see Fig. 1).

-~ ~

Support domain -~ >

\/\ X(E[) \\\ X(SP)

// / \ AN
! I
\\ / / /
\\\ K; e Kp
— Cell
° Node

Figure 1: Cells and nodes in IIBNM

4 The Isogeometric Boundary Element Method

In IBNM, the integral cells and field approximations are independent. In this section, the isogeometric
cells are also used to interpolate the fields and the shape functions used in traditional BEM are applied. The
method can also be called an isogeometric boundary element method (IBEM). The interpolation is also
performed in parameter space and a coordinate transformation is defined in a cell I';[¢;, &;4] as

E(s) = fj+12— éjs n §j+12+ & (44)

where s € [—1, 1] is the local coordinate (see Fig. 2). If the values at nodes ¢; and ¢, are used to interpolate
the field in the cell I';[;, £;1], then u(y) and t(y) at point y € I'; can be interpolated by

u(y) = u(y(&(s))) = Z Wy (s)uy” (45)

u(y) = u(y(£()) = _wj(s)” (46)
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Figure 2: Local coordinate. (a) global space. (b) parameter space. (c) local coordinate

where W and ¥ are the displacements and tractions at point x;, and npj’ (s) is the shape function on I'; defined

as
47

lp;)(s) =0.5-0.5s
(4%)

w} (s) =0.5+0.5s

By substituting Egs. (45) and (46) into Eq. (11), one can obtain

N 1 '
> /F U (x(s( )Y i)y P Inds
' 49)

j=1 j i=0
1

=Z/n@@mwmm 6 = S Wila) s
=1 JT; i=0 i=0
where ¢ is the new local coordinate of ¢ in the relative cell and J; = (&4 — &;)/2. Then for x(&(s,)), we can
have

N 1
> Un(x(&(sp)), y(E(9)) Y i)y P ands
Jj=1 T i=0

N L 1 (50)
=ZAnmmmwmmZ = S W) nds

]:1 J i=0 i=0

ZA@M@<»wmmzm@ﬁMw

=3 [ Tula(elsy) (@) D s s -
j=1 7L ‘=0

ﬁﬁﬁz V(E))E P rds
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Finally, Eq. (51) will be

Hu = Gt (52)
where
1= 32 [ [t o) Tatateion) (e o .
Z / ey Ty o |

5 [ [ vy e 2

In Egs. (53) and (54), K; are cells cover node x(¢(s;)) (see Fig. 3).

X(&(s) X(&(s,))

~ 7 N/

o —0 Cell (element)

[ Node

Figure 3: Cells and nodes in IBEM

5 Numerical Examples

In all the examples, £ = 2.5 and v = 0.3 are applied for the material properties. To treat the singular
integrals appeared in the proposed methods, the rigid body motion method is applied to compute the
strongly singular integrals, and the self-adaptive coordinate transformation method [38] is used to
evaluate the weakly singular integrals [37].

5.1 Dirichlet Problems on a Ring

A ring shown in Fig. 4 is tested in this example. The radius of the inner circle is 1, and the minimum
radius and maximum radius of the outer ellipse are 2 and 4, respectively. Displacements are known on all
the boundaries and the following solutions are considered:

(1) Linear solution:
uy = 2x1 + 3x; (55)
uy; = 3x1 + 2x; (56)
(i1) Quadratic solution:
Uy = x5 — 201 — X1 (57)

uy = x% + 2x1%2 — x% (58)
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X2

¥

Figure 4: A ring
(iii) Cubic solution:
U = x3 — 3x°x; (59)
uy = —x] + 3x5x; (60)

The relative errors of the displacements and stresses are shown in Figs. 5-7. One can indicate that both
IIBNM and IBEM have good agreement with the exact results. The errors of IBNM and IBEM are very
close to each other for the cases with few nodes. It can also be observed that the results obtained by
IIBNM have a little concussion when the boundary nodes are few.

001 3 ——r . ——r
1E-3 o E
5 1E-4
E a _g —&—y (IBEM) 3
® 1 |—e—u,aBEM)
k=t 1 —A— G, (IBEM)
& 1883 | o (BEM) 3
E —&—u, (IIBNM)
1 | —€—u,aBNMY
1E6 7 | ——o, (IBNM) E
1 |—e—o,aBNM)
1E-7

T T
100 1000
Number of nodes

Figure 5: Relative errors for linear solution

5.2 Lame Problem

The Lame problem shown in Fig. 8 is considered. Plane strain state is considered and geometry shown in
Fig. 8(b) is analyzed.

The exact solutions for this problem are

a’p b
Jr:bz—a2 (1 _]/'_2) (61)
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Figure 6: Relative errors for quadratic solution
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Figure 7: Relative errors for cubic solution
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a’p b?
a0t s) (62)

gy =
a=1,b=2and p =1 are implemented. The results of traction #, on line x, = 0 are plotted in Fig. 9.
All the results shown in Fig. 9 are solved by 69 boundary nodes. Fig. 10 shows the relative errors of traction

t, on line x, = 0 for different methods. It can be observed that the accuracy of IIBNM is the highest.
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Figure 10: Relative error of the traction

5.3 Plate with an Elliptical Hole

In this example, a geometry under tensile load shown in Fig. 11 is studied and the parameters are L = 20,
r1 =2,r, =4 and T = 1. Plane stress statement is assumed. 3845 nodes are used in IBEM and IIBNM while
344363 CPS4R elements are used in FEM to solve the problem.

The stresses g, on line x, = 0 are shown in Fig. 12 and the stresses ¢; on line x; = 0 are shown in
Fig. 13. One can find out that similar results are obtained by the proposed methods, compared with FEM.
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Figure 11: A plate with an elliptical hole
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Figure 14: Contours of stress ¢ for a plate with an elliptical hole. (a) FEM. (b) BEM. (¢) IBEM. (d) IIBNM

The contours of stresses ¢; and g, are shown in Figs. 14 and 15. Conventional BEM with 3845 nodes is
also used to simulate the problem. It can be observed that the results obtained by FEM, BEM, IBEM, and
IIBNM have little difference.
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Figure 15: Contours of stress o, for a plate with an elliptical hole. (a) FEM. (b) BEM. (¢) IBEM. (d) IBNM

6 Conclusions

Two general isogeometric methods based on the parameter space are proposed. The integral cells and
elements are defined in parameter space, and the geometry can be reproduced at all the stages in both
methods. The displacement and traction fields are approximated by the IIMLS method and Lagrangian
basis functions in parameter space in IIBNM and IBEM, respectively.

Coupling the methods with the fast multipole method (FMM) [39—41] and domain integration methods
[42] for non-homogeneous problems are under research. The proposed methods can also be applied in many
other problems, such as fracture problems [43—48].
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