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Abstract: A finite volume method based unstructured grid is presented to solve
the two dimensional viscous and incompressible flow. The method is based on
the pressure-correction concept and solved by using a semi-staggered grid techni-
que. The computational procedure can handle cells of arbitrary shapes, although
solutions presented in this paper were only involved with triangular and quadri-
lateral cells. The pressure or pressure-correction value was stored on the vertex
of cells. The mass conservation equation was discretized on the dual cells sur-
rounding the vertex of primary cells, while the velocity components and other
scale variables were saved on the central of primary cells. Since the semi-stag-
gered arrangement can’t guarantee a strong coupling relationship between pres-
sure and velocity, thus a weak coupling relationship leads to the oscillations for
pressure and velocity. In order to eliminate such an oscillation, a special interpo-
lation scheme was used to construct the pressure-correction equation. Computa-
tional results of several viscous flow problems show good agreement with the
analytical or numerical results in previous literature. This semi-staggered grid
method can be applied to arbitrary shape elements, while it has the most efficiency
for triangular cells.

Keywords: Staggered grid; incompressible flow; pressure correction; finite
volume method

Nomenclature
—_ . . .
Aros cross diffusion coefficient
—_— —
Ar, Ag area vector
a thermal diffusion coefficient
a;, aj, b; coefficients of discrete pressure-correction equation
ap ap b coefficients of discrete convective diffusion equation
cp specific heat at constant pressure
d, d, pressure coefficient
g gravitational acceleration
H height of square cavity
- = .
i, ] unit vector
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m mass flux

N the number of calculating cells
NE the number of velocity cells
Ny Ng the number of interfaces
NP the number of pressure cells
Nu nusselt number

p pressure

Ra rayleigh number

Re reynolds number;

P pressure

s source item

T temperature

u, v velocity component

Vv velocity vector

X,y coordinate

Greek symbols

o coefficient of thermal expansion
Oy Ol under-relaxation factor for velocity
a, under-relaxation factor for pressure
A cell volume

r diffusion coefficient

] general variable

p density

0 angle

v kinematic viscosity

A thermal conductivity

Subscripts

c low temperature

fe interface of control volume

F, P velocity and other variables location
i,j, k pressure location

h high temperature

14 volume

Superscripts

c constant

p slope

* momentum equation solution

1 Introduction

Numerical simulations of fluid flow and heat transfer have been paid much attention, which is also
becoming an essential tool for various industrial designs [1]. Unstructured triangular mesh is widely used
in computational fluid dynamics and numerical heat transfer, because of its good adaptability to the
complex boundaries and the convenience for automatic generation. Since the staggered strategy is much
more complex on unstructured grids, the collocated grid is generally adopted for solving incompressible
Navier-Stokes equations on unstructured grids, while the coupling relationship between pressure and
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velocity is achieved through momentum interpolation method proposed by Rhie et al. [2]. There are many
strategies that were proposed in the mid-1990s [3,4,5,6] and recent years [18,19,20]. Although the problem
of pressure saw-tooth wave is eliminated in the early momentum interpolation techniques, the numerical
results are dependent on the magnitude of the sub-relaxation factor or the time step of the velocity. In
order to solve this problem, Yu et al. [7] proposed a modified momentum interpolation technique and the
sub-relaxation factor or the time step independent numerical results were obtained. However, much more
memory is needed in this technique to store the interface velocity information. Additionally, another
problem of using the collocated grid method is that the velocity field served to satisfy the momentum
equation is different from that satisfying the mass conservation equation, whether this inconsistency has
an effect on the stability of the algorithm is unclear.

Aaron Katz et al. [8] examined the order of accuracy and error magnitude of the node-centered and cell-
centered schemes on unstructured meshes and presented the flow field solutions for computational fluid
dynamics. They found that the node-centered approaches produce less error than cell-centered approaches
on isotropic grids. In contrast, for stretched meshes, cell-centered schemes are favored. Xue et al. [9]
described a finite volume method for simulating transport processes governed by convection-diffusion
type equations. The formulation is based on a cell-centered, unstructured grid. For the process of fluid
flow modeling, a collocated arrangement of variables is employed to generate a single coefficient matrix
that applies for each velocity component in the momentum equations.

Although the data structure of the unstructured staggered grid is relatively complex, this grid can
naturally eliminate the decoupling phenomenon among velocity and pressure. Furthermore, the
aforementioned discordant with two velocity fields does not exist in the staggered grid scheme. There
have been some arrangements for variables in terms of the staggered grid in literature. Thomadakis et al.
[10] proposed an arrangement with the velocity at the vertex of the cell and the pressure at the center of
the cell. Compared with the traditional combination of velocity and pressure on a staggered grid, the
coupling relationship between velocity and pressure is relatively feeble. Hwang et al. [11] presented a
staggered grid method in which velocity is saved on the interface of cell, and pressure and other scalars
are stored at the center of the cell. Peters et al. [12] also developed a special interpolation method to
enhance the coupling between velocity and pressure based on the implement of velocity and pressure
locations proposed in Hwang et al. [11]. The results match well with that of the original staggered grid.
However, the expense of computation of this method is twice of the structured staggered grid. Since two
velocity components are required to be solved at each interface, while there is only one velocity
component in the structured grid system at one cell surface. If the original grid element is triangular, the
number of sides is about 1.5 times the number of elements. Therefore, for the arrangement of velocity
placed on the side of the cell, the computational cost for solving velocity is also about 1.5 times as that
of the collocated grid arrangement.

In this paper, a semi-staggered grid with pressure at the vertex of cell and velocity and other scalars at the
center of cell was developed. For the two-dimensional triangular mesh, the number of vertex is about half of
the elements, thus the order of discrete pressure-correction equations can be reduced to half of the number
of cells, which reduces the computation cost. Another advantage of this grid system is that the discretization
of the mass conservation equation is automatically generated, without leading to a weak coupling
relationship between velocity and pressure. The effectiveness of this method was verified by several
numerical cases.

2 Governing Equations

The governing equations of steady-state incompressible Newton-fluid flow and heat transfer contain the
conservation equations of mass, momentum and energy. The corresponding governing equations for the two-
dimensional (2D) physical model can be written as follows:
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where the Eq. (3) is also known as the general convection-diffusion equation. It can express the governing
equations of mass, momentum and other scalar quantities by giving the diffusion co_}efﬁcient I, the source
term s, and the general variable @ with specific physical meanings, respectively. V' and p stand for the
velocity vector and pressure. p refers to the density of fluid. For example, Eq. (3) refers to the
conservation equation of energy when ®d=c,/" and I'=4.

3 Formulation of Discrete Equations

Fig. 1 shows the arrangement of the control volume for pressure and velocity, where the pressure is
placed at the vertex of the cell, and the velocity and the other variables are arranged at the center of the
cell. The area enclosed by the dotted line in Fig. 1 is the basic cell for the control volume of velocity and
other scalars, where the solid points stand for positions of those variables. The polygon formed by solid
lines is the control volume of pressure, where the hollow points locating at the vertex of the cell represent
the position of pressure.
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Figure 1: Control volumes for pressure and velocity components of # and v

For this semi-staggered grid arrangement on triangular meshes, the ratio of the number of cell vertex,
cells and cell boundaries is about 1:3:6, so the unknown number for pressure is about one-third of the
collocated grid. But there are more unknowns in pressure (or pressure correction) equations and more
multiplying operations for solving.

According to the Gauss-Green theorem and the assumption of the linear distribution of variables at the
boundaries of control volume for the mass conservation equation, the integral of mass conservation equation
can be written as:
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where A—/ represents the area vector of interface f of the control volume for pressure. Ny is the number of
interface of the control volume for pressure. Eq. (4) shows that the discretization of the mass
conservation equation depends on the calculation of mass flow mf through the interface of the pressure
control volume. Similarly, Gauss-Green theorem is adopted to discrete the general convection-diffusion
equation to construct the discretized equation as shown in Eq. (5):

Ng Ng
oV Fgrad(j) Ag + 54, (5)
> (e79), A =3
g g

—_—
where A, is the volume of primary mesh (basic control volume). 4, represents the area vector of interface g
of the control volume. N, is the number of control volume interfaces. The source item is linearized by
Sp = Sg) + S‘Z

4 Calculation of Convective Flux and Diffusion Flux

The convective flux in Eq. (5) is calculated by the second-order upwind scheme, while the over-
relaxation technique presented by Jasak [11] is employed to calculate the diffusion flux in Eq. (5), as
shown in Egs. (6) and (7), respectively.

F = (97¢)g ' A—g> = mgy = mg| ¢y, + (VP),, - Fupe ©
Fd’ff = (I'grad¢), - =T¢Drp(pp — ¢p) + T Vo Ao (0

where the subscrlpt up represents tl&lpstream cell, the subscrlpt g stands for the midpoint boundary of the
basic control volume, Dp = (Ag - Ay )/( Ag / PF), PF (xF — xp,yr — yp), the flux m, flowing through
the interface of control volume equals to (pV) - Ag s Tupg = (Xg = Xup, Vg = Yup),_the cross-diffusion
coefficient resulted from the non-orthogonal of grid equals to Ag = (A — DpPF), and
Vo, =AVd)p+ (1 = A)(V) is determined by using the least square method to calculate the gradient
of cell. The discrete results of diffusion terms, convection terms and source terms are substituted into Eq.
(5), the general discrete convective diffusion equation can be obtained as shown in Egs. (8) and (9).

NF
appp =Y _ardp+b ®)
F

ar = I'eDrp + max(O, —mg)
Ng

ap=> ar —Ays

p=2.0r = Lsyr ©)

N, - - N, .
b= L Ta(V8), Ao + Dusy = Lome | (V)yy - |
4 g

Eq. (9) can be used to solve velocities, temperature and other scalar variables placed at the primary cell
centers.

5 Pressure-Correction Equation

Similar to Patankar’s SIMPLE algorithm, that the velocity and pressure field satisfying the mass
conservation equation also approximately matches the momentum conservation equation is assumed,
while the corrective influence of velocity from adjacent cells is neglected. Based on the above
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hypotheses, the relationship of the velocity satisfying the mass conservation equation and the pressure-
corrections can be obtained:

u us A <8p'> Uy —d, (817/)
P = P _ —_— = P —dy| —
ap \ Ox ) p ox ) p (10)

v—v*—&a—pl =v,—d a—p,
PP dy P_VP "\oy/p

For the pressure control volume vertex i in Fig. 1, the mass flux flowing through PF can be divided into two
parts, including the left flux flowing through Ff and the right flux flowing through fP. Since the defined
position of velocity locates at point F and P, the values of velocity at those two points are used to
calculate the flux through Ff and the flux through fP, respectively. Thus, the mass flux flowing through
the interface f'(PF) of pressure control volume in Eq. (4) can be written as:

my = <(P7)/, ' A—f>> = <(P7)F : ZfLFf) + (<P7)P ' Zf;ﬁ?) (11a)

where Eq. (11a) shows that the mass flux calculation is almost the same as that of the original staggered grid,
the difference is that the flux is computed from two velocities at the edge ends. In contrast, the mass flux is
calculated from one velocity at the center of the edge for the original staggered grid method.

Then the velocity formula in Eq. (10) is substituted into Eq. (11a) to obtain the final formula of mass
flow my:
* 8]?/ X * ap’
my = mgr +mp = pr Kup —d, 5) At <VF —dy 3—y> FA;_Ff}

R AN ., 0p
(5o (3-8 1

Additionally, since the velocity u and v in the semi-staggered grid are arranged at the same position at the
cartesian coordinate, the coefficients of the discrete equation of # and v are the same with each other,
except for the constant term. Thus, with this equality, the coupling coefficients of pressure and velocity,
d, and d,, can be both presented as d, in Eq. (11b). It should be noted that the coupling coefficient of
pressure and velocity in Eq. (10) or Eq. (11) is different from that in Ref. [1]. The former can be regarded
as the diffusion or heat conduction coefficient of the diffusive equation, while the latter is equivalent to
the heat transfer coefficient. Therefore, the pressure-correction contribution towards the flow flux through
the interface can be discrete in the same way as the diffusion terms.

(11b)

It’s difficult to establish the discrete pressure-correction equation, where the pressure gradient in the
velocity control volume is related to all pressure values of the vertex contained in the basic cell. Similar
to the treatment in the traditional staggered grid, the assumption that the computation of pressure gradient
at the interface of the control volume only involves the pressure values besides the interface. Meantime, it
is assumed that when calculating the flux flowing through the boundary the pressure control volume FP,
the gradient of the pressure-correction values at P and F are identical and both equal to the pressure
gradient at the interface FP, as shown in Eq. (12).

v () _ (%
ox ) g ox ) p ox ),
(%)~ (), (%)
)r )p dy f

(12)
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Then the mass flux formula through PF can be transformed into

my = [ﬁfﬂF”P + (1 - ﬁf)PPuHATVP + [ﬁf'va; + (1 - ﬂj’)va}k’]A);?P

/ —
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= = — —

where ﬁ = /‘FP , AFP == (_)/p — VF,XF —XP), AF] == (A);/,Aii/) = (yf — VF,XF —xj) It can be found

that the last term of the flow flux formula holds the same form as the diffusion term, thus the same

discrete format can be adopted to treat this term, as shown in Eq. (14).

(13)

((Vp') R ZFP> = D;(p; = p}) + VP AT (14)

—_— —_—
where A}wss = AFP — Dj?, I'T = ()Cj — XY —yi).
The discrete pressure-correction equation can be obtained:

Ng
ap; =Y ap, +b; (15)

J

N
where a; = Zgj aj, a; = [ﬁf,op(du)p + (1 — ﬂf)pP(du)P] D;j, and
Ny J Ny — —scros N
bi= = mi+3, { [Brpr(du)r + (1 = Br) pp(du)p] ((VP> A pp ) } =2
7 7 s ;P

The subscript /b stands for the vertex at the boundary, and my, is the mass flux flowing into the control
volume 7, and Np, is the number of boundary interfaces of the pressure-correction control volume. Obviously,
the mass flux my, equals to zero for the interior control volume. The boundary control volume i is shown in
Fig. 2, which contains two boundary interfaces: if and fii.

Teeatl

Figure 2: Boundary control volume for the pressure-correction equation

The effect of the pressure-correction gradient in the mass conservation equation can only be dealt with
explicitly and solved through iteration. Generally, the effect can be ignored in the calculation unless the grid is
very oblique. The computation cost by employing the model proposed in this paper is not very large because
the velocity is arranged in the center of the basic cell. After getting the pressure-correction information, the
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pressure gradient of the basic cell can be figured out to update the velocity. To achieve the purpose of solving the
mass conservation equation, sometimes the pressure correction equation needs to be solved twice, which in return
would lead to the increased computational resource for calculating the right end vector and the pressure correction
equation. In the case of relatively oblique mesh, it is necessary to consider this dealing method.

6 Calculation of Pressure Gradient and Correction of Velocity for Basic Cell

After getting the pressure-correction values of vertexes, the Gauss-Green theorem is employed to
calculate the pressure gradient or the pressure-correction gradient for basic cell

op’ 1 Qe
=) = p.) A
(), =2 (ir) 4
) N,
dp 1 &</
—_— = . ) A
<8y>P 2Av§g:<pl+p])g &
where i and j represent two vertexes at the interface of the cell g. The update of velocity can be shown as
op
up = up — (dy) (—)
P P\ ox ),

s op
vp = vp = (du)p (a_l))})
P

It can be seen that the coupling between pressure and velocity in the semi-staggered grid behaves in a
relatively natural and close manner. The approximation of the pressure gradient on the interface of the
pressure control volume is identical to the classical structured-grid. Meantime, the identical velocity field
is used to satisfy the conservation equation of mass and of momentum.

(16)

(17

The semi-staggered arrangement on the unstructured grid requires larger memory than the collocated
grid to save the geometric information of the basic cell and the corresponding dual polygons. However,
the code related to that geometric information only needs to run once, which would impose no influence
on the speed of calculation. The steps of this algorithm are the same as the SIMPLE algorithm and
further details are not included here.

7 Results and Discussion

In this section, several numerical cases are presented to verify the effectiveness of the algorithm,
including the lid-driven flow, the natural convection in a square cavity, the flow in a channel with 180°
bend and Kovaszay precise solution.

7.1 Lid-Driven Flow

The lid-driven flow is a relatively classical numerical test case. The geometric model of lid-driven flow is
depicted in Fig. 3, and the corresponding grid used for calculation is shown in Fig. 4. Ghia et al. [12] calculated
this problem under the condition of Reynold number ranging from 400 to 10000 and the zero angle of
inclination, using the vortex-flow function method and multigrid technique on a mesh system from 129 x
129 to 257 x 257, where the results of velocity at the horizontal and the vertical centerline and different
diagrams of the vortex-flow function were presented in this work. By comparing the numerical results of
velocity at two central lines with the date from Ghia’s [12] work, the present numerical method is validated.

Figs. 5-7 presents good agreement between the numerical results from the semi-staggered grid and the
data from Chia et al. [12] even in high Reynolds number conditions. There are two reasons for the slight
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Figure 6: Comparison of velocity at the central line, Re = 3200. (a) Velocity component at the vertical
central line. (b) Velocity component at the horizontal central line
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Figure 7: Comparison of velocity at the central line, Re = 10000. (a) Velocity component at the vertical
central line. (b) Velocity component at horizontal central line

difference between the numerical results from the semi-staggered grid and the benchmark solution. Firstly,
compared with 16384 rectangular cells used in Chia’s work, only 9978 triangular cells are employed in this
numerical case. The fewer cells leads to the inferior degree of orthogonality and the less uniformity of cells,
which in return will have an adverse effect on the precision of numerical results. The other reason is that the
velocity distribution on the center face is obtained by the interpolation method, which will introduce some
errors.

In order to test the adaptability of this semi-staggered oblique grid, different values of 6 in Fig. 3 are
selected to execute the computation. The examination shows that the algorithm can work well even in
6 = 80°. The velocity vector distribution presented in Fig. 8 with § = 75° and Re = 104 proves that the
semi-staggered technique can be applied in the extraordinary oblique grid. As there is no report about the
velocity distribution at the central line under the oblique situation, the comparison is not included here.

7.2 Natural Convection in a Square Cavity
Natural convection in a square cavity is an issue of flow and heat transfer in an enclosed domain, where
the flow driving force is buoyancy force from the fluid density difference caused by the temperature gradient.
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Figure 8: Velocity vector distribution with high Re and oblique situation. (a) Global velocity vector
distribution. (b) Local velocity vector distribution at the left bottom

It is assumed that the fluid is subject to the Boussinesq hypothesis. The computational domain is set as a
square area with the height and width equal to 1, while the adiabatic boundary condition (the second
homogeneous boundary condition) is imposed on the top and the bottom boundary. The isothermal
boundary condition (the first boundary condition) is applied on the left and the right boundaries with
different temperatures. The comparison between the numerical results calculated with the grid shown in
Fig. 4 and the results from reference [13] is presented in Tab. 1.

Table 1: Numerical results of natural convection in a square cavity with grid NE = 9978, NP = 5470, a,, =
a, = 0.85, and a, = 0.275

Ra 10° 10* 10° 10° 107
iteration 1685 863 619 485 926
CPU/s 197.34 110.06 82.06 66.36 117.68
Nu 1.1186 2.2483 4.5260 8.8150 15.716
Nu [7] 1.114 2.245 4510 8.806

Where Rayleigh number Ra = ag(T, — T.)H? /(av). o represents the coefficient of thermal expansion
of fluid. g is gravitational acceleration. Ty, and T, are the temperatures of the left and the right side of the
square cavity. H is the height of the square cavity. a stands for the thermal diffusion coefficient, and v is
the kinematic viscosity. Results in Tab. 1 show that the maximum difference between the numerical
computation and data from the reference is less than 0.5%.

7.3 Flow in a Channel with 180° Bend

Date et al. [14] presented the geometric description of this test case and the pressure distributions of the
inner and outer of the flow channel. In their research, the complete pressure correction algorithm for the
solution of incompressible flow based on the collocated grid is employed. The geometric model and
the flow conditions in a channel with 180° bent are shown in Figs. 9 and 10, which is a numerical
example of a highly nonlinear internal pressure distribution. Since only the pressure distribution curve is
presented in Date’s work, while no specific data of pressure distribution is reported, so the comparison of
the inner and outer pressures just involves the pressure distribution curve. There are some peaks on the
pressure profiles along the inner wall and outer wall, these peaks correspond to the bent corners where
the flow direction is changed 90 degree.
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Figure 9: Geometric model of flow in a channel with 180° bend and comparison of the inner and outer
pressure distribution curve. (a) Pressure distribution curve in Date et al. [14]. (b) Pressure distribution curve
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Figure 10: Pressure contour distribution and the corresponding grid

It is challenging for the algorithm to calculate the flow in a channel with 180° bend because of the
existence of the strong nonlinear pressure distribution and 180° reverse of velocity in the channel. The
pressure distribution and the pressure fluctuation caused by the shape change of the flow channel are
presented. The numerical results of this paper present a good agreement with the results of Date’s [14].

7.4 Kovasznay Accurate Solution
Kovasznay flow is a steady incompressible Navier-Stokes (NS) flow problem with an analytic solution
[15]. Rebholz et al. [16] demonstrated that it is indeed the solution of the steady and constant property NS
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equation without source term, and the expression is shown in Eq. (18). In the process of numerical
calculation, the quadrilateral structured grid is employed for calculation, and the boundary conditions are
determined by the analytical solution while the physical properties remain constant.

u=1-e cos(2my)
)\e/\x
v=— sin(2my) (18)
M Re Ré?
= _ A= — — - 4 2
P =Po P P 4 +an

where the kinematic viscosity v = u/p = 1/Re. Since the analytic solution is available in this case, the L2 norm,
as shown in Eq. (19), is chose to check the accuracy of numerical results.

N
L=\ (¢} - ) / N (19)
i=1

In Eq. (19), ¢! and ¢; stand for the numerical solution and the exact solution at the position i,
respectively. ¢ represents the velocity component « or v, and N is the number of grid cells. The L2 norm
is the average distance of the exact solution vector and the numerical solution vector. It also means the
average error of the numerical solution. The flow function is presented in Fig. 11.

The variations of L2 norm with the calculating grid cells are shown in Tab. 2. Tab. 2 shows that the
numerical results obtained from the semi-staggered grid technique are in good agreement with the
accurate solution, with the maximum relative error smaller than 3.07 X 107,

i - 1.5 @
-:_‘\K = ué. :
Y A s s s = . ;
== - i
= — fidt
— E i
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== — Friztiiiis
" ,__ — T 15
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Figure 11: Flow function and the corresponding grid. (a) Flow function. (b) Grid

Table 2: Variation of L2 norm with the grid cells

Number of grid cells L2 norm of u L2 norm of v
1600 3.07 x 107 6.74 x 107>
6400 3.99 x 107 7.75 x 107°

25600 5.05x10° 9.60 x 10’
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8 Conclusions

The semi-staggered grid arrangement with the pressure at the vertex and the other variables at the center
of the cell is proved feasible in this paper. The semi-staggered grid technique is employed to solve several
classical testing cases. Results show that the semi-staggered grid technique can be applied to solve the flow
and heat transfer problem with high Reynolds number and the inclined grid. This semi-staggered
arrangement technique is suitable for generating the quadrilateral grid, and even the triangular grid. For
the triangular grid, it has the advantage of reducing the computational resource for solving the pressure-
correction equations, since the number of triangular grid vertex is about half of the number of cells.
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