Computers, Materials & Continua CMC, vol.62, no.1, pp.37-59, 2020

Entropy Generation for Flow and Heat Transfer of Sisko-Fluid
Over an Exponentially Stretching Surface

Mohamed Abd El-Aziz"? and A. M. Aly">"

Abstract: In the present study, the effects of the magnetic field on the entropy generation
during fluid flow and heat transfer of a Sisko-fluid over an exponentially stretching
surface are considered. The similarity transformations are used to transfer the governing
partial differential equations into a set of nonlinear-coupled ordinary differential
equations. Runge-Kutta-Fehlberg method is used to solve the governing problem. The
effects of magnetic field parameter M, local slip parameter A, generalized Biot number v,
Sisko fluid material parameter A, Eckert number Ec, Prandtl number Pr and Brinkman
number Br at two values of power law index on the velocity, temperature, local entropy
generation number N and Bejan number Be are inspected. Moreover, the tabular forms
for local skin friction coefficient and local Nusselt number under the effects of the
physical parameters are exhibited. The current results are helpful in checking the entropy
generation for Sisko-fluid. It is found that, an extra magnetic field parameter makes
higher Lorentz force that suppresses the velocity. For shear thinning fluids (n < 1), the
temperature dominates and the velocity rises. Local entropy generation number is more
for larger generalized Biot number, magnetic field parameter and Brinkman number. The
local skin friction coefficient increases as magnetic field parameter and material
parameter are increase and it decreases as local slip parameter increases. The local
Nusselt number decreases as magnetic field parameter, local slip parameter and Eckert
number are increase, while it increases as material parameter, generalized Biot number
and Prandtl number are increase.

Keywords: Boundary layer, entropy generation, exponentially stretching surface,
magnetic field, sisko-fluid.

1 Introduction

The non-Newtonian fluids are subsisting in the nature with wide range of industrial
applications. Hence, there are numerous models for studying the physical properties of
the non-Newtonian fluids. One of this model is power-law, in which the fluid properties
can be predicted in power law region only. Nevertheless, the power law fails to analyze
flow characteristics when shear rate become very small or large. Hence, Sisko [Sisko
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(1958)] proposed Sisko fluid model to predict the fluid properties in power law region
and at high shear rate. In the literature, Ali et al. [Ali, Zaman and Sajid (2014)] used
Sisko model to describe the rheology of blood. Tanveer et al. [Tanveer, Hayat, Alsaedi et
al. (2017)] investigated the peristaltic flow of Sisko material in curved channel. Khan et
al. [Khan, Munawar and Abbasbandy (2010)] studied the heat transfer of a Sisko fluid in
an annular pipe. Mekheimer et al. [Mekheimer and El Kot (2012)] studied the effects of
the chemical reactions on the flow of Sisko fluid through an anisotropically tapered
elastic arteries with overlapping stenosis. Nadeem et al. [Nadeem and Akbar (2010)]
studied an incompressible Sisko fluid in the uniform inclined tube. Khan et al. [Khan,
Qayyum, Hayat et al. (2018)] considered the entropy generation for boundary layer flow
of Sisko fluid. Khan et al. [Khan, Khan, Alshomrani et al. (2016)] investigated the
double-diffusive models on flow of Sisko fluid over a nonlinear stretching surface.

In addition, due to the importance of the heat transfer over stretching surface in the field
of chemical engineering, metallurgy, and production of papers. Hence, the boundary
layer flow and heat transfer over a stretching surface has gained much importance in the
recent years [Bataller (2008); Mansour, El-Anssary and Aly (2008); Chamkha and Aly
(2010); Chamkha, Aly and Al-Mudhaf (2010); Chamkha, Aly and Mansour (2011);
Bachok, Ishak and Pop (2012); Hayat, Shafiq, Alsaedi et al. (2013); Ibrahim, Shankar and
Nandeppanavar (2013); Ahmed, Aly and Mansour (2015); Abd El-Aziz and Afify (2016);
Afify and Abd El-Aziz (2017); Raizah (2017)]. Abd El-Aziz et al. [Abd El-Aziz and
Afify (2016); Afify and Abd El-Aziz (2017)] used Lie group method to analysis the heat
transfer of non-Newtonian nanofluid over a stretching surface. Saleem et al. [Saleem and
Abd El-Aziz (2019)] studied the entropy generation of radiated non-Newtonian power-
law fluid past an exponentially moving surface. Abd El-Aziz et al. [Abd El-Aziz and
Saleem (2019)] investigated the entropy generation of a Power-Law flow over a
permeable exponential stretched surface with variable heat source and heat flux.

There are many applications such as MHD generators, nuclear reactors and geothermal
energy extractions from MHD flow. Sparrow et al. [Sparrow and Cess (1961)] studied
the effects of magnetic field on the natural convection heat transfer. Later, there are
many attempts on studying the effects of magnetic field on the boundary layer flow and
heat transfer over different geometries [Chamkha and Aly (2010); Chamkha, Mansour
and Aly (2011); Uddin, Khan and Ismail (2012); Hayat, Shafiq, Alsaedi et al. (2013);
Ibrahim, Shankar and Nandeppanavar (2013); Mabood, Khan and Ismail (2015); Hsiao
(2016); Ghadikolaei, Hosseinzadeh and Ganji (2018); Krishna and Reddy (2018)]. Few
recent studies about entropy generation for Sisko fluid can be seen via Hayat et al.
[Hayat, Khan, Qayyum et al. (2018); Khan, Hayat, Alsaedi et al. (2018); Khan,
Qayyum, Hayat et al. (2018)].

This study is mainly focus on the entropy generation during fluid flow and heat transfer
of a Sisko-fluid over an exponentially stretching surface under the effects of the magnetic
field. The similarity transformations are used to transfer the governing partial differential
equations into a set of nonlinear-coupled ordinary differential equations. Runge-Kutta-
Fehlberg method is used to solve the governing problem. It is found that, an extra
magnetic field parameter makes higher Lorentz force that suppresses the velocity. For

shear thinning fluids (n < 1), the temperature dominates and the velocity rises. Local
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entropy generation number is more for larger generalized Biot number vy, magnetic field
parameter M and Brinkman number Br.

2 Problem formulation

The two-dimensional steady MHD boundary layer flow of a Sisko-fluid over an
exponentially stretching surface is considered. At its lower surface, the sheet is heated
convectively with temperature 7t and a heat transfer coefficient 4;. The uniform ambient
temperature is 7... Fig. 1 presents the initial schematic diagram of the current problem.
Here, the x-axis is taken along the exponentially stretching surface and y-axis is normal to
it. As shown in this figure, the transverse non-uniform magnetic field with strength

B =B,e" "2 is taken as parallel to the y-axis.

»v
N Boundary layers
X, U
O ou|""\ ou aT
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Figure 1: Initial schematic diagram of the problem
The governing equations are:
du N v 0 |
ox dy 0
ou N du ad’u N ba (|10u” ‘ou\ oB? @
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Yox T Vay “pay? T pay\layl 3y p "
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The imposed boundary conditions are:
Au|" "\ du aT
u=u, +A4(a+b @ @ , v =20, k@ = —hf(Tf — T), 4)
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u-—0, T-T, as y—
Introducing the following similarity transformations:
1 1
R N = A P '
= —2 1L = 1/L
Tr = To, + Tg e2/%,B = By e™/?*
Then, the velocity components are:
ay x
u=—="U,eL f'(n), (6)
dy
S 1
N 2bU 2\ (2?“—1){ 2n—1 (2 - n)
vP= —— = [ —— +1 /L 4+ {—— !
v dx ( pL" e (n +1 )f(f?) n+1 nf @)
The dimensionless forms of the governing equations are:
A f‘f” + n |ffr|n—1fnr + (2?’1 - 1)ff” f;2 Mfr -0 (7)
2 n+1 -

1 6” (27’1—1) 6; 2 rQ_I_ME rz_I_E [A( rf)2+1|frr|n+l]_0 8
Pr T n+1 f f cf c[AU 2 =0 @

With the boundary conditions:

f10) =1+2CA+If""Y) f(0),f(0) =0,6"(0) = —y(1 - 6(0)),

, ©)
f'(0) = 0,6(o) - 0.
2
) (2—n)n L
where, A = % is material parameter with Re;, = %, Re, = %
a

oBZL

B = ByezL is the applied magnetic field, M = is magnetic field parameter,
o

-2

2

L{R . u2 u, .
pr =2 (ﬁ)nﬂ is the Prandtl number, Ec = —* = —>— is the Eckert number and
« \2 AT Cp  To Cp
n 1
2,0ulY rRep\niT | . hfLl (Rep) m+i .
A= 1{{7:'(71’)“ " is the local slip parameter and y = %(?) " s the

generalized Biot number.
The skin friction coefficient and local Nusselt number are given by:

27, du" 1\ du
Cfx Tw=1a + b @

i3 ou
e (S2)™ = 247(0) + 17" @1 (O)

dy
yv=0
1 (10)
2
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1

—L aT Rej,\n+1
Nu ( ) = — (—) 6'(0) (11
-1
Rey\n+1
Nu, (Tb) = _9'(0) (12)
ar . .
where, q,, = —k (—) is the surface heat flux, T,, is the shear stress along the
ay y=0

stretching surface.

3 Entropy generation

In this study, we considered the Sisko-fluid, so the volumetric form of irreversibility in
flow by exponentially stretching surface is defined as:

S k (6T)2 N 1 ( (au)Z ) du n+1)+ oB§
c==—\|= —|al=— — —u*,
T, \dy T, dy dy T, (13)
s k(AT)?
hk ::Ef w&wreSo = j};&r
2
Re, r Re,, ,  Reg . M Br Re
ve= ()" 002+ (—) T L F R R
2 2 2
where, Br = 2% — 2% s the Brinkman number, {) = ar; is the dimensionless

kAT kT, Too
temperature gradient. In addition, the Bejan number Be is introduced to check the
domination of the heat transfer part over the fluid friction part along MHD flow. This

dimensionless quantity is defined as:
2

Re 1
Be = % 6" (14)

4 Numerical method

Here, the numerical solving technique for the governing nonlinear Egs. (9)-(12) with
boundary conditions Eq. (13) are described. According to Saleem et al. [Saleem and Abd
El-Aziz (2019); Abd El-Aziz and Saleem (2019)], the Runge-Kutta Fehlberg method with
shooting technique is used to solve the governing nonlinear equations as:

First: we set:
v =1 y2 =f", y3=f"

(15)
yo=0, ys=0
Second: The governing nonlinear equations are transformed into first order differential
equations:
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. 2 ( ) (Zn—l) M ) y
y3_2A+n|y3|“_1 Y2 nri V3 Y2 (16)

, Zn—1
Y5 = P?‘(Z;vz Ya— (n 1
with the boundary conditions:
¥1(0) =0, y,(0) =1+ A(24 + |y3|" ") y5(0),
¥3(0) = £1,4(0) = &, (18)
y5(0) = —y(1 — y,(0)),

Third: Step size of the numerical method is A = 0.001. And the computed values at
N are fixed by Newton-Raphson method.

1
)yl ys —MEcy,? —Ec (Ay32 +Elysl””1)) (17)

Finally, the repeat procedure is continuing until getting the results with correction up to 107

5 Results and discussion

In order to get definite perception of the current physical problem, the velocity profile f”,
temperature profile 8, local entropy generation number N and Bejan number Be profiles
are displayed under the effects of magnetic field parameter, local slip parameter A,
generalized Biot number y, Sisko fluid material parameter, Eckert number, Prandtl
number and Brinkman number Br at two values of power law index. The ranges the
physical parameters are: magnetic field parameter (0 =< M < 1.0), material parameter
(0.2 = A = 2.0),local slip parameter (0 = A = 0.4), Eckert number (0 < Ec < 0.4),
Prandtl number (0.71 < Pr =5.0) , generalized Biot number (0.1 <y < ) ,

Brinkman number Br (1 < Br < 3) and power-law index (n = 0.5, 1.5).
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Figure 2: Velocity profiles under the effects of magnetic field parameter M at two values
of power law index #n=0.5 and n=1.5

Fig. 2 depicts the effects of magnetic field parameter M on the velocity profiles at two
values of power law index #=0.5 and n=1.5. Physically, as the magnetic field parameter
increases, higher Lorentz forces were obtained which yield more resistance between the
fluid particles and then the velocity profiles are decrease. In addition, the velocity profiles
decrease and the boundary layer thickness is shrinking as the power law index increases
from 0.5 to 1.5. Fig. 3 presents the temperature profiles under the effects of magnetic
field parameter M at two values of power law index #=0.5 and n=1.5. It is observed that,
the temperature profiles as well as isothermal boundary layer thickness are increase
according to an increase on magnetic field parameter. In addition, the power law n index
plays an important role on controlling the thickness of the thermal boundary layer and
their profiles. The temperature profiles and thermal boundary layer thickness are decrease
as the power law index increases from 0.5 to 1.5.
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Figure 3: Temperature profiles under the effects of magnetic field parameter M at two
values of power law index n=0.5 and n=1.5

Fig. 4 shows the temperature profiles under the effects of generalized Biot number y at
two values of power law index n=0.5 and n=1.5. Here, the temperature profiles are
increase as the generalized Biot number y increases. Figs. 5 and 6 show the velocity and
temperature profiles under the effects of material parameter A at two values of power law
index n=0.5 and n=1.5. According to an increase on the material parameter, the velocity
profiles are increase, while the temperature profiles are decrease. The reason returns to
the definition of material parameter A, at larger A, the shear rate of viscosity decreases
which allows more fluid motion.



Entropy Generation for Flow and Heat Transfer of Sisko-Fluid 45

LOF n=0.5

y — oo (Constant surface temperature)

0.8

0.6

8(m)

0.4}

0 2 4 6 8 10 12

Figure 4: Temperature profiles under the effects of generalized Biot number y at two
values of power law index n=0.5 and n =1.5

n=0.5

n=1.5
W i
0 2 4 i 8 10 12 14

Figure 5: Velocity profiles under the effects of material parameter A at two values of
power law index #»=0.5 and n =1.5
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Figure 6: Temperature profiles under the effects of material parameter A at two values of
power law index #=0.5 and n=1.5

Figs. 7 and 8 present the velocity and temperature profiles under the effects of local slip
parameter A at two values of power law index #=0.5 and n=1.5. It is seen that, an increase
of local slip parameter A leads to a decrease on the velocity profiles and an increase on
the temperature profiles. Figs. 9 and 10 show the temperature profiles under the effects of
Eckert number Ec and Prandtl number Pr at two values of power law index n=0.5 and
n=1.5. In these figures, the temperature profiles are increase as the Eckert number
increases. These enhancements on the temperature return to that 8(1) is an increasing
function of Ec. Moreover, Eckert number convert the mechanical energy to thermal
energy and hence the temperature enhances. Since, the Prandtl number is the ratio
between the momentum diffusivity to thermal diffusivity. Then, it can control the
momentum and thermal boundary layer thickness. Physically, the thermal diffusivity
reduces for higher Prandtl number (0.71 < Pr < 5.0). Hence, the temperature profiles
are decrease as the Prandtl number increases.

It is found that, all of the previous figures depict that both of the velocity and temperature
profiles are higher for the shear thinning fluids (n < 1).
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Figure 7: Velocity profiles under the effects of local slip parameter A at two values of
power law index #=0.5 and n=1.5
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Figure 8: Temperature profiles under the effects of local slip parameter A at two values
of power law index n=0.5 and n=1.5
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Figure 9: Temperature profiles under the effects of Eckert number Ec at two values of

power law index #=0.5 and n=1.5

Pr=0.71.1.0. 2.0, 5.0

10
n

15

Figure 10: Temperature profiles under the effects of Prandtl number Pr at two values of

power law index n=0.5 and n=1.5

Figs. 11-20 show the profiles of the local entropy generation number and Bejan
number Be under the effects of generalized Biot number ¥, magnetic field parameter M,
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material parameter A, local slip parameter A and Brinkman number Br at two values of
power law index n=0.5 and n=1.5. The effects of the generalized Biot number ¥ at two
values of power law index n=0.5 and n=1.5 on the local entropy generation number N
and Bejan number are shown in Figs. 11 and 12. As the generalized Biot number ¥
increases, the profiles of local entropy generation number N; and Bejan number Be are
increase. In addition, the higher values of N; and Be are obtained at higher power law
index (n = 1.5). In Figs. 13 and 14, an increase on the magnetic field parameter leads to
an increase on the local entropy generation number N; and a decrease on the Bejan
number Be. The physical meaning returns to higher values of Lorentz force which yield
more resistance and then more disturbance in the system so N increases. Figs. 15 and 16
depict the effects of material parameter A on the local entropy generation number N and
Bejan number Be under the effects of at two values of power law index #n=0.5 and n=1.5.
The local entropy generation number N decreases as material parameter A increases and
there are almost no changes under the effects of power law index » at this case. The
Bejan number Be increases as material parameter A increases and its higher values at
higher power law index (n = 1.5). The local entropy generation number N; decreases
as A increases and it increases as BT increases. The Bejan number Be increases as A

increases and it decreases as Br as shown in Figs. 17-20. In these figures, the local
entropy generation number and Bejan number have a slight more values at higher power
law index (n = 1.5).

4 T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
' —_—
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Figure 11: Local entropy generation number N under the effects of generalized Biot
number ¥ at two values of power law index #n=0.5 and n=1.5



50

CMC, vol.62, no.1, pp.37-59, 2020

| S S

Figure 12: Profiles of the Bejan number B e under the effects of generalized Biot number
¥ at two values of power law index #=0.5 and n=1.5
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Figure 13: Local entropy generation number N; under the effects of magnetic field
parameter M at two values of power law index n=0.5 and n=1.5

LS



Entropy Generation for Flow and Heat Transfer of Sisko-Fluid 51

&

Figure 14: Profiles of the Bejan number Be under the effects of magnetic field parameter
M at two values of power law index n=0.5 and n=1.5
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Figure 15: Local entropy generation number N under the effects of material parameter
A at two values of power law index n=0.5 and n=1.5
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Figure 16: Profiles of the Bejan number Be under the effects of material parameter A at
two values of power law index n=0.5 and n=1.5

N

Figure 17: Local entropy generation number N under the effects of local slip parameter
A at two values of power law index n=0.5 and n=1.5
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Figure 18: Profiles of the Bejan number Be under the effects of local slip parameter 4 at

two values of power law index #=0.5 and n=1.5
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Figure 19: Local entropy generation number N under the effects of Brinkman number

Br at two values of power law index n=0.5 and n=1.5
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Figure 20: Profiles of the Bejan number Be under the effects of Brinkman number Br at
two values of power law index #=0.5 and n=1.5

Tab. 1 presents the values of local skin friction coefficient for different values of M, 4 and
A . In this table, the local skin friction coefficient increases as the magnetic field parameter

M and material parameter A are increase and it decreases as local slip parameter A
increases. The values of the local skin friction coefficient are higher at lower power law

index (n = 0.5) for all of the cases. Tab. 2 presents the values of the local Nusselt number
for different values of M, A, A, y, Ec and Pr. In this table, the local Nusselt number

decreases as magnetic field parameter M, local slip parameter A and Eckert number Ec are
increase. While, the local Nusselt number increases as Sisko-fluid material parameter A,
generalized Biot number y and Prandtl number Pr are increase. For all of the cases, the
local Nusselt number has higher values at higher power law index (n = 1.5).
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1

Table 1: Values of local skin friction coefficient _(Reb j’”l C, for different values of M,
Aand A
1
M 4 1 _(Reb jnﬂ Cf
2
n=0.5 n=15
0.0 1.0 0.1 1.72671 1.68459
0.5 2.15530 2.05678
1.0 2.46294 234578
0.5 0.2 1.59445 1.53366
0.8 2.04627 1.94618
2.0 2.56732 2.48979
0.0 2.82742 2.83699
0.2 1.75579 1.63826
0.4 1.29243 1.18343

1

Table 2: Values of the local Nusselt number (R ) j"“ Nu_ for different values of M, A4,
2 X

A, y,EcandPr

M 4 A 4 Ee Pr (Rﬁj " Nu
2 X
n=0.5 n=1.5
0.0 1.0 0.1 1.0 0.1 20 0.615751 0.633529
0.5 0.584125 0.608885
1.0 0558153 0.588077
0.5 0.2 0.574262 0.602873
0.8 0.583166 0.608356
2.0 0.585395 0.613924
0.0 0.602178 0.625537
0.2 0.566617 0.593439
0.4 0.535260 0.567009
0.1 0.090027 0.090902
0.7 0.463094 0.478930
3.0 0.984263 1.053603
0.0 0.609808 0.633139
0.2 0.558436 0.584632
0.4 0.507064 0.536125
0.71 0.443020 0.463558
1.0 0.491898 0515105

2.0 0.584125 0.608885
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5 Conclusion

This work investigated the effects of the magnetic field on entropy generation during
fluid flow and heat transfer of a Sisko-fluid over an exponentially stretching surface. The
nonlinear partial differential equations are transformed into dimensionless similar
equations. The Runge-Kutta-Fehlberg method is used to solve the dimensionless similar
equations. The control parameters including magnetic field parameter M, material
parameter A, local slip parameter A, Brinkman number Br, generalized Biot number y
and Prandtl number Pr have been considered. The effects of these parameters on the
velocity and temperature profiles as well as the local skin-friction coefficient and local
Nusselt are explored. The main findings of this work are reported:

e An extra magnetic field parameter makes higher Lorentz force that suppresses the velocity.
e Temperature rises for larger M, y, 4 and Ec, while it decays for larger Pr and A.
e For shear thinning fluids (n < 1), the temperature dominates and the velocity rises.

e Local entropy generation number is more for largerfor , while it decays Brand M,y
larger A and 4.

e Bejan number increases as ¥, A and A are increase and it decreases as M and Br
are increase.

e The local skin friction coefficient increases as M and A are increase and it decreases
as A increases.

e The local Nusselt number decreases as M, A and Ec are increase, while it increases as
A,y and Pr are increase.
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