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Analytical and Numerical Solutions of Riesz Space Fractional
Advection-Dispersion Equations with Delay

Mahdi Saedshoar Heris', Mohammad Javidi' and Bashir Ahmad? *

Abstract: In this paper, we propose numerical methods for the Riesz space fractional
advection-dispersion equations with delay (RFADED). We utilize the fractional backward
differential formulas method of second order (FBDF2) and weighted shifted Griinwald
difference (WSGD) operators to approximate the Riesz fractional derivative and present
the finite difference method for the RFADED. Firstly, the FBDF2 and the shifted Griinwald
methods are introduced. Secondly, based on the FBDF2 method and the WSGD operators,
the finite difference method is applied to the problem. We also show that our numerical
schemes are conditionally stable and convergent with the accuracy of O(x + h?) and O(x?
+ h?) respectively. Thirdly we find the analytical solution for RFDED in terms Mittag-
Leffler type functions. Finally, some numerical examples are given to show the efficacy of
the numerical methods and the results are found to be in complete agreement with the
analytical solution.

Keywords: Riesz fractional derivative, shifted Griinwald difference operators, fractional
advection-dispersion equation, delay differential equations, FBDF method.

1 Introduction

Fractional calculus finds its applications in diverse areas of science, engineering, economics
and finance [Bagley and Calico (1991); Weaver Jr, Timoshenko and Young (1990); Marks
and Hall (1981); Simo and Woafo (2016); Yang (2019); Cattani (2018); Yang, Abdel-Aty
and Cattani (2019); Feng (2017)]. In most of the cases, fractional differential equations
(FDEs) cannot be solved exactly, so one needs to seek approximate and numerical
techniques to solve these equations. Various numerical methods for solving FDEs are
discussed in Galeone et al. [Galeone and Garrappa (2006); Garrappa (2015); Gorenflo
(1997); Lubich (1986); Sulaiman, Yavuz, Bulut et al. (2019); Yang, Han, Li et al.
(2016)]. However, there are fewer works dealing with numerical methods for delay
fractional differential equation [Heris and Javidi (2017b,a, 2018a, 2019); Javidi and Heris
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(2019)]. In recent years, some authors investigated fractional order partial differential
equations [Momani, Odibat and Erturk (2007); Momani and Odibat (2008a); Meerschaert
and Tadjeran (2006)], and delay fractional partial differential equations [Zubik-Kowal
(2000); Jackiewicz and Zubik-Kowal (2006); Tanthanuch (2012)]. Such equations appear
in mathematical modeling of several phenomena occurring in biology, medicine, population
ecology, control systems and climate models [Wu (2012)]. For details on numerical method
for fractional partial differential equations, for instance, see Tadjeran et al. [Tadjeran,
Meerschaert and Scheffler (2006); Liu, Zeng and Li (2015); Ding and Li (2013)].

The fractional advection-dispersion equation (FADE) is an important tool of groundwater
hydrology to deal with the transport of passive tracers carried by fluid flow in a porous
medium [Momani and Odibat (2008b); Liu, Anh, Turner et al. (2003); Huang and Liu
(2005)]. Meerschaert et al. [Meerschaert and Tadjeran (2004)] presented numerical
methods for solving one-dimensional fractional advection-diffusion equation involving a
Riemann-Liouville fractional derivative on a finite domain. Liu et al. [Liu, Anh and
Turner (2004)] transformed the space fractional advection—diffusion equation into a system
of ordinary differential equations and solved the resulting equations by using backward
differentiation formulas. Shen et al. [Shen, Liu and Anh (2008)] discussed the fundamental
solution and discrete random walk model for a time space fractional diffusion equation of
distributed order. Numerical approximations and solution techniques for the space time
Riesz-Caputo fractional advection-diffusion equation were studied in Shen et al. [Shen, Liu
and Anh (2011)]. For more details and examples, we refer the reader to the articles [Ding,
Li and Chen (2015); Sousa (2012); Yang, Liu and Turner (2010); Wu, Baleanu and Xie
(2016); Wu, Baleanu, Deng et al. (2015)].

In this paper, we focus on designing a numerical method for solving the following Riesz
fractional advection-dispersion equation (RFADE) with time delay:

ou(z,t) 0%u(x,t) OPu(z,t)
Y g, g
ot Ol] o)

+u(z,t — 1) + f(x,t); (1)

subject to the initial and boundary conditions:

u(z,t) =g(x,t), —7<t<0, 0<z<IL,

w(0,6) = (), w(L,t) = pa(t), 0<t<T, @

where 0 < a <1, 1 < B <2, K, >0, Kg>0and7 > 0. The Riesz space fractional
operator on a finite domain [0, L] is defined as [Yang, Liu and Turner (2010)]

Nu(z,t)

ek St A2 3
Olz|”

= _(_A) U((L’, t) = _C"/[(I)%LD"ZYU(Z7 t) =+ fLDzu(x7 t)]? (3)
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where
szﬁ(%’y)’ O<’YS27 77&17
X
BLDIu(z,t) = F(1177)8% J(x=n)"Tuln,t)dn, 0 <~y <1,
0
L
fLDZU(xa t) = F(I—ly) c%: f (77 - fﬂ)ﬂu(ﬁa t)dna 0< 7 < 17 (4)
xT
2 x _
BLDlu(z,t) = F(21—7)% [ (z— 77)1 Tu(n,t)dn, 1 <~ < 2,
0
L
2 _
BEDYu(w,t) = r=y = [ (0 — @) Tu(n, t)dn, 1 <y < 2.
X

Partial differential equations with delay are more complicated and less studied in the
literature. The solutions of PDEs are different from the ones for PDEs with delay. If we
take exact solution of our model as initial delay solution, then the solution of our model
without delay shifts to the right as

udelay(xy t)|t€[k7,(k+1)7] = Uwithout delay(l'a t)|t€[(k71),k7—]’ k= L2,
Thus, we can change initial delay solution to control dynamic properties of solutions.

Partial differential equations with delay have recently been studied by many authors and
important aspects such as, existence and stability of solutions for these equations, are
presented [Wu (2012)]. In general, the exact solution of these equations cannot be obtained.
Moreover, it is difficult to study the long-term dynamic properties of these equations. So
one resorts to numerical simulation of such equations. In order to investigate the long-term
dynamic properties, partial differential equations with delay are considered. As a typical
example in the delay field with derivatives of integer order, we take K, = 0, 8 = 2in Eq.
(1). This equation was considered as the reaction-diffusion equation with delay in Huang
et al. [Huang and Vandewalle (2012)]. For the delay field with fractional derivatives, we
take K, = 0 in Eq. (1) and the resulting equation is known as the Riesz space fractional
diffusion equation with delay and nonlinear source term, see Yang [Yang (2018)].

We first obtain analytical solution for the problem at hand. Then we apply FBDF2 method
for 0 < a < 1 and shifted Griinwald difference operators for 1 < § < 2 to approximate

the Riesz space fractional derivative. Furthermore, we propose the finite difference method
for the RFADED. We also show that the schemes for all & smaller than

( _38(B-1)(2-8)B+5) cos(%”)yia
4(3)"(8a — 5) cos(Z)

are stable and convergent with the accuracy of O(x + h?) and O(k? + h?) respectively.
The paper is organized as follows. Section 2 contains some definitions. In Section 3,
analytical solution for the given problem is obtained. FBDF2 method is presented in
Section 4, while Section 5 deals with Shifted Griinwald method. In Section 6, numerical
methods for the RFADED are presented. The paper concludes with numerical simulations
and results.
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2 Preliminaries

In this section, we recall some definitions related to our work. Let C(J, R) denote the
Banach space of all continuous functions from J = [0, 7] into R endowed with the norm
ull o, =sup{|u(t)] :t€J}, T >0 5)

and C™(J, R) denotes the class of all real valued functions possessing derivatives upto order
nonJ=1[0,7],T > 0.

Definition 2.1 [Kilbas, Srivastava and Trujillo (2006)]. The fractional integral of order o >
0 of the function f € C(J, R) is defined as

1 f(s)
I°f(t) = ds, 0<t<T. 6
f@) I‘(a)/ —ds, 0<t< (6)
Definition 2.2 [Kilbas, Srivastava and Trujillo (2006)]. The Riemann-Liouville fractional
derivative of order o > 0 of the function f € C™(J, R) is defined as
1 d b ()

- (2N g
['(n—a) (dt”) of (t — 5)0‘77”r1 %

n—1<a<n, née€N,

M), a=n.

Definition 2.3 [Kilbas, Srivastava and Trujillo (2006)]. The Caputo fractional derivative of
order « > 0 of the function f € C"(J, R) is defined as

DM f(t) =

REDef(t) = (7)

n—ann _ 1 : f(n)(s)
m=epnf(t) = T(n—a) ({ (t— S)a—nﬂds7

n—1<a<mn, né€N,
(1), a=n.

“Df(t) = (8)

Definition 2.4 [ Cermak, Horni¢ek and Kisela (2016)]. The generalized delay exponential
function (of Mittag-Leffler type) is defined by

\,7,m . = jt+m )\j(t _ (m 4 j)T)a(m+j)+[371
Caf" 0= 2 ( j ) T(a(m + ) + B)

H(t—(m+j)7),t>0, 9
§=0

where A € C, a,f,7 € Rand m € Z and H(z) is the Heaviside step function. If
AeC, a,B,7 € Rand m € Z, then the Laplace transform of G;\ng (t) is

5B exp{—msT}
(s* — Nexp{—sT})mt1’

L(GYE™(1)(s) = s> 0. (10)

3 Analytical solution of problem
In this section, we derive the analytical solution of the RFADED (1-2).
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Lemma 3.1. [Ilic, Liu, Turner et al. (2005)] Suppose that the one-dimensional Laplacian
(—A) supplemented with Dirichlet boundary condition at x = 0 and z = L has a complete
set of orthonormal eigenfunctions (,, associated with eigenvalues A2 on a boundary region
Q = [0, L], that is, (—A)@, = A2, leads to the eigenvalues \2 = % forn = 1,2, ...

L2
and the corresponding eigenfunctions ¢, = % sin(F).

In the initial and boundary conditions (2), it is assumed that g (t) and uo(t) are
nonzero smooth functions with first order continuous derivatives. We firstly transform the
nonhomogeneous condition into a homogeneous one. Let

u(z,t) =Vi(x,t) + W(x,t), (11)
where
Ve, t) = () + o120 0, (12)

L

Substituting (11) into (1) leads to the the following problem with homogeneous boundary

conditions satisfied by W (z,t):
oW (x,t a
a(f’) + Ko(—A) 2 W (z,t) + Kg(—A)2 W (z,t) + W(z,t — 7) = fi(z,t), t >0,
W(x,t) = ¢1(x,t), —7<t<0, 0<2< L,
wW(0,t) =W(L,t) =0, t=>0,

B
2

13)
where
il = Vot =) ) = 0 KoV ) — K (-)EV ()
¢1(z,t) = g(z,t) — pa (t) — “2(75);“1@)35
(14)

Assume that the solution of (13) has the form:

W(x,t) = X(x)T(t). (15)

Substituting (15) into (13), we obtain the Sturm-Liouville problem:
—Ko(—A)5 X (2) — Ks(—A)2 X (2) + AX (2) = 0,

X(0)=0, X(L)=0 "
and

dT(t) _

—+ T(t—7)4+ XT(t) =0, (17)

T(t) =v(z,t), -7 <t <0.
where A > 0 and v(z,t) is the initial function arising from (2). By Lemma 3.1, the
Sturm-Liouville problem (16) has eigenvalues and corresponding eigenfunctions

2.2
nem . nT
PR Xp(z) = SID(TI‘), n=12,..- (18)

Ap =



254 CMES, vol.121, no.1, pp.249-272, 2019

Therefore we set

ZA sin( L g). (19)
Inserting ( 19) into (13) leads to
dA ( )
; + b, A ( )+An(t_7):fn(t)a (20)
An(t) = (1),
where
2 L .
fa(t) = —fo fi(z,t) sin("Fx)dx,
fi(z,t) = Z fn(t) sin(*F ), 1)

o(t) =% fo gbl x,t) sm( x)dx,
bn = Kodn® + KpAn”

Taking Laplace transform of (20), we get

7 —7s (0 —sv
A (S) — fTL(S) 90(0) _ € f—T € (p(l/)dl/ (22)
" s+e TS +b, s+eTS+b, s+e T +0b,
where
An(s) = L(An(t)), fuls) = L(fa(t))- (23)
Writing
1 _ 1 by 1
s+e~TS5+b, ~ by ste” TS 1+S+sz
= k_krs e—kTs
= &, ) e e
_ & b, 2 (k)™ sl—(l—m)e—'k‘rs
k:O( ) mZ:o mb (stemTo)M Y
we obtain
Lfl( io: io: k kT)mG—l,TJc (t) (25)
s = T L1y I11-mi\)
s+e7 TS+ b — = F +1)
Similarly
D e OV Y
s+e "5+ b, P Fm+1 0
Let
0
Z(s) = e_”/ e o(v)dy, 27
with

L7Y(Z(s)) = 2(t). (28)



Analytical and Numerical Solutions of Riesz Space Fractional Advection-Dispersion 255

Then

_ . - kT) 1.1k
LN(—— E G " t — p)dp. 29
(S+€ TS +b ;}mo F m+1 /0 171—m(p)z( p) p ( )

Thus we have

(=bn)" (k)™ ot 1 ) - a(t —
Ault) = 5= 3 S B U GLATA W) (e — p) 2t~ p))dy
o —01 Tk
+so( O)OGloi nit)]( - (30)
W= 3 5 5 S B GHTE ) (e~ p) — #(¢ - p))dp
n=1k= Olmk ( Jrl)
+p(0)Gy 1 T (1)]sin(F ),
which yields the analytical solution of (1)-(2) given by
u(z,t) = pi(t) + Wﬂ;
B S ol ol K G e TR SR S VL

n=1h=om=o L(m+1)
+(0)Gy 1 T (1)) sin( ).

4 Fractional backward Differential Formulas of second order (FBDF2 method)

We consider the initial value problem
LDFy(t) = f(t), ylto) =0, 0 <a <1, (32)

where f is a sufficiently smooth function. We now introduce the FBDF method of second
order(F' BD F'2) for (32) [Heris and Javidi (2018b)]. For 0 < a < 1, we have

J
Z wrYj—k — bjyo = h* fj, (33)
k=0
where

j—a

Tl—a) bj, yj—k = y(t; — kh), fj = f(t;), (34)
with the coefficients given by

W = (%)awk, k= 0,1,"' ,wWo = 1,

w = —ga, (35)
W = %( — aTH)w 1+ 3 (2(1+a) 1)wk_2.

Lemma 4.1. [Heris and Javidi (2018b)] For 0 < « < 1, the coefficients w]‘(a) satisfy
wol® >0, ;™ <0,j=4,5---.
‘gj(a)| < ‘Wj_l(:?’ <wy®,j=4,5,-- 36)
3 @) =0, kzowk(a) >0, m> 3.
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5 Shifted Griitnwald method

The standard Griinwald-Letnikov difference formula was often unstable for 1 < 5 < 2 and
for time dependent problems [Meerschaert and Tadjeran (2004)]. On the other hand, the
Shifted Griinwald difference operators formula is stable and is given by

M,Zpu(a:) =h"" i w,(ﬁv)u(x — (k—p)h),
k=0 (37
NJ u(@) = b= S0 wMu(@ + (k- q)h).
) k—

Observe that

M, ju(z) = _Dau(x) + O(h),

Ny u(x) = D] u(x) + O(h), (38)

Lemma 5.1. [Tian, Zhou and Deng (2015)] For 1 < ~y < 2, the coefficients w( ") satisfy

w(()w) —1, w§v) =, wév) _ v(v;l),

1> w0 >l > .. >0, (39)
Zw,E:W):O, Zw,@ <0, m>1.

= k=0

Theorem 5.1. [Tian, Zhou and Deng (2015)] Let 1 < v < 2and u € Ll(R), _OODZU,
+D1.u and their Fourier transforms belong to LY(R) and let the weighted and shifted
Griinwald difference operators be defined by

1D pgle) = 5 2q)M” <>+22{’”M;q u(x),

p—q) 40)
Y —2q 2p—~ (
RDZ7p7qu(:U) = 30— )N u(z) + mN,lw(a:).

Then

LDh,pq u(@) = o Dau(x) + O(h?),

D}y gul@) = D] cu(w) + O(h2), “h)

where p and ¢ are integers and p # q.

Remark 5.1. In case of a well defined function u(z) on the bounded interval [a,b] with
u(a) = 0 oru(b) = 0, it can be extended to zero for z < a or x > b. Then the left and right
Riemann-Liouville fractional derivatives of u at each point = € (a, b) can be approximated
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by the WSGD operators with second order accuracy as

(=52 ]+
Diu)=mh Y wu(z — (k- p)h)
k=0
[272]+4
+noeh™7 w,(J)u(a? —(k—q)h) + O(h2),
beay, 0 (42)
(252 ]+p
Diu@) =mb Y wPule + (k= p)h)
k=0
[252] 4

Fph™ ;;o wu(z + (k — q)h) + O(h?),

where 11 = 55707 2 = 33—y

Remark 5.2. For 1 < v < 2 and (p,q) = (1,0), Eq. (42) on the domain [0, L] can be
written as

i+l
oDiu(s) = = Y 9 u(i_p41) + O(h?),

41 (43)
Dlu(z;) = n kzo I u(2isp1) + O(h3),

where
T s Y O 270,00 ks (44)

9 k 9 k—1°
Lemma 5.2. [Tian, Zhou and Deng (2015)] For 1 < v < 2, the coefficients v“,(:) satisfy

9 =2 >0, o) =2222% <, 9 = 1P +y=4)

4 9
1200 >0 >0 > . >0, 45)
S0 =0, Lo <0, m>2
k=0 k=0

6 Numerical methods

In this section, we consider two cases. In case 1, we approximate the time derivative
with order one and the Riesz space fractional derivative with order two. In case 2, we
approximate the Riesz space fractional derivative and derive the Crank-Nicolson scheme
for the equation. We partition the interval [0, L] into an uniform mesh with the space step
size h = L/M and the time step size t = T'/N, where M, N are two positive integers. The
set of grid points are denoted by x; = thand t; = jxfori =1,...,Mandj=n+1,---.

Case 1. We apply numerical method to Eq. (1) as follows.
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Let u(xi,tj) = u{, f(l‘i,tj) = flj Then

J_ .31 i 4 M—i ,
St = k(S w2 )
" L B=0 ur (46)
8 o ), j in g
—cpKph™ (kz 191@ ul o + Z Ol ) +ul T ] R
where ¢ = 1,...,M, 5 = n+ 1,--- and R; is a truncation error term. Taking A\, =

catiKoh™ and A\g = cgrKgh™", we have

j L @), S @) g
u; "‘)\a(kzowk u;_p + Zo @y Uiy p,)
- ) ; MZitl g - . A 7
+/\5(219 zk+1+ > v, g+k D=ul +rul M+ kS
=0

Introducing
@ 0 0 -0
wga) @0 0
A = N . . ’
I O BT s
o 9 0 0 -0
19%6’) 0&5) ﬁéﬁ) 0 .- 0
B =
8 8 o
AR /PR 1)
and
D = XA+ AT 4 X\g(B+ BT, U/ = [u], u, ..., v, )7, (49)
Eq. (47) takes the form:
(I +D)UI = TU ™! 4 FI, (50)
where

I ﬁul "4+ mfl - )\awg )u% - )\5(19( ) 4 19( )) ()\awg\?) L+ Agﬂ(ﬁ))ugw ]
”“2 " "ﬂf2 - )‘awé )“0 - /\ﬁﬁéﬁ)uo - (/\awg\/[) 2T /\/31956) 1)U3\/1

FI=| ku} "+ Hfg — Aaw§ ) — Mgl — (azl 3t At o)l

L ““jj\/;:ll + "GfJJ\Z—l - )‘awg\?)—lu% - /\6’95\5)“% - (/\awga) + )‘/319(25))7%\4 J

Case 2. Here we approximate the Riesz space fractional derivative and derive the
Crank-Nicolson scheme for the Eq. (1). Letting u(w;,t;) = u!, f(wi,t;) = fI, we

1) 1
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have
(@), (@) = MG 50,
U +na(20wk u;_ k+k2 Wy, uz+k)+775(219 Wi k:+1+ Z 19 Wiy g 1)
j-1 S (@ S~ (@)1 MZ“()
=u; _noc(kzowk u + Z Wi H—k) (Zﬁ u;_ k+1+ Z 19
FE] T T B+ fJ Y + Ry,
(5D

wherei =1,...,M,j7 =n+1,... and Ry is a truncation error term. Fixing 1, = M

05anh .
and g = ——————, we write
lN):na(A+AT)+n5(B+BT), Ui = [, uf, .., w7 (52)
where A and B are defined by (48). Thus Eq. (51) simplifies to the following form:
(I+ D)V’ = (I - D)UI* + @, (53)
where

Sed " ud S+ AT -

5luy "y " 1) 5(f3 +f )
Q= 5luz +uj ST -

1 1
L 5" 1+“Mn1 )+ 5(F1 + ) — |

and

L = (02 +nsd) () + ™) + (e, +npo\7 L ), + udph),
§=2,3,...M—1,
L= (naw\® + ng (0 + 0)) () + ud ™) + (aw’} | + 090 (1 + wi ).
6.1 Stability of methods

Lemma 6.1. [Thomas (2013)] Let A be a positive definite matrix of order m — 1. Then,
for any parameter v > 0, the following inequalities hold:

H(1+VA)—1HOO <1, H(I+ vA) NI - VA)H <1.

(_35(,3—1)( B)(3+B)COS(%"))

Theorem 6.1. For h < 1(3)" a(Ba—5) cos(EX)

dominant matrix.

Proof. We have

, D is a strictly diagonally

Ao+ Mg\ >+,
Ay + 250 + 9, =i,
Dij =13 2X\,@" +2x50)" j=1i,

Ao (+A(19(5)+0()), j=i—1,

)
Aaw ™)+ Mg j<i—1,
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where A\, > 0for0 < o < 1and A\g < 0forl < 3 < 2. According to Lemma 4.1,
)\aw,(ga) < 0 when £ > 4 and according to Lemma 5.2, )\519,26) < 0 when k > 4. For
k=23if0<a<3 1<p <2 thnwy” < 0and \gw(® < 0. Therefore,
D;; < 0Owhenj > i+ 1orj <¢— 1. According to the Lemmas 4.1 and 5.2, we have

w(()a) > 0, 1955 ) < 0, which leads to
2w + 225917 > 0.
Therefore D; ; > 0. For D; ;11 and D; ;_1, we have

@
1

< 0.
Since A\, > 0 and \g < 0, therefore

Diiv1 = Dii1 =A@ + 250" +99) < 0.

For a given ¢, we can write

M-—1
Z ‘DJ’_Z’DZ]|+ Z ‘DZ]’+|D’LZ 1|+‘Dzz+1’
j:]'vj?él J =i+2
=—Z( @ A - S e+ ag0?) )
BYi—j+1 i j—i+1
—2Aaw§°‘) — 225057 +0)
2 (e) () S @ ®)
<j:2c>o (A Wi +)‘5192 ]+1) ]%}—2 ()‘ +)‘/ﬂ93 z+1) (54)
—20 @ — 2250 19(5))
+
=20, > @ — 2 Z S0 _2x,w@ —2a(08 1 9
k 2
= 2o z S 5@ 9y, z 19“ + 2w\ 22 5007
— D@ (@ )+2qu9 ]D”]
Therefore
M-—1
> Dl <|Dil.
J=1,j#i

5 | 3B(B-D)(2-B)(3+8) cos(2F) | L
Also,if § <a <1, 1 <f <2, forh < ( 43 o) cos( ) )#—a, we have

Aaws™ + 208 <0, A + 250" <0

Therefore, D; ; < 0 when j >4+ 1 or j < — 1. Then relation (54) is valid for % <a<
1, 1 < B < 2. Thus the matrix D is strictly diagonally dominant matrix. m

Lemma 6.2. For h < (—35(5( ))(5(8?(2;50);;8,5; W))ﬁ @, the matrix D is symmetric and

positive definite.
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Proof. In view of Eq. (49), the matrix D is clearly symmetric. Let vy be an eigenvalue of
the matrix D. Then it follows by the GerSgorin circles Theorem [Varga (2010)] that

M-1
lvo — Digl < > Dyl
j=L,i#i
or
M-1 M-1
D;; — Z |D; 5| <wvo < Dji+ Z | D ;.
J=1#1 J=1, j#i

Then, by Theorem 6.1, we have
M-1
vo > Dj; — Z |Dij| =0,
=1, j#i
which shows that D is positive definite. m
Remark 6.1. For h < (— 3’3(46(% il(jéi)fijgszg)%ﬁ) ) Fa , ]N) is strictly diagonally dominant

and symmetric positive definite.

_38(B=1)(2=B)(3+p) cos(%F) )ﬁ%a

Theorem 6.2. The first numerical method (50) for h < ( 103) a(Ba—3) cos(22)

is stable.

Proof. Let U7 be the numerical solution and «” be an exact solution. Since the matrix (I +
D) is invertible, we have

gl = pel—1,
where
=07 -, P=(1+D)"L (55)

By Lemma 6.1, we have
. 4 . !
1l = 1250, < IPIEH Il = [+ D07 el < 0

Thus the numerical method (50) is stable. m

Theorem 6.3. For h < (—35 (B-L)E-P)(E+5) Cos;r(%))ﬁ, the second numerical method
4(2)%a(8a—5) cos(LF)
(53) is stable.

Proof. Let U7 be the numerical solution and «/ be an exact solution. Since the matrix (I +
D) is invertible, we have

el =Wwel 1,

where

~ ~

e =U) —u!, W= (I+D)"'(I-D), (56)
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Then
el = Wi=10,
which, by Lemma 6.1, yields
~ -1 ~ Pt
t+5) 1=D)| €] < ])

o0

1]l = W7o < WIS [l =

This shows that numerical method (53) is stable. m

6.2 Convergence of methods

This subsection is concerned with convergence of the methods presented in Section 5. For
the first method, we can write
au(x,-,tj) u(xi,tj) —u(a:i,tj_l)

gt = - +A?(f€),

(&3 l)t (2 o . —1

Kag’(;j) = /\a(z wl,(c )u];k + Z w,(€ z+k) + O(h?), (57)
oPu m“t z+1 —i+1

K56‘<1'|ﬂ - <Z 19 z k+1 + Z 19( u] z+k 1) + O(h2)7

Thus the local truncation error of (47) will be of the form:
T;; = O(k* + kh?)

Theorem 6.4. Let U7 be the numerlcal solution and 7 be an exact solution of (50). Then
for h < (= 2E-NA-PE+H) cos(5F)
4(%) a(8a—5) cos(ﬁ”)

U7 —?|| < CO(k + h?), (58)

where C' is a positive constant.

)5 @, we have

Proof. It is easy to find that

ui—i—)\ (Zwk uZ e T Z wk uZ+k)

(,3) M—i+1 8) 1 . . (59)
—l—)\g(Zﬁ ul k+1+ k:zo v}, g+k D=ul Ryl "+ kS
and
j L @i S (@)
Ul + XX @y Ui + Z wk Ultk)
k=0 Mit1 A ‘ - (60)
+)\5(Z Ul L+ hy U, ) =UI  RUTT
Letting ei = Uf - ug and using (59) and (60), we obtain
el + A (i o™l + Mz_iw(a)ej )
i « k “i—k k itk
k=0 =0 (61)

58 i M 8) 4 -1 5, 2
+)‘5(Zﬁ k1 T ];0 Uy ei1) =€ + O(k” + kh?),

’L
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which can equivalently be written in matrix-vector form as

(I +D)e? =171 + O(k* + kh?)x,

where

e =1l e el )T x =1,1,..,1]T, D= \a(A+ AT) + Ag(B + BT).
Writing

P=(I+D)', F=0k>+rh*)(I+D)!

we get

e =P+ F,

which, on iterating and using the given initial condition, yields
& =P~ 4P 4+ 1F.

By Lemma 6.1, we can write

17l < QB Hlog + |27l + -+ 1l 1 Flloo
(HPIIJ_ + PN+ e + N F oo
<A+1+ . +DF|»
< jO(K? + kh?) = TO(k + h?).
Therefore we have
€7] . < CO(k + h?).
]

For the second method, we can write

iy ti) — iy bi 1 e
U(l‘z, ]) u(mu J 1) _ 7(Ka8 :;'(;‘Z, )_‘_Kﬁaﬂu(x“tj))

K 28C¥ (it 1) olx|”
l UL, j—l 6 u(zz, j— 1)
+2(K04 a|x|a +KB a| ‘ﬁ )+O( )
0%y xi,t' 7 Q) i M—i o
K TR ol el 8wl + O,

M z—l—l
Kﬂ% (Zﬁkﬁ)“f k1 T Z 9l 1)+ O(h?),

Thus the local truncation error of (51) will be of the following form:

T;; = O(k* + kh?).
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(62)

Theorem 6.5. Let U7 be the numerlcal solution and w’ be an exact solution of (53). Then,

for h < (= 2E-NA-E+H) cos(5F)

4(3)%a(8a— 5)005([”)

)5 @, we have

HUj — ujHoo < CO(/<;2 + h2),

where C' is a positive constant.

(63)
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Proof. Obviously

1+1
U +77a(2 wk U@ kT kZO wk uz+k)+nﬁ(zﬁ(ﬁ Wi ft1
M— H—l
—1 (« —1
M—i+1 B) n 1
—ﬁﬁ(zﬁk ul” /§+1Jr Z Uy uz-i—k 1)+§( ul” +Ug )
(f“rfj Y,
and
j 1+1
U; +77a(kz w kT Z wk z+k)+77ﬁ(z 19 k+1
M () J j—1 J 1 j—1

—nﬁ@ﬂ U+ 2 % >Uz+,3 )+ U "+Uf T
L), )

Let us set eq = U? - uj and use (64) and (65) to obtain

1+1
€ -I-%(E wk 61 kT Z wk €1+k)+77ﬂ(219k ez k+1
M— z+1
+ W) e )= _na(z R 2 o™l h (66)

—i+1
_776(2191@ ez k+1+ Z 191(6 )ez+k 1)

which can be expressed in matrix-vector form as

I+ lN))sj = - B)ej_l + O(x® + kh?)x,

where

=1l e, ed]T x=[1,1,...1]7, D =na(A+ AT) +ns(B + BT).
Let us take

W =(T+D)*I+D), Q=0(3+rh®)(I+ D)™

so that

e =We 4+ Q,

which, on iterating and using the given initial condition, becomes

=Wt Wi 4+ 1DQ.
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On the other hand, it follows by Lemma 6.1 that

17 loe < (V7 log + [0 4 4 o) Q1o
= (IWIIZ" + WIS~ + - 4 ) 1@l
<41t .+ D)0l
< jO(K3 + kh?) = TO(Kk? + h?).

In consequence, we obtain
|€7]| . < CO(k*+ h?).

7 Test examples

In this section, we show the efficacy and accuracy of the proposed methods with the aid of
examples.
Example 7.1. We consider the following RFDED

du(z,t)  OPu(z,t)
ot Olz|”

+u(z,t — 1) + f(x,t); (67)

subject to the initial condition:

u(w,t) =2%(1 —z)%et, -1<t<0, 0<x<1,
u(0,t) =u(l,t) =0, 0<t<T,

where 1 < 8 < 2and

flz,t) = —2%(1 — 2)%e ! — 22(1 — x)%e!
et (24«144g4—ﬁ+qA*ﬂ) _12((1-2)* P 4adF)
)

(68)

2cos(677r I'(5-8) I'(4-p)
2((1—z)? P 422-8)
e )

The exact solution of the problem (67)-(68) is u(x,t) = x2(1 — x)?e~*. Numerical results
for the problem (67)-(68) are given by Tabs. 1-2 and shown in Fig. 1.

Table 1: The absolute errors and the convergence orders of the first method (50) for
example 7.1 (67-68)

B=12 B=15 p=18
h=k Error Order Error Order Error Order
1/16  8.1804e-004 - 8.4754e-004 - 8.6058e-004 -

1732 2.8459e-004  1.52 2.7131e-004 1.64 2.6043e-004 1.72
1/64  1.1126e-004  1.35 9.7550e-005  1.47 8.6715e-005  1.59
17128  4.8071e-005  1.21 3.9501e-005  1.30 3.2532e-005  1.41
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Figure 1: The numerical approximation and exact solution by the second method for
example 7.1 (67-68) (RFDED), for 5 = 1.8, when T =1
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Figure 2: The numerical approximation and exact solution by the second method for
example 7.2 (69-70)(RFDED), fora = 0.1 and 5 = 1.8, when T =1

Example 7.2. Consider the RFDED
o
Pl) L) PUED 1 ufat =)+ flanty (69)
subject to the initial condition:
u(z,t) = 2%(1 — x)2cos(t), —1<t<0, 0<z<1,
u(0,t) =u(l,t) =0, 0<t<T,
where 0 < a <1, 1 < 8 <2and
f(x,t) = —sin(t)2?(1 — 2)? — 22(1 — )2 cos(t — 1)

(70)

cos(t) _ (T(5)(1=a)"~+a%~2) | DE)((1-2)2"+a>~®) _ 2(A)((1-2)*~*+a3~)
+ 5cos(zm ( T6—a) + T(3=a) T(d—a) )
cos(t) (OO Pt | T2 P 2@ (=) Pt ) )
QCOS(B;) I'(5-8) I'(3-8) I'(4-p) )



Analytical and Numerical Solutions of Riesz Space Fractional Advection-Dispersion 267

Table 2: The absolute errors and the convergence orders of the second method (53) for
example 7.1 (67-68)

5=12 B=15 f=18
h=k Error Order Error Order Error Order
1/16  5.2976e-004 - 6.4753e-004 - 7.4404e-004 -
1/32  1.6155e-004 1.71 1.6133e-004  2.00 1.8018e-004  2.04
1/64  4.5724e-005 1.82 4.5524e-005 1.83 4.3620e-005 2.04
1/128  1.2193e-005 1.91 1.2314e-005 1.89 1.0559¢-005 2.04
c.u.as— *a“““‘f’\ :::EE%; H
".-" \\\ 4=0.99
0.03 F’l \\.’\ —
0.0‘05 : 7. ’U \\\K\ :
4 "\ 1 | | L | | ) ) \\-‘-

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
X

Figure 3: The numerical approximation by the second method for example 7.2
(69-70)(RFDED), for various o = 0.1,0.5,0.9,0.99, when T =1 and 5 = 1.01

o8
.
-]
P

u(x,t)

N o\
RrR
on’

1 1 1 1 1 1 1 1 1
0
0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1
X

Figure 4: The numerical approximation by the second method for example 7.2
(69-70)(RFDED), for various 8 = 1.2,1.5,1.9,2, when T =1 and a = 0.99
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Table 3: The absolute errors and the convergence orders of the second method (53) for
example 7.2 (69-70)

F=12 F=15 F=18
Error Order Error Order Error Order

a=01h=k

1/16 5.6605e-004 - 7.0613e-004 - 8.1183e-004 -

1/32 1.7032e-004 1.73 1.6957e-004  2.05 1.9726e-004  2.04

1/64 4.8646e-005 1.81 4.5616e-005 1.89 4.7820e-005 2.04

1/128 1.2997e-005 1.90 1.2330e-005 1.90 1.1587¢-005  2.04
a=0.5,h=kr

1/16 3.3282e-004 - 5.2206e-004 - 6.7321e-004 -

1/32 1.2341e-004 1.43 1.4371e-004 1.86 1.6488¢-004  2.03

1/64 3.8985e-005 1.66 4.2741e-005 1.75 4.0088e-005  2.04

1/128 1.1144e-005 1.81 1.1904e-005 1.84 9.7002¢e-006  2.05
a=09,h=¢x

1/16 9.0618e-004 - 5.7238e-004 - 3.7095e-004 -

1/32 2.1508e-004  2.07 9.0954e-005  2.65 7.8189¢-005 2.24

1/64 4.6083e-005 2.22 1.9051e-005 2.25 1.6563e-005 2.23

1/128 9.4770e-006  2.28 4.2314e-006 2.17 3.7547e-006  2.14

The exact solution of this problem is u(x,t) = cos(t)z%(1 — x)2. Numerical results for the
given problem are given by Tab. 3 and Figs. 2-4. In Tab. 3, scheme (53) for & < 0.0952 is
stable and convergent for « = 0.8, 5 = 1.2.

8 Conclusion

In this paper, we applied the FBDF method of second order and the shifted Griinwald
method for solving the Riesz space fractional advection-dispersion equations with delay
. The FBDF2 and the shifted Griinwald methods are introduced. Furthermore we find
the analytical solution for RFDED in terms of t Mittag-Leffler type functions. The
approximation of solution for the Riesz space fractional advection-dispersion equations
with delay relies on the FBDF2 method and the WSGD operators, and is obtained
by applying the finite difference method. It is shown that the schemes for h <
(_35(5—1)(2—5)(3+B) cos( 55+

4(3)"a(8a—5) cos(ZF)
and O(x? + h?) respectively. Numerical methods presented in this paper are illustrated
with the help of the examples. The obtained results clearly demonstrate that our methods

are efficient and produce accurate results.

) )ﬁ%a are stable and convergent with the accuracy of O(x + h2)
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