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Thermal Fluid Transport Phenomena in Concentric Annulus with Movement and
Rotation of Inner Core

S. Torii1

Abstract: A numerical study is performed to investi-
gate the thermal fluid-flow transport phenomena in the
concentric annulus with a slightly heated rotating inner
core moving in the flow direction and a stationary insu-
lated outer cylinder. Emphasis is placed on the effects
of the axial rotation and streamwise movement of inner
core on the flow structure and heat transfer performance.
A k-ε turbulence model is employed to determine the tur-
bulent viscosity and the turbulent kinetic energy. The tur-
bulent heat flux is expressed by Boussinesq approxima-
tion in which the eddy diffusivity for heat is determined
using two-equation heat transfer model. The governing
equations are discretized by means of a control volume
finite-difference technique and numerically solved. An
inner core rotation causes amplification of the turbulent
kinetic energy over the whole cross section, resulting in
a substantial enhancement in the Nusselt number. This
trend is suppressed due to the inner core movement. The
streamwise movement of the inner core causes substan-
tial reductions in the turbulent kinetic energy intensified
by the inner core rotation, resulting in the deterioration
of heat transfer performance. Heat transfer characteris-
tics in Couette flow in concentric annulus are found to
be affected by both the velocity ratio of the moving in-
ner cylinder to the fluid flow and the inner core rotating
speed.

keyword: turbulent Couette flow, moving core in con-
centric annuli, inner core rotation, Nusselt number, tur-
bulent kinetic energy

1 Introduction

Annular flow geometry is encountered in many important
engineering applications. The problems of heat transfer
and fluid flow can be classified into three categories:

(i) stationary cylinder case, (ii) circular Couette flow
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case, and (iii) parallel Couette flow case. In particu-
lar, the circular Couette flow, i.e., swirling flow, implies
a flow with one surface rotating and the other station-
ary (or both surfaces rotating in the same direction at
different angular velocities). Problems involving trans-
port phenomena in swirling flows can be found in chem-
ical and mechanical mixing or separation devices, elec-
tric and turbo-machinery, combustion chambers, pollu-
tion control devices, swirl nozzles, and fusion reactors.
Furthermore, the parallel Couette flow refers to a flow in
an annulus with one surface moving in the flow direction
and the other remaining stationary (or both surfaces mov-
ing in the flow direction at different velocities). This type
flow is seen in railway tunnels such as the 54 km long
Seikan tunnel in Japan and the England Channel tunnel.
As for these two Couette flows, numerous experimental
and theoretical studies have been performed on the ther-
mal fluid flow transport phenomena in a concentric an-
nulus [for example, Kuzay and Scott (1975 and 1976);
Hirai et al. (1987); Lee and Kim (1987); and Shigechi et
al. (1990); Torii and Yang (1994a and b)].

Recently, Marques and Lopez (1997) studied the stabil-
ity of isothermal parallel Couette flow with axial oscilla-
tions of the inner cylinder using Floquet theory. Further-
more, the stability of Couette flow in concentric annulus,
in which the outer cylinder is stationary and the axially
rotating inner core moves with a constant speed along
the axial direction, was investigated by Ali (2000). He
disclosed that the constant axial movement of the inner
cylinder stabilizes the flow and the critical parameters at
the onset of instability are determined based on the ax-
ial velocity of the inner cylinder. To the author’s knowl-
edge, there are no experimental and numerical results
on the thermal fluid-flow transport phenomenon in this
annular configuration, although some modern numerical
methods have been developed which are applicable for
this problem [Wu, Senocak, Wang, Wu,and Shyy(2003),
Tsai, Young and Cheng(2002)].

This paper treats the thermal transport phenomenon in
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Figure 1 : A schematic of physical system and coordinate.

the Couette flow between a concentric annulus with the
outer one stationary and the inner one rotating and also
moving along the axis with a constant velocity. Consid-
eration is given to the effects of the streamwise move-
ment and axial rotation of the inner core on heat transfer
rate and the velocity and thermal fields, i.e., streamwise
and tangential velocity profiles, turbulent kinetic energy,
temperature variance, and turbulent heat flux. Numerical
results are obtained using the k-ε turbulence model and
two-equation heat transfer model.

2 Governing Equations and Numerical Scheme

Consider a forced flow through a concentric annulus con-
sisting of a stationary insulated outer cylinder and an ax-
ially rotating and steamwise moving inner cylinder under
a uniform flux heating condition. The physical configu-
ration and the cylindrical coordinate system are schemat-
ically shown in Fig. 1. The following assumptions are
imposed in the formation of the problem: incompress-
ible, turbulent, steady-state flow; constant fluid proper-
ties; and negligible axial conduction (due to the high
Peclet number). There are no variations in tangential di-
rection, because cylindrical symmetry. Since the buoy-
ancy parameter Gr/Re2 is less than 0.1, forced convection
dominates. Hence, the continuity, momentum, and en-
ergy equations, with neglect of the buoyancy force, read
in the tensor formation as:

Continuity equation:
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∂xi
= 0 (1)

Momentum equation:
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Energy equation:
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Here Ui and T are time-averaged velocity component in
the xi direction and time-averaged temperature, respec-
tively. α is thermal diffusivity. By using Boussinesq’s
approximation, the Reynolds stress −ui u j in Eq. (2) is
expressed as:

−ui u j = −2
3

kδi j +νt
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)
. (4)

Here, the turbulent viscosity ν t in Eq. (4) is related to
the turbulent kinetic energy k and its dissipation rate ε
through Kolmogorov-Prandtl’s relation [Rodi (1982)], as

νt = Cµ fµ
k2

ε
, (5)
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where Cµ is a model constant and fµ is a model function.
The turbulent heat flux −ui t in Eq. (3) can be expressed
in the following form:

−ui t = αt
∂T
∂xi

= Cλ fλ k

√
k
ε

t2

εt

∂T
∂xi

, (6)

where Cλ is a model constant and fλ is a model function.
αt is turbulent thermal diffusivity. In order to evaluate k,
ε, t2 and εt in Eq. (6), a low-Reynolds number version of
k-ε turbulence model and the two-equation heat-transfer
model are used in the present study. The transport equa-
tions of k and ε are expressed in Cartesian tensor form
[Torii et al. (1991)]:
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The empirical constants and model functions in Eqs. (5),
(7) and (8) are listed in Table 1. The transport equations
for temperature variance t2 and its dissipation rate ε t are
expressed as:
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respectively. The empirical constants and model func-
tions in Eqs. (6), (9) and (10) are listed in Table 2. Notice
that the original model function in each turbulence model
is slightly modified so as to simulate the transition from
turbulent to laminar flows, whose modification process
is described in reference [Torii et al. (1991); Torii and
Yang (1997)]. Although Youssef et al. (1992) point out
that the original two-equation heat transfer model does
not precisely reproduce the wall limiting behavior of tur-
bulence quantities in a thermal field under arbitrary wall
thermal conditions, the present study employs this heat
transfer model, because the model gives the proper infor-
mation on the thermal transport phenomenon.

A set of the governing equations is solved using the
control-volume based formulation of Patankar (1980). In
this procedure, the domain is discretized by a series of
control volumes, with each control volume containing a
grid point. Each differential equation is expressed in an
integral manner over the control volume, and profile ap-
proximations are made in each coordinate direction, lead-
ing to a system of algebraic equations that can be solved
in an iterative manner. A power law interpolation scheme
is used to evaluate the values of variables at the control
volume interfaces. The discretized equations are solved
with a line-by-line and the TDMA (tridiagonal-matrix al-
gorithm). The convergence criteria of the residuals of all
equations are assumed to be less than 10−5 of total inflow
rates. Since all turbulent quantities, as well as the time-
averaged streamwise velocity, vary rapidly in the near-
wall region, the size of nonuniform cross-stream grids is
increased with a geometric ratio from the wall toward the
center region of the annulus. This is because the nonuni-
form cross-stream grids save CPU time and the accuracy
is maintained in the vicinity of the wall. The maximum
control volume size near the center regime is always kept
at less than 3% of the hydrodynamic tube radius. In order
to ensure the accuracy and validity of calculated results,
at least two control volumes are positioned in the viscous
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Cµ C1 C2 σκ σε f1 f2 fµ
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(
-
Rt
25

)
1−0.3exp

(
-R2

t
) {

1−exp
( -Rτ

26.5

)}
2

Table 1 : Empirical constants and model functions in the k-ε model.

Cλ CP1 CP2 σh σφ CD1 CD2 fP1 fP2 fD1 fD1 fλ

0.11 1.80 0.72 1.0 1.0 2.20 0.80 1.0 1.0 1.0 1.0

{
1−exp

(
-
√

Pr
30.5

2
f St y+

)}
2

Table 2 : Empirical constants and model functions in the t2-εt heat-transfer model.

sublayer, i.e., y+ <5. Since the velocity and temperature
fields are decoupled for non-bouyant flows, the veloc-
ity field can be solved first, followed by the temperature
field. The discretized equations are solved from the inlet
in the downstream direction by means of a marching pro-
cedure, since the equations employed here are parabolic.
A length of 180 diameters is employed and their volumes
in the streamwise direction are distributed uniformly.

A hydrodynamically fully-developed isothermal annular
flow in the absence of the inner core rotation is assumed
at the inlet location, i.e., at the onset of heating. The
following boundary conditions are used at the wall:

r = rin : U = Uin, k = 0, W = Ww, ε=0,
εt = 0 , t2 = 0, ∂T

∂r = − qw
λw

r = rout : U = k = 0 , W = 0 , ε = 0,
εt = 0 , t2 = 0 , ∂T

∂r = 0

Here, rin and rout are inner and outer radii of the annulus,
respectively. And Uin is velocity of a moving inner cylin-
der and Ww is tangential velocity on the inner cylinder.
For annular flows with a rotating inner surface and/or a
streamwise moving inner surface, the axial and tangential
flow fields are also governed by dimensionless parame-
ters including radius ratio, r* (=r in/rout), the velocity ra-
tio of inner core and fluid flow, N, inlet Reynolds number
(i.e., Reynolds number at the onset of heating), Re, and
Taylor number, Ta. N, Re and Ta are defined as

N = Uin

um ,
Re=

2um (rout −rin)
ν

,

and Ta = Ww (rout −rin)
ν

√
rout −rin

rin
, (11)

respectively. Here um denotes mean velocity over chan-
nel cross section. The dimensionless parameters are
r*=0.8; N¡1.0; Re=3000-10000; Ta=0∼10000; inlet gas

(nitrogen) temperature Tinlet=273 K.

Simulations with grids of various degrees of coarseness
are conducted to determine the required resolution for
grid-independent solutions. Throughout the numerical
calculations, the number of control volumes is properly
selected between 60 and 120 over the cross-section of
the concentric annulus. Consequently, the maximum er-
ror was estimated to be about 0.5% by comparing the
solutions on regular and fine grids with twice the grid
points in the radial direction. Numerical computation
was performed on a personal computer (Pentium IV CPU
1.7GHz).

In order to verify the k-ε turbulence and the two-equation
heat-transfer models and to determine the reliability of
the computer code developed here, numerical predictions
are compared with some existing experimental results in
both the thermal and flow fields. The models are applied
to a flow in an annulus (r*=0.56) with a stationary inner
cylinder with a uniform wall heat flux. Numerical results
are obtained at a location of 220 times the tube diame-
ter downstream from the inlet where both thermally- and
hydrodynamically-fully developed conditions prevail.

Figure 2 depicts the predicted time-averaged streamwise
velocity profile together with the experimental data at
Re=46000 obtained by Brighton and Jones(1964). Here,
Figs. 2(a) and (b) correspond to the distributions from
the inner and outer walls to the location of the maxi-
mum streamwise velocity, respectively. The calculation
result agrees with the experimental results, representing
the well-known characteristics in the logarithmic region.
In Fig. 3, the calculated turbulent kinetic energy is com-
pared with the experimental data [Brighton and Jones
(1964)] at Re=46000. The predicted results are normal-
ized by the square of the friction velocity on the outer
wall, (u*out)2. The turbulence model predicts well in the
outer region, but its accuracy deteriorates near the inner
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wall. That is, the turbulent kinetic energy is slightly over-
estimated in the vicinity of the inner core.

Figure 2 : Distribution of predicted time-averaged
streamwise velocity in stationary concentric annulus for
Re=46000 and r*=0.56, (a) inner side and (b) outer side.

The predicted radial distribution of the time-averaged
temperature in the inner wall region at Re=46000 is illus-
trated in Fig. 4 in the form of T+ versus y+

in. T+ is dimen-
sionless time-averaged temperature and y+

in denotes the
dimensionless distance measured from the heated inner
core wall. It is observed that the two-equation heat trans-
fer model reproduces the law of the wall for a thermal
boundary layer. The validity of the computer code and
the validity of both the k-ε turbulence and two-equation
heat transfer models are borne out through the above
comparisons.

3 Results and Discussion

Figure 5, for N=0, illustrates numerical results of the
Nusselt number Nu at different Taylor numbers. Dalle

Figure 3 : Distribution of predicted turbulent kinetic en-
ergy in stationary concentric annulus for Re=46000 and
r*=0.56.

Figure 4 : Dimensionless time-averaged tempera-
ture distribution in stationary concentric annulus for
Re=46000 and r*=0.56.

Donne and Meerwald (1966) derives the following cor-
relation for the Nusselt number at the inner wall of the
annulus as:

Nu = 0.0181

(
rout

rin

)0.2

Re0.8 Pr0.4
(

Twin

Tinlet

)−0.18

(12)

This equation is superimposed in Fig. 5 as a solid straight
line. Notice that Fig. 5 is under the temperature ratio of
the inner wall to the inlet fluid, Twin/Tinlet, of unity, and
the radius ratio, r*, of 0.8. It is seen that the prediction at
Ta=0 is in good agreement with the correlation. One ob-
serves that the Nusselt number increases with an increase
in the Taylor number. This trend becomes larger in the
low Reynolds number region. It is found that an amplifi-
cation of heat transfer performance in concentric annulus
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in the absence of inner core movement is attributed to the
axial rotation of the inner cylinder and the enhanced level
is affected by the Reynolds number.

Figure 5 : Variation of predicted Nusselt numbers in cir-
cular Couette flow for r*=0.8 and N=0.

Meanwhile, the effect of inner core movement on the en-
hanced heat transfer rate as seen in Fig. 5 is depicted
in Fig. 6 in the form of the Nusselt number versus the
Reynolds number with the velocity ratio N, as a param-
eter. Numerical results are obtained at Ta=5000. The
prediction at Ta=5000 in Fig. 5 is superimposed in the
figure. It is observed that enhancement of heat transfer
performance due to the axial inner core rotation is sup-
pressed by the streamwise movement of the inner core.
This deterioration is intensified with an increase in the
velocity ratio and the same trend yields in the wide range
of the Reynolds number. In other words, the Nusselt
number, which is intensified by the inner core rotation,
is substantially diminished by the inner core movement
in the flow direction. It is found that heat transfer per-
formance in Couetter flows is affected by both of stream-
wise movement and axial rotation of inner and its rate is
determined by the combination of the Reynolds number,
the Taylor number and the velocity ratio.

Figure 7 illustrates the effects of Taylor number and ve-
locity ratio on the heat transfer rate. The numerical re-
sults for Re=8000 are depicted in the form of Ta versus
Nu/Nu f with the velocity ratio, as a parameter. Here,

Figure 6 : Effect of velocity ratio on Nusselt numbers in
circular Couette flow, for r*=0.8 and Ta=5000.

Nu f denotes the Nusselt number for a fully-developed
turbulent annular flow in the absence of the axial rotation
and streamwise movement of the inner core. It is ob-
served that at N fixed, the Nusselt number increases with
an increase in the Taylor number. The heat transfer en-
hancement is suppressed by the inner core movement and
the uniform deterioration yields over the whole region of
the Taylor number as the velocity ratio is increased.

Figure 7 : Effects of Taylor number and velocity ratio on
Nusselt number in Couette flow at r*=0.8 and Re=8000.

An attempt is made to explore the mechanisms of trans-
port phenomena of circular Couette flows with a stream-
wise inner core movement in a concentric annulus based
on numerical results at Re=8000. Figures 8(a) and (b)
show the radial distributionsof streamwise and tangential
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Figure 8 : Variation of time-averaged velocity profiles in
circular Couette flow for r*=0.8, N=0 and Re=8000, (a)
streamwise velocity and (b) tangential velocity.

velocities in the annulus in the absence of the inner core
movement, respectively. In both figures, the velocities at
Ta=0, 5000 and 10000 are normalized by its maximum
value at each Taylor number. The streamwise velocity

profile at Ta=0 shows a turbulent annular flow in the ab-
sence of rotation, as seen in Fig. 8(a). The corresponding
tangential velocity in Fig. 8(b) is zero over the flow cross
section. One observes that the streamwise velocity gra-
dient increase near the inner and outer walls due to the
inner core rotation and its presence causes the swirling
flow. The corresponding radial variation of the turbulent
kinetic energy is illustrated in Fig. 9 with a change in
Ta. The numerical results are divided by the square of
the friction velocity, u*, on the outer wall for the annu-
lar flow without the swirl. The turbulent kinetic energy
near the wall region is induced with an increase in Ta.
In particular, this trend becomes larger in the vicinity of
the inner wall. These behaviors are in accord with the
variations of the streamwise and tangential velocities in
Figs. 8(a) and (b). In other words, an increase in the
streamwise velocity gradient in the vicinity of walls and
the presence of the tangential velocity cause an amplifi-
cation of the production of the turbulent kinetic energy.

Figure 9 : Predicted turbulent kinetic energy profiles in
circular Couette flow for r*=0.8, N=0 and Re=8000.

The effect of inner core movement on the changes in
the streamwise and tangential velocities is illustrated in
Figs. 10(a) and (b), respectively. Here, both velocities
at Ta=5000 in Figs. 8(a) and (b) are superimposed in
the figures for comparison. It is observed that as N is in-
creased, the peak of U/Umax shifts toward the inner cylin-
der side, resulting in a substantial deformation of the ve-
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locity profile of the fully developed circular Couette flow,
as seen in Fig. 10(a). This implies that the intensified
velocity gradient at the inner wall is significantly dimin-
ished by the streamwise movement of the inner cylinder,
with only a slight change in the outer wall region. Simi-
larly, the velocity gradient of the tangential velocity at the
inner wall is also attenuated due to the inner core move-
ment, as shown in Fig. 10(b). The corresponding effect
of inner core movement on the turbulent kinetic energy
in the circular Couetter flow is illustrated in Fig. 11 in
the same form as Fig. 9 with N, as a parameter. Nu-
merical results are obtained at Ta=5000. One observes
that (i) the inner core movement suppresses the turbu-
lent kinetic energy level over the annular cross-section,
and (ii) this effect becomes larger in the vicinity of the
streamwise moving inner core wall. Thus this variation
ascribes to attenuation in the streamwise and tangential
velocity gradients, as seen in Figs. 10(a) and (b). In
other words, substantial attenuation in the velocity gradi-
ents suppresses the production of turbulence, resulting in
deterioration of the turbulent kinetic energy.

The radial distribution of the temperature variance, t2, in
the thermal field in the annulus with the stationary core is
illustrated in Fig. 12 as a function Ta. Here, the numer-
ical results are normalized by the square of the friction
temperature, t*, for the annular flow without the inner
core rotation. As the Taylor number increases, the tem-
perature variance enhances in the whole flow cross sec-
tion, particularly in the vicinity of the rotation wall. The
radial distribution of the turbulent heat flux is depicted in
Fig. 13 as a function of Ta. Here, the numerical results
are normalized by the product of the friction temperature
t* and the friction velocity u*out on the outer wall for the
annular flow in the absence of inner core rotation. The
turbulent heat flux level in the vicinity of the inner wall
is substantially augmented with an increase in Ta.

The corresponding radial distributions of the temperature
variance t2 in the circular Couettte flow with inner core
movement are illustrated in Fig. 14 in the same form
as Fig. 12. Here, numerical result at Ta=5000 in Fig.
12 are superimposed in the figures for comparison. As
the flow moves, there is a reduction in t2 for N=1 over
the whole cross section and this trend becomes larger in
the vicinity of the heated moving wall, as seen in Fig.
14. This behavior implies attenuation in the temperature
fluctuations in the thermal field. Figure 15, for Ta=5000,
shows the radial distribution of the turbulent heat flux as

Figure 10 : Effect of velocity ratio on velocity profiles in
circular Couette flow, for r*=0.8, Ta=5000 and Re=8000,
(a) streamwise velocity and (b) tangential velocity.
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a function of N.

Figure 11 : Effect of velocity ratio on turbulent ki-
netic energy profiles in circular Couette flow for r*=0.8,
Ta=5000 and Re=8000.

One observes that (i) the turbulent heat flux intensified
by the inner core rotation is attenuated by the streamwise
movement of the inner core, and (ii) in particular, its level
in the vicinity of the inner wall is substantially decreased
with an increase in N.

Since the eddy diffusivity concept is employed to deter-
mine the turbulent heat flux -cpρ vt in Eq. (3), λt is di-
rectly related to k, ε, t2 and εt as depicted in Eq. (6).
Hence, substantial amplifications in the turbulent kinetic
energy and temperature variance result in enhancement
in the Nusselt number, as shown in Fig. 5. In contrast,
the deterioration of k and t2, suppresses heat transfer per-
formance, as seen in Fig. 6.

4 Conclusions

The k-ε turbulence model and two-equation heat trans-
fer model have been employed to numerically investigate
the fluid flow and heat transfer in concentric annuli with
a slightly heated rotating inner core moving in the flow
direction and a stationary insulated outer cylinder. Con-
sideration is given to the effect of inner core movement
on the flow and thermal fields in circular Couette flows.
Results are summarized as follows:

Figure 12 : Effect of Taylor number on radial distribu-
tion of temperature variance in circular Couette flow at
Re=8000, N=0 and r*=0.8.

Figure 13 : Effect of Taylor number on radial distri-
bution of turbulent heat flux in circular Couette flow at
Re=8000, N=0 and r*=0.8.
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Figure 14 : Effect of velocity ratio on radial distribu-
tion of temperature variance in circular Couette flow at
Re=8000, Ta=5000 and r*=0.8.

Figure 15 : Effect of velocity ratio on radial distribu-
tion of turbulent heat flux in circular Couette flow at
Re=8000, Ta=5000 and r*=0.8.

1 The turbulence models of heat and momentum predict
an increase in the Nusselt number due to an axially rotat-
ing inner cylinder. The streamwise and tangential veloc-
ity gradients in the vicinity of the inner and outer cylin-
der walls are increased due to the inner core rotation. The
amplification of the turbulent kinetic energy and temper-
ature variance intensifies the turbulent heat flux, resulting
in an enhancement in heat transfer performance.

2 The intensified heat transfer rate in the annulus in the
presence of the inner core rotation is substantially atten-
uated by the streamwise movement of the inner cylin-
der. The inner core movement causes a suppression of
the velocity gradients of the streamwise and tangential
velocities near the inner wall and attenuation in both the
turbulent kinetic energy and the temperature variance.
Consequently, these variations induce a decrease in the
turbulent heat flux, resulting in the deterioration of heat
transfer performance.
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