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ABSTRACT

This is the first paper on symmetry classification for ordinary differential equations (ODEs) based on Wu’s method.
We carry out symmetry classification of two ODEs, named the generalizations of the Kummer-Schwarz equations
which involving arbitrary function. First, Lie algorithm is used to give the determining equations of symmetry for
the given equations, which involving arbitrary functions. Next, differential form Wu’s method is used to decompose
determining equations into a union of a series of zero sets of differential characteristic sets, which are easy to be
solved relatively. Each branch of the decomposition yields a class of symmetries and associated parameters. The
algorithm makes the classification become direct and systematic. Yuri Dimitrov Bozhkov, and Pammela Ramos
da Concei¢do have used the Lie algorithm to give the symmetry classifications of the equations talked in this paper
in 2020. From this paper, we can find that the differential form Wu’s method for symmetry classification of ODEs
with arbitrary function (parameter) is effective, and is an alternative method.
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1 Introduction

In the past decades, a wealth of methods have been developed to deal with exact solutions of differential
equations (DEs), which include partial differential equations (PDEs) and ordinary differential equations
(ODEs). Some of the most important methods are the homotopy perturbation method [1-3], variational
iteration method [4—6], Taylor series method [7], and the exp-function method [8—10], etc. At present,
symmetries of PDEs are widely used in mechanics, mathematics and physics fields, from symmetries of a
PDEs, one can obtain more important information on solving PDEs, such as exact solutions, conservation
laws, and integral factors, etc. Hence the topics finding symmetries of a PDEs have being brought about
the interest of more and more people. We have done some work on symmetries of PDEs, in reference
[11] the Wu’s method is used to complete symmetry classification of PDEs, in reference [12] the
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traditional Lie algorithm is used to complete symmetry classification of the diffusion-convection equation, in
reference [13] the Wu’s method is used to simplify the symmetry computation of PDEs and a special
symmetry reduction approach is used for a class of wave equations.

In my memory, researchers always pay attention to PDEs, well there are not enough research results on
ODEs, especially on the symmetries of DEs in literature. In this paper, we mainly consider a class of ODEs
appeared in the fields of physics and engineering, named the generalizations of the Kummer-Schwarz
equations [14]:
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where n € R is a constant, not necessarily integer.

In symmetry analysis of DEs, the first step is determining symmetries of the given equations, this
process can be come down to solving a determining equations, which is however sometimes large and
not easy to solve directly, in this paper, differential form Wu’s method [11,15] is used to decompose the
determining equations into a series of equations, which are easy to be solved relatively.

The Wu’s method (also named characteristic set algorithm) [16] established by the Chinese
mathematician Wu Wen Tsun in the 1970s. It also has become a fundamental algorithmic theory in
algebraic geometry together with the Grobner base algorithm [17]. The method has been applied in a
wide range of science fields, such as mechanical theorem proving [18], optimization problems, surface-
fitting problems in CAGD, Bar Linkage Design, --- , etc. [16]. The differential analogue of Wu’s method
was proposed in the 1980s [19]. The method is more especially on target to deal with the zero set of a
differential polynomial system (dps) and efficient differential elimination without directly involving the
concept of an algebra ideal. As far as i know, this is the first paper on symmetry classification of ODEs
based on Wu’s method.

2 Lie Point Symmetries of Eq. (1)
To begin with, we note that Eq. (1) can be written as

Y'Y +nl) =)0 =0, 3)
The point symmetry
X =x+eé(x, y) + O(e?),

v =y+en(x, y) +0@), )
is admitted by Eq. (3) if and only if it satisfies the determining equation
X(3)(y///y/ + n(y//)Z _f(y)(y/)4> _ 07 (5)
for any y that solves Eq. (3).
0 0
X = — — 6
0, ) g+l ) ot (6)

is the infinitesimal generator of the point symmetry (4).
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XO — x4 ’7(”%“7(2)%“7(3)%7 (7)
with

n =DV —y0peE i=1, 2, 3, n =y, ®)
is the three-order extension (prolongation) of X.

D, =0 +)0,4+y"dy +--- +y(k)8y<k71> . C)]

is the total derivative operator.
The determining Eq. (5) simplify to
My = 07 _35)) - néy = 07 _6éyy - 21’15},}, = Oa _f(y)éy - ﬁyyy = Oa
_3éxx - 2néxx = 07 _3éxxy = 07 _éxxx = 05
—9¢,, — 4né,, + 3, + 2my,, =0, (10)
\ _3€xyy - 2f(,y)77y + 77yyy - Wf/()’) = 07

taking left hand side for each equation, we have following corresponding differential polynomial system

My _36); - néy; _65)/_)) - 2n€yyv _f(y)éy - iyyyy
_3£xx - 2”6)0(7 _3éxxya _éxx)m

_95)()/ - 4néxy + 317yy + 2nnyy7

_3€xyy - 2f(y)’/’y + nyyy - qf’(y),

Step 1 Compute Zero(DPS).

Under the rank x < y < ¢ < #, using the differential form Wu’s method, we obtain characteristic set

DTE =

DPS = (11)

DCS, = {éya éxm 17}7 (12)
with IS products 7;xLx[; # 0, and

L= 31'0) = 200" ), (13)
L= 3+n, (14)
L=3 + 2n (15)
then, we get

Zero(DPS) = Zero(DCS, /I,xI, x I3) + Zero(DPS, I,) + Zero(DPS, I,) + Zero(DPS, L), (16)
in which

Zero(DCS, /I1xIp * I;)= {& = cix+ c2, n =0}, (17)

and ¢y, ¢, are arbitrary constants.
Step 2 [, =0, compute Zero(DPS, I).
Obtain characteristic set

DCSy = {&,, ees Moy 200, + 11" (V) (18)
with IS products L+/[3 # 0, then, we get
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Zero(DPS, I))= Zero(DCS, /I, x I3) (19)
in which i
(VO
Case 1. Zero(DCS, /I x )= < = c3x+c4, § = o) , with the corresponding function
( 2/ 2 3) {é 3 4, N \/m 1Y g

Vo s ,
f(y) =ciez + e 7, and ¢y, ¢y, - - - ¢5 are arbitrary constants.

Case 2. Zero(DCS, /I x I)= {{= c1x + ¢2, n = F(y)}, with the corresponding function fy) =0, F(y)
is an arbitrary function of y, and ¢y, ¢, are arbitrary constants.

Step 3 , =0, compute Zero(DPS, I).
The determining Eq. (5) simplify to
nx = 07 éxx = 07
DTE, = )& — &y =0, 38, — 3, =0, (20)
_3£xyy - 2f(,y)11y + nyyy - ’Yf/()’) - 07

taking left hand side for each equation, we have following corresponding differential polynomial system:

My éxxv
DPS, = _f(y)éy - éyyya 3éxy - 3’7yya (21)
_3€xyy - Zf@)ﬂy + WWy - ;/If/(y)v

under the rank x < y < ¢ < n, using the differential form Wu’s method, we obtain characteristic set

DCS3 = {f(y)éy + éyyy, éxyv éxxa ’7}, (22)
with IS products I, # 0, and

L =271'0)" = 187 () )" ) = 561" () + 721 0" ) D) = 187" ) ), (23)
then, we get

Zero(DPS, I,) = Zero(DCS3/14)+ Zero(DPS, L, Ls), 24)
in which

Case 1. Zero(DCS5/14) = {{=c1x+ ¢y, n=0}, with the corresponding function f{y) is an arbitrary
function of y, and ¢, ¢, are arbitrary constants.

Case 2. Zero(DCS3 /1) = {& = c1x + 1 cou® + c3u + ¢4, n = 0}, with the corresponding function f{)
is an arbitrary function of y, and ¢y, ¢,, - - -, ¢4 are arbitrary constants.

Case 3. Zero(DCS5/14) = {E=cix+ F(y), =0}, with the corresponding function f{y)=0, F(y) is an
arbitrary function of y, and ¢, is an arbitrary constant.

Step 3.1 1, =0, compute Zero(DPS, I,, 1,).

Obtain characteristic set

DCSy = {f(0)E+ &y Eves Mo 30 0) +1f" (), 90 0 — dnf" () + 3nf ) P (1)}, (25)

with IS products is empty set, then, we get
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Zero(DPS, L, 14)= Zero(DCSy), (26)
in which

Case 1. Zero(DCSy)= {&= cax + c3+ ¢ sin(y/cry) + ¢scos(y/cry), n = 0}, with the corresponding
function f{y)=c; >0, and ¢, ¢y, - - - ¢5 are arbitrary constants.

Case 2. Zero(DCSy)= {&= cix + ¢z, n = F(y)}, and with the corresponding function f{y) = c3, F(y) is
an arbitrary function of y, and ¢, ¢,, ¢3 are arbitrary constants.

Case 3. Zero(DCSs)= {¢= (cax+cg)e W + (c3x + ¢7)e™ + cox +¢s, n = F(y)}, with the
corresponding function f(y) = —c?, F(y) is an arbitrary function of y, and ¢|, ¢,, -+, c; are arbitrary
constants.

Case 4. Zero(DCSs)= {&= c1x + ¢z, n = 0}, with the corresponding function Ay)=c3, and ¢y, ¢, ¢3
are arbitrary constants.

Case 5. Zero(DCSsy)= {¢= (cax+co)e Y + (c3x+¢7)eY + cox+¢s, n =0}, with  the
corresponding function f(y) = —c%, and ¢y, ¢,, - - -, ¢7 are arbitrary constants.

Case 6. Zero(DCSy)= {&= c1x + ¢z, n = c3y + ¢4}, with the corresponding function f'(y) = e = 7
and ¢y, ¢,, - - -, C5 are arbitrary constants. e

Case 7. Zero(DCSy)= {éz c1x + %czy2 +cy+es, n=csy+ Cé}, with the corresponding function
fy)=0, and ¢4, ¢y, - - -, c¢ are arbitrary constants.

Step 4 5 =0, compute Zero(DPS, I3).
The determining Eq. (5) simplify to

n :07 é :07 _2£xxx:07
DTE, =4 ™ Y 27
: { 4 (9, + 21,y — 20 () = 0, @7
taking left hand side for each equation, we have following corresponding differential polynomial system
My é ) _2éx.x.x7
DPS, =< ' 7 28
: { —4f (7)1, + 20y, — 2013, %)
under the rank x < y < ¢ < n, using the differential form Wu’s method, we obtain characteristic set
DCSs = {&,, Evey Mo 200N, — My + 1 (1)}, (29)
with IS products is empty set, and we get
Zero(DPS, I;)= Zero(DCSs), (30)
in which

Case 1. Zero(DCSs)= {¢= Lcix* + cox + ¢z, n =0}, with the corresponding function f{y) is an
arbitrary function of y, and ¢y, ¢,, ¢3 are arbitrary constants.

Case 2. Zero(DCSs)= {¢= 1cix® + cox+ 3, n=F(y)}, with the corresponding function

PO ) e
f (y) = F()’)z
At the end of this section, we give the symmetry classification for Eq. (1) with n =0 based on differential
form Wu’s method.

,and ¢y, ¢y, - - -, ¢4 are arbitrary constants.
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As stated before, the determining Eq. (5) simplify to

éy =0, Ny = 0, =3+ 3’7xy =0,
DTE3 = ¢ —=3f (") + 30y, = 0, = + 311,y = 0, @31)
Moo = 07 _2f(y)1//y + nyyy - M/(y) =0

taking left hand side for each equation, we have following corresponding differential polynomial system:

éy) nyya _3éxx + 3nxy7
DPS3 = _3f(,y)’7x + 377xyy’ _éxxx + 377xxy7 (32)
) _2f(y)yly + nyyy - ’Yf/()’)a
Step 1 Compute Zero(DPS5).
Under the rank x < y < & < 5, using the differential form Wu’s method, we obtain characteristic set

DCSs = {éya éxm 17}7 (33)
with IS products /5# 0, and

Is = 15'0)’ = 187 ) )" W)+ 4 )P ), (34)
then, we get

Zero(DPS3)= Zero(DCSg/I5)+ Zero(DPSs, Is), (35)
in which

Zero(DCSe/Is) = {& = cix + ¢z, n = 0}, (36)

and ¢y, ¢, are arbitrary constants.
Step 2 I5=0, compute Zero(DPS3, Is).
Obtain characteristic set DCSgwith IS products /s # 0, and
Is = 3"(0)" =2 )" ), (37)

then, we get

Zero(DPS3, Is)= Zero(DCSs/Is)+ Zero(DPS;, Is, Is), (38)
in which
Zero(DCSs /Is)= Zero(DCSg/I5), (39)

Step 2.1 /4 =0, compute Zero(DPS3, Is, I;).

Obtain characteristic set

DCS; ={&, &ay Mo 2P0y + 1/ ()} (40)
with IS products is empty set, and we get

Zero(DPSs, Is, Is)= Zero(DCS;), (41)
in which

Case 1. Zero(DCS7)= {&= c1x + ¢2, 1 = cs5(c3y + c4) }, with the corresponding function f(y) = G ic 2
and ¢y, ¢, - - -, ¢5 are arbitrary constants. v
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Case 2. Zero(DCS7)= {{= ci1x+ ¢z, n = F(y) },with the corresponding function f{y)=0, F(y) is an
arbitrary function of y, and ¢, ¢, are arbitrary constants.

3 Lie Point Symmetries of Eq. (2)
The second generalized Kummer-Schwarz equation Eq. (2) can be written as

P 00" =S 0)) = 0. (42)
Consider the third-order prolongation
0 0 0

xXO® —x 1,02 4,0 2 4,0 43

+’1 ay,+n 8y,/+y’ 8y,//7 ( )
of a Lie point symmetry generator

0 0

X = — — 44
of Eq. (42), then the invariance condition is
X" 40! =)0 =0, (45)

the determining equations from (45) simplify to

Ny = 0, _36); - néy =0, _6éyy - 2néyy =0,

| —an =0, 3 —2nE, =0, =37 ()8, — 3¢ = 0,

DTE = { —9¢,, — 4né,y, + 31, + 2nn,, = 0, (46)
—3Cay + 1y =0,
_2f()/)£x - éxxx - WN(V) =0

taking left hand side for each equation, we have following corresponding differential polynomial system

My _3€y - né)ﬂ _66)/)) - 2n€yy7
_éyyya _36)6)6 - 2n€xx7 _3f(y)éy - 3€xxy7
DPS = —9¢,, — 4n&y, + 3n,, + 201, 47)
—3Cay Ty =0,
_2f(y)éx - éxxx - ﬂf’()/) = Oa
Step 1 Compute Zero(DPS).
Under the rank x < y < ¢ < 1, using the differential form Wu’s method, we obtain characteristic set

DCS = {¢,, &, n}, (48)
with IS products I, xL I3 # 0, and

L=10)"0) =S OO+ S0 0P ), (49)
L= 3 +n, (50)
L= 3 + 2n, (51)
then, we get

Zero(DPS) = Zero(DCS, /T)xL, * I3) + Zero(DPS, I,) + Zero(DPS, L) + Zero(DPS, I), (52)
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in which

Zero(DCSy /IyxI, * )= {&= c1, n =0}, (53)

and c, is an arbitrary constant.
Step 2 ;= 0, compute Zero(DPS, I).

Obtain characteristic set

DCS, = {&, e 2/ W&+ '), nf O 0) = nf o) + )" ()}, (54)
with IS products Lx/3 # 0, then, we get

Zero(DPS, I))= Zero(DCS, /I, * Iz), (55)

in which

Case 1. Zero(DCS,/L x I)= {é= c3x+c4, n =c1y+ 2}, with the corresponding function
2c
f) =cs(cy+ cz)_"_ls, and ¢y, ¢y, - - - ¢5 are arbitrary constants.

Case 2. Zero(DCS, /I, x I;)= {&= ¢;, n = 0}, with the corresponding function £ (y) = (c3 — u)“cq,
and ¢y, ¢, - - - ¢4 are arbitrary constants.

Case 3. Zero(DCS, /I, * )= {¢= c1, n = F(y)}, with the corresponding function y) = c,, F(») is an
arbitrary function of y, and ¢, ¢, are arbitrary constants.

Case 4. Zero(DCS, /I, x )= {é= F(x), n = G(y)}, with the corresponding function f{y) =0, F(x) is
an arbitrary function of x,G(y)is an arbitrary function of y.

Step 3 ,= 0, compute Zero(DPS, L).

The determining Eq. (45) simplify to

My = 07 _‘fyyy = Oa 3éxx = 07

DTE, = =3 ()& — 3wy =0, 3y, — 3, =0, (56)
—3Cay + 1y =0,

[ —2f ()& — & —0f' () =0,

taking left hand side for each equation, we have following corresponding differential polynomial system

;

My Ef)yyya 3€xx7

Y XV _3f é _36)6)6735 _3;1 )

DPS; = e, ﬁnyyy, y xy W (57)
\ _2f(y)éx - éxxx - ﬂf’()’%

under the rank x < y < & < #, using the differential form Wu’s method, we obtain characteristic set

DCS; = {éxa €y7 17}7 (58)
with IS products 7; # 0, then, we get

Zero(DPS, L,)= Zero(DCS;/I,)+ Zero(DPS, L, I,), (59)
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in which
Zero(DCS; /1)) = {& = ¢, n =0}, (60)
and c,is an arbitrary constant.
Step 3.1 I;= 0, compute Zero(DPS, I, I).
Obtain characteristic set DCS, with IS products is empty set, then, we get
Zero(DPS, I, I))= Zero(DCS,)= Zero(DCS, /L, * I5), (61)
Step 4 L= 0, compute Zero(DPS, I5).
The determining Eq. (45) simplify to

DTE~ — nx:076:07277 :0,
DTE2 B { _4f(y) éxy_ 2éxxx _yygm‘/(y) == 0, (62)

taking left hand side for each equation, we have following corresponding differential polynomial system

npo. 77x7€7277 9
mﬁ_{—#@é?xm—mm@, 63)

under the rank x < y < ¢ < 5, using the differential form Wu’s method, we obtain characteristic set

DCSy = {'fya éxv 77}7 (64)
with IS products I # 0, and

L==30)f" 0 + 6o/ V" 0) + 21 0P ),

65
GO YOO ) SO 0 ) (©
then, we get
Zero(DPS, )= Zero(DCS4/I4)+ Zero(DPS, 1, 1), (66)
in which
Zero(DCS4/1;) = {& = c1, n =0}, (67)

and c, is an arbitrary constant.

Step 4.1 I;= 0, compute Zero(DPS, I3, ).

Obtain characteristic set DCS, with IS products 75 # 0, and
L= =3"0)+ 27000, (68)
then, we get
Zero(DPS, L, Iy) = Zero(DCS,/I5) + Zero(DPS, L, Iy, Is), (69)
in which

Case 1. Zero(DCS,/Is)= {6 =cxtcs, = %cly2 +cy+ 03}, with the corresponding function

4cy arctan _avte
A/ 2¢c1c3 7%

v .
fly)=e Vs cs, and ¢y, ¢y, - - - g are arbitrary constants.
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Case 2. Zero(DCS,/I5)= {¢= c|, n = F(y)}, with the corresponding function f{y)=c,, F(y) is an
arbitrary function of y, and ¢, ¢, are arbitrary constants.

¢5,/cyc3+2arctan i <£3(z\/;‘_f;)>

Case 3. Zero(DCS, /Is)= {&= c1, n = 0}, with the corresponding functionf'(y) = e V0 ,
and ¢y, ¢y, - - -, C5 are arbitrary constants.

Case 4. Zero(DCS, /Is)= {é= c1, n = 0}, with the corresponding function f{y)=c,, and ¢y, ¢, are
arbitrary constants.

Case 5. Zero(DCS, /I5)= {¢= F(x), n = G(y)}, w ith the corresponding function {y) =0, and F(x) is
an arbitrary function of x,G(y) is an arbitrary function of y.

Step 4.2 Is= 0, compute Zero(DPS, L, Iy, Is).

Obtain characteristic set DCS,with IS products is empty set, and we get

Zero(DPS, Ly, Iy, Is)= Zero(DCS,)= Zero(DCS,/I5). (70)
At the end of this section, we give the symmetry classification for Eq. (2) with n = 0 based on differential
form Wu’s method.
As stated before, the determining Eq. (45) simplify to
éy =0, Ny = 0, _3€xx + 377xy =0, —f@)ﬂx o = 0, (71)
_2f(y)€x — o + 37/xxy - ’Yf/(y) =0,

taking left hand side for each equation, we have following corresponding differential polynomial system:

DTE; = {

5};7 ’1yw _35)5)5 + 317xy7 —f()’)’?x + M
_2f(y)éx - éxxx + 3’7xxy - ’/lf/(y)7

Step 1 Compute Zero(DPS3).
Under the rank x < y < £ < 7, using the differential form Wu’s method, we obtain characteristic set

DCSS = {éya éxv 77}7 (73)
with IS products I; # 0, then, we get

DS, — { (72)

Zero(DPS3)= Zero(DCSs/1;)+ Zero(DPSs, I), (74)
in which
Zero(DCSs /1)) = {& = c1, n =0}, (75)

and ¢, is an arbitrary constant.
Step 2 ;= 0, compute Zero(DPSs, I).
Obtain characteristic set DCS, with IS products is empty set, then, we get

Zero(DPS;, I))= Zero(DCS,)= Zero(DCS, /L * I). (76)

4 Conclusion

In this paper, Lie algorithm combined with differential form Wu’s method is used to complete the
symmetry classification of ODEs containing arbitrary parameter. This process can be reduced to solve a
system of determining equations, then the differential form Wu’s method is used to decompose the
determining equations into a series of equations, which are easy to solve relatively. To illustrate the
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usefulness of this method, we apply it to the generalizations of the Kummer-Schwarz equations, and the
results show the performance of the present work.

In addition, the second-order nonlinear ODE [20]

2(K)y) +x/ =0, (77)
and the following ODE [21]:
W =r ), (78)

are studied by many researchers. The algorithm of Wu’s method is performed on computer in this paper, we
try to give the symmetry classification of Eqs. (77) and (78), after four days, the program is still running, only
part of the results are obtained. In the next, we will make some improvements to the differential form Wu’s
method, and expect to get the complete symmetry classification results.
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