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Abstract: In this paper, the estimation of the parameters of extended Marshall-
Olkin inverse-Pareto (EMOIP) distribution is studied under complete and cen-
sored samples. Five classical methods of estimation are adopted to estimate the
parameters of the EMOIP distribution from complete samples. These classical
estimators include the percentiles estimators, maximum likelihood estimators,
least squares estimators, maximum product spacing estimators, and weighted
least-squares estimators. The likelihood estimators of the parameters under
type-I and type-II censoring schemes are discussed. Simulation results were con-
ducted, for various parameter combinations and different sample sizes, to compare
the performance of the EMOIP estimation methods under complete and censored
samples. Further, the mean square errors, asymptotic confidence interval, average
interval length, and coverage percentage are calculated under the two censored
schemes. The simulation results illustrate that the coverage probabilities of the
confidence intervals increase to the nominal levels when the sample size
increases. A real data set from the insurance field is analyzed for illustrative pur-
poses. The data represent monthly metrics on unemployment insurance from July
2008 to April 2013 and contain 21 variables and particularly we study the variable
number 11 in the data. The EMOIP model provides a better fit as compared with
the inverse-Pareto distribution under complete and censored schemes. We hope
that the EMOIP distribution will attract wider applications in the insurance field
which contains several heavy-tailed real data.
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1 Introduction

In statistical literature, many standard distributions are used when studying real data in different applied
fields, but the known standard distributions are limited comparing with various real data. There is increased
interest of finding new distributions by extending the existing ability of studying the unlimited range of the
real data. Marshall et al. [1] introduced an important method of adding an extra parameter to well-known
existing distributions, which gives more flexibility to model various types of data. The resulting
distribution includes the baseline distribution as a special case when the new added parameter equals one.
Their method is called the Marshall-Olkin (MO) family.

In this paper, the estimation of the extended Marshall-Olkin inverse-Pareto (EMOIP) parameters is
conducted using five classical estimators, including the maximum likelihood estimators (MLEs), least
squares estimators (LSEs), weighted least-squares estimators (WLSEs), percentiles estimators (PCEs), and
maximum product spacing estimators (MPSEs). The behavior of these estimators is addressed using
extensive simulation results for small and large samples. Furthermore, we address the estimation of the
EMOIP parameters under censoring schemes, including type I censoring and type Il censoring schemes.
We have also conducted a Monte Carlo simulation study to calculate the MLEs for the unknown
parameters under type I and type Il censoring schemes. Finally, we analyze real data from the insurance
field for illustrative purposes.

The EMOIP model was introduced by Gharib et al. [2] to model data with unimodal hazard rate function
(HRF). They derived some basic distributional properties, including the quantile function, ordinary
moments, incomplete moments, negative moments, moments of residual life and reversed residual life,
and order statistics.

Gharib et al. [2] extended the Inverse-Pareto (IP) distribution, as a baseline distribution, to obtain their
new distribution, which is called the Extended Marshall-Olkin Inverse-Pareto (EMOIP). The EMOIP model
is obtained by applying the MO transformation, which is defined by the following survival function (SF)

F(x;é):L@,—oo<x<oo75>0,5:1—5. (1)
1 —0G(x)
Or the cumulative distribution function (CDF)
o[1 — G(x)]
F(x;0)=1-— .
(x5;9) 5— (60— 1)G(x)

If G(x) is the IP SF, for § = 1, we obtain the baseline model, i.e., F(x) = G(x) or F(x) = G(x).

The MO family is one of the most common generators in the literature and has been used extensively to
extend several classical distributions as well as several other families of distributions. The most notable
recent works include the MO extended-Weibull [3], MO generalized Burr-XII [4], MO exponentiated
Burr-XII [5], MO additive-Weibull [6], Marshall-Olkin power Lomax [7], and MO power generalized-
Weibull [8] distributions, among many others, including the MO alpha-power family [9], MO Burr-R
class [10], and MO Burr-III family [11].

The two-parameter IP distribution [12, P. 707, Sec. A.2.3.2] is specified by the following CDF

G(x;a, p) = <xiﬁ>d,x>0, )

in which o and f are positive shape parameters.
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The probability density function (PDF) of the IP distribution has the
o—1

LM ,x > O

(B +x)

The CDF of the EMOIP distribution with three parameters, «, f and

glx;a, B) =

o ()
| — x+ﬁx x>0, 4,0>0,0 41,
F(x;o,p,0) = 5_(5_1)(x+ﬂ

(}Hx—ﬁ> i x>0:0,5,6>0,0=1.

in which a, f and ¢ are shape parameters.
The PDF of the EMOIP distribution reduces to

a1 —o—1
afox*~(x + B) — i x>0;0,$,0>0,8 # 1,

Sx52,,0) =9 15— (0= 1)(3) ]
afox*x+ ) if x>0;a,,6>0,0 #£ 1.

form

o for (x>0), is given as
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Clearly, for 6 = 1, we obtain the IP(x, ) distribution. Fig. 1 displays some shapes for the density and

hazard functions of the EMOIP distribution.
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Figure 1: (a) Some plots of the PDF of the EMOIP model; (b) Some plots of the HRF of the EMOIP model
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The HRF of the EMOIP model is given as

#(35)
(s, B, 5) = x+ b

w1 () Jf-o-0() |

The rest of the article is organized in four sections. Section 2 describes five classical estimation methods
for estimating the EMOIP parameters and examines the proposed estimators numerically via Monte Carlo
simulations. Section 3 discusses the estimation under censored samples as well as provides a detailed
simulation study. A real data set from the insurance science is analyzed in Section 4 for illustrative
purposes. Finally, Section 5 is devoted to the conclusion.

2 Estimation Under Complete Samples with Simulations

This section is devoted to estimating the parameters «, f and ¢ of the EMOIP distribution using five
estimators: MLEs, LSEs, WLSEs, PCEs, and MPSEs. These estimation methods were adopted in the
literature to estimate the unknown parameters of several distributions. For example, the alpha logarithmic
transformed Weibull [13], quasi xgamma-geometric [14], logarithmic transformed Weibull [15], Weibull
Marshall-Olkin Lindley [16], generalized Ramos—Louzada [17], Fréchet [18], heavy-tailed exponential
[19], and inverse weighted Lindley [20] distributions.

2.1 Maximum Likelihood Estimation

Let xi,...,x, be a random sample from the EMOIP model and let x(;) <x(5 < ... <x(, be the
associated order statistics. The log-likelihood function reduces to

L(2, B,6) = nin(a) +nin(B) +nin(d) + («— 1) Y " In(x) = (x+ 1)) " In(xi + )
* (6)
-2y " 1ln[5— 5_1)<x,+ﬁ> ]

The MLEs of the EMOIP parameters «, ff and 0 can be obtained by differentiating Eq. (6) and equating
the results to zero. The resulting equations are

( % X; 0
“ﬁé +§ In(x;) — E In(x; + B) ZZ {5 D ( +/3> <Xi+ﬂ)}
and

OL(a,B,0) n "1 x o\ B
26 _5_2;%[1_<x,~+ﬁ>]_0’

in which i, = 6 — (5 — 1)( )

X+
The MLEs of «,  and 4, say &, f and d can be obtained by solving the last three non-linear equations
simultaneously.
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2.2 Percentile Estimation

The percentiles estimation method is introduced by Kao et al. [21,22]. The PCEs of the parameters «, f§
and o of the EMOIP model can be determined by minimizing the following function:

1 -1y 2
V0 B\ ——%,— ) 1 (7)
Z':l v ( opi)
with respect to «, f and o. Further, the PCEs of «,  and 0 can be obtained by solving the following
equations:
1 -1
Zi:l (l)_ﬁ (T(z) _1 p[(X(i)|OC,ﬁ75):0,l:1,2,37
where

I op(i) ] opi) opi)
G- pp\E ]
— L)pu\”
a2, B, 6) = (—) L
0 o _
and

RI—=

,03(X(l-)|06, ﬁ? 5) = 5p() P0)

-2 1—u
_1] <1+(5— l)p@) TP — 1

5P(i)

2.3 Least Squares and Weighted Least Squares Estimation

The LSEs and WLSEs are adopted to estimate the beta parameters [23]. The LSEs of the parameters «, f§ and
o0 of the EMOIP distribution are obtained by minimizing the following function with respect to ,  and 0.

AN

= 5-(54)(}%)“ ol

These estimates can also be obtained by solving the following nonlinear equations:

() )
Zi:l 1_5_(5_1;)(1%1/}>a _nj—l )\k(x(i)|“7ﬁa5):07k:1,2a3u
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where

PP 0 el )t ) B s ),

, ©
(%)2
(e, . 3) = — 0 alx + B) T =0 [1 - (,%) 1} (6 — Doy + )" 10
(Vo)
and
(e o, ) = v (25) -1 o[- (%) - () ] | an

(o)

The WLSEs of the EMOIP parameters o, ff and 0 can be calculated by minimizing the following function
with respect to o,  and 0.

- o - 2
)
SRR IRCEET Y R G ) DI )
i=1 — i \ 2%
n—itl i o— (5 - 1) (X(,-)(ﬁ)LB) nt 1_
Further, the WLSEs are obtained by solving the following equations:
e[, A0-E)) )
Z. w 1 — ot o | T : Ak\(x(i)kxv[?’vs) :07k: 17273a
=l p—i41 §—(5—1)(=2 n—+1
i Xy +B i

in which A; (xy|ot, B, 9), Aa(xg)|ot, B, 6) and Az (x|, B, 0) are defined in Eqs. (9)—(11).

2.4 Maximum Product of Spacings Estimation

The maximum product of spacings (MPS) method is proposed by Cheng et al. [24,25] to estimate the
model parameters instead of the maximum likelihood.

The MPSEs of the EMOIP parameters o, f and J can be calculated by maximizing the following
function with respect to «, ff and .

1 n+1

Z th[(OC, ﬁa 5)7
i=1

n+1

where D;(a, 3,0) = F(x(,-)]oc,ﬁ, 5) —F(x(i_1)|o¢,ﬁ, 5),1’ =1,2,...,n

Alternatively, these estimates can be obtained by solving the following equations:

1 n+1 1
nt 1 ;Di(a7ﬁ, 5) [)\k(X(,-)|OC,ﬁ, 5) - )\k(x(i—l)’a7ﬁ7 5)] =0,k=1,2,3,

in which A (xy|ot, B, 9), Aa(xq)|ot, B, 6) and Az (x|, B, 0) are defined in Eqs. (9)—(11).
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2.5 Simulation Study

In this section, a Monte Carlo simulation study is conducted to compare the performance of the different
estimators of the unknown parameters of the EMOIP distribution. The numerical results are obtained using
the Mathcad program, version 14.0, to compare the performances of different estimators with respect to their
mean squared errors (MSEs). We generate 2000 samples of the EMOIP distribution for
n = (20,50,100,200), o = (1,2), f = (0.5,1.5) and 6 = (0.5,1.5).

The average values of estimates (AVEs) and MSEs of MLEs, LSEs, WLSEs, PCEs, and MPSEs are
displayed in Tabs. 1-4. From Tabs. 1-4, the MSEs decrease as sample size increases. Comparing the
different methods of estimation, the results show that the MLE produces the best results for estimating
the parameters o, f# and J, in terms of MSEs in most of the studied cases. The ordering performance of
the estimators in terms of MSEs (from best to worst) for o is MLE, MPSE, LSE, WLSE, and PCE. The
ordering performance for § is MLE, WLSE, LSE, MPSE, and PCE, whereas the ordering performance is
MLE, LSE, WLSE, MPSE, and MLE for the parameter 0.

Table 1: The AVEs and their corresponding MSEs (in parentheses) for n = 20.

Parameters MLEs PCEs LSEs WLSEs MPSEs

o=1 1.163(0.208) 1.025(1.478) 1.090(0.523) 1.109(0.544) 1.110(0.905)
p=0.5 0.569(0.218) 0.456(1.354) 0.568(0.156) 0.676(0.433) 0.585(0.130)
60=0.5 0.559(0.097) 0.472(0.668) 0.659(0.130) 0.600(0.097) 0.606(0.272)
o =1 1.181(0.292) 1.008(1.123) 0.961(0.574) 0.939(1.096) 1.091(0.591)
p=05 0.659(0.575) 0.453(1.478) 0.509(0.193) 0.511(0.362) 0.657(0.172)
0=1.5 1.675(0.519) 1.581(3.444) 1.530(1.260) 1.506(1.740) 1.542(1.059)
o=1 1.204(0.267) 1.192(1.718) 1.033(0.348) 1.041(0.655) 1.063(0.286)
p=15 1.503(0.552) 1.406(13.36) 1.544(0.993) 1.563(1.987) 1.529(0.520)
60=0.5 0.502(0.040) 0.428(0.487) 0.566(0.089) 0.560(0.132) 0.566(0.109)
o=1 1.296(0.627) 1.206(1.547) 1.111(1.506) 1.079(1.973) 1.203(0.951)
p=15 1.588(0.487) 1.552(18.16) 1.436(1.578) 1.414(2.735) 1.528(0.633)
0=1.5 1.372(0.349) 1.450(3.840) 1.452(1.065) 1.408(1.492) 1.402(0.420)
o0 =2 2.112(0.495) 2.042(3.308) 1.968(0.704) 1.988(1.197) 2.081(1.060)
p=0.5 0.646(0.085) 0.478(1.379) 0.666(0.105) 0.649(0.246) 0.643(0.514)
0=0.5 0.486(0.095) 0.611(1.266) 0.515(0.074) 0.632(0.218) 0.528(0.130)
o0 =2 2.052(0.968) 1.949(3.226) 2.112(5.297) 2.164(7.897) 2.001(1.412)
p=0.5 0.637(0.080) 0.457(0.905) 0.510(0.284) 0.468(0.496) 0.679(0.204)
0=1.5 1.619(0.640) 1.474(3.579) 1.491(1.314) 1.495(2.322) 1.596(1.179)
o= 2.180(0.817) 2.037(3.581) 1.969(2.514) 1.999(2.523) 2.270(1.583)
p=15 1.512(0.315) 1.536(17.82) 1.495(1.356) 1.523(2.049) 1.580(0.527)
60=0.5 0.651(0.184) 0.554(0.999) 0.497(0.126) 0.566(0.189) 0.577(0.141)
o= 2.180(0.915) 2.088(3.536) 2.013(5.447) 2.007(6.926) 2.321(3.765)
p=15 1.600(0.249) 1.406(5.538) 1.514(2.636) 1.483(5.399) 1.594(0.952)
0=1.5 1.698(0.641) 1.421(3.425) 1.457(1.467) 1.552(2.409) 1.599(1.033)
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Table 2: The AVEs and their corresponding MSEs (in parentheses) for n = 50.

Parameters MLEs PCEs LSEs WLSEs MPSEs
a=1 1.065(0.068) 1.106(1.173) 1.016(0.094) 1.052(0.145) 0.983(0.069)
p=0.5 0.471(0.064) 0.674(3.661) 0.547(0.046) 0.516(0.048) 0.482(0.057)
0=20.5 0.580(0.026) 0.627(0.776) 0.536(0.030) 0.565(0.043) 0.652(0.155)
a=1 1.087(0.122) 0.965(0.831) 1.097(0.216) 1.084(0.446) 1.002(0.156)
p=0.5 0.591(0.170) 0.476(1.248) 0.485(0.039) 0.490(0.078) 0.609(0.061)
o0=1.5 1.499(0.124) 1.644(2.639) 1.459(0.313) 1.434(0.648) 1.461(0.338)
a=1 1.068(0.078) 1.190(1.431) 1.074(0.150) 1.036(0.245) 0.992(0.066)
p=15 1.501(0.217) 1.498(18.07) 1.510(0.252) 1.520(0.556) 1.523(0.202)
0=20.5 0.522(0.022) 0.516(0.648) 0.529(0.024) 0.509(0.038) 0.556(0.046)
a=1 1.063(0.133) 0.973(0.856) 1.138(0.336) 1.138(0.464) 1.009(0.518)
p=15 1.529(0.225) 1.343(14.45) 1.587(0.362) 1.340(0.519) 1.464(0.379)
o0=1.5 1.570(0.172) 1.634(2.694) 1.558(0.250) 1.462(0.604) 1.405(0.304)
=2 2.025(0.201) 2.065(3.141) 2.024(0.258) 1.988(0.487) 1.981(0.376)
p=0.5 0.554(0.025) 0.472(0.986) 0.525(0.013) 0.544(0.021) 0.567(0.056)
0=20.5 0.517(0.046) 0.417(0.409) 0.507(0.027) 0.572(0.069) 0.541(0.061)
=2 1.989(0.504) 2.103(2.722) 2.061(1.646) 1.991(2.171) 1.913(0.626)
p=0.5 0.585(0.031) 0.521(1.202) 0.492(0.064) 0.502(0.127) 0.608(0.073)
o0=1.5 1.551(0.290) 1.513(2.363) 1.534(0.524) 1.498(0.801) 1.556(0.484)
=2 1.982(0.425) 2.008(2.700) 2.030(0.795) 2.001(0.999) 2.114(0.551)
p=15 1.500(0.163) 1.528(13.24) 1.478(0.355) 1.509(0.453) 1.532(0.384)
0=20.5 0.650(0.136) 0.516(0.504) 0.499(0.038) 0.477(0.060) 0.551(0.062)
a=2 1.929(0.365) 2.026(2.920) 1.975(1.692) 1.908(2.021) 2.089(1.115)
p=15 1.670(0.188) 1.463(7.981) 1.484(0.701) 1.541(1.101) 1.675(0.486)
0=1.5 1.643(0.211) 1.500(2.587) 1.467(0.549) 1.451(0.821) 1.630(0.412)
Table 3: The AVEs and their corresponding MSEs (in parentheses) for n = 100.
Parameters MLEs PCEs LSEs WLSEs MPSEs
a=1 1.017(0.030) 0.945(0.833) 1.000(0.044) 1.013(0.064) 0.973(0.028)
p=0.5 0.529(0.043) 0.516(2.438) 0.529(0.025) 0.514(0.029) 0.564(0.024)
0=20.5 0.515(0.007) 0.630(0.574) 0.527(0.018) 0.546(0.023) 0.496(0.022)
a=1 1.045(0.056) 1.072(0.766) 0.989(0.075) 1.042(0.146) 0.986(0.059)
=0.5 0.541(0.056) 0.436(1.145) 0.494(0.016) 0.476(0.025) 0.586(0.031)
0=1.5 1.488(0.039) 1.509(1.637) 1.499(0.148) 1.513(0.236) 1.426(0.178)
a=1 1.026(0.031) 1.015(0.819) 1.061(0.093) 1.037(0.103) 0.983(0.031)
p=1.5 1.514(0.119) 1.521(20.12) 1.485(0.132) 1.493(0.157) 1.513(0.131)
=0.5 0.514(0.013) 0.705(0.644) 0.506(0.010) 0.515(0.015) 0.539(0.021)
o= 1.033(0.052) 1.033(0.718) 1.066(0.145) 1.045(0.125) 0.955(0.092)
p=1. 1.566(0.144) 1.409(10.92) 1.511(0.157) 1.539(0.189) 1.504(0.262)
0=1.5 1.511(0.122) 1.549(1.696) 1.569(0.133) 1.505(0.162) 1.477(0.212)

(Continued)
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Table 3 (continued).

Parameters MLEs PCEs LSEs WLSEs MPSEs

o0=2 2.034(0.120) 2.040(2.983) 1.998(0.102) 2.030(0.263) 1.976(0.205)
p=0.5 0.517(0.013) 0.452(0.903) 0.493(0.003) 0.517(0.008) 0.538(0.136)
0=0.5 0.518(0.023) 0.438(0.377) 0.504(0.009) 0.519(0.027) 0.528(0.040)
o=2 1.912(0.335) 2.004(2.150) 2.085(0.856) 2.005(0.958) 1.942(0.659)
p=05 0.575(0.017) 0.505(1.008) 0.486(0.028) 0.484(0.033) 0.520(0.089)
0=1.5 1.561(0.213) 1.411(1.479) 1.476(0.272) 1.487(0.490) 1.453(0.295)
o=2 2.027(0.137) 1.908(2.318) 1.995(0.376) 1.999(0.485) 2.047(0.300)
p=15 1.506(0.090) 1.498(8.811) 1.490(0.178) 1.516(0.185) 1.511(0.435)
0=0.5 0.535(0.021) 0.500(0.382) 0.511(0.020) 0.506(0.032) 0.561(0.039)
o0=2 1.991(0.122) 2.043(2.119) 2.010(0.840) 2.040(0.842) 2.033(0.410)
p=15 1.543(0.139) 1.478(10.07) 1.508(0.298) 1.549(0.261) 1.613(0.332)
0=1.5 1.595(0.080) 1.492(1.586) 1.427(0.295) 1.492(0.416) 1.568(0.244)

Table 4: The AVEs and their corresponding MSEs (in parentheses) for n = 200.

Parameters MLEs PCEs LSEs WLSEs MPSEs

o=1 1.011(0.014) 0.969(0.736) 1.005(0.020) 1.012(0.027) 0.988(0.014)
p=0.5 0.507(0.018) 0.460(2.412) 0.503(0.014) 0.504(0.015) 0.497(0.011)
0=0.5 0.513(0.003) 0.502(0.262) 0.528(0.013) 0.525(0.014) 0.537(0.017)
o=1 1.018(0.025) 1.014(0.463) 1.008(0.029) 1.079(0.078) 0.984(0.029)
p=0.5 0.516(0.024) 0.427(1.141) 0.485(0.007) 0.486(0.009) 0.537(0.014)
0=1.5 1.525(0.020) 1.503(1.046) 1.491(0.066) 1.491(0.070) 1.512(0.140)
o =1 1.012(0.014) 0.916(0.657) 1.022(0.035) 1.019(0.038) 0.988(0.013)
p=15 1.500(0.088) 1.644(23.18) 1.508(0.060) 1.507(0.064) 1.496(0.093)
60=0.5 0.517(0.011) 0.550(0.297) 0.500(0.004) 0.506(0.005) 0.529(0.014)
o=1 1.020(0.025) 0.980(0.546) 1.053(0.073) 1.034(0.063) 0.939(0.071)
p=15 1.554(0.108) 1.445(14.26) 1.501(0.082) 1.485(0.078) 1.505(0.315)
0=1.5 1.508(0.109) 1.454(1.167) 1.503(0.060) 1.511(0.067) 1.493(0.439)
o0 =2 1.982(0.071) 2.066(2.310) 1.995(0.068) 2.010(0.146) 1.994(0.249)
p=0.5 0.532(0.013) 0.505(0.905) 0.505(0.002) 0.518(0.004) 0.536(0.358)
60=0.5 0.507(0.014) 0.445(0.232) 0.496(0.005) 0.503(0.015) 0.548(0.052)
o =2 1.955(0.117) 2.022(1.482) 2.093(0.324) 2.060(0.518) 1.917(0.824)
p=05 0.537(0.004) 0.524(1.398) 0.508(0.006) 0.484(0.013) 0.482(0.046)
0=1.5 1.485(0.045) 1.502(1.135) 1.514(0.124) 1.503(0.256) 1.507(0.315)
o= 1.990(0.065) 1.976(1.841) 2.006(0.166) 2.002(0.188) 2.034(0.115)
p=15 1.516(0.086) 1.512(7.806) 1.494(0.080) 1.509(0.064) 1.494(0.219)
6=0.5 0.532(0.011) 0.559(0.301) 0.505(0.009) 0.506(0.013) 0.543(0.023)
o= 2.009(0.056) 2.030(1.501) 2.046(0.436) 2.095(0.451) 2.001(0.217)
p=15 1.529(0.141) 1.495(9.500) 1.507(0.126) 1.539(0.081) 1.601(0.337)
0=1.5 1.562(0.040) 1.526(1.158) 1.443(0.145) 1.501(0.196) 1.548(0.157)
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3 Estimation Under Censored Samples

In this section, we address the MLEs of the EMOIP parameters under type-I and type-II censored
samples. We derive the approximate confidence intervals of the unknown parameters from the Fisher
information matrix under type-I and type-II censored samples. Finally, we perform a simulation study to
explore the behavior of the estimates. Several authors have been studied the estimation of the model
parameters under different censoring schemas, such as Tomazella et al. [26] and Alshenawy et al. [27].

3.1 Maximum Likelihood under Type-I Censored Sample

In censoring of type-I, the unit i is followed for a fixeg time xo0;, i = 1,2,...,n, and the number of
failures in the sample is random, say s units, where s = ) _ d;, and d; is the death indicator, taking the
value 1 if unit i dies and the value is 0 otherwise. Hence, the! likelihood function L takes the form

L= fo,f x) '

in which
d = 1 if x; = xo;,
"7 10 otherwise.

Therefore,
InL = Xn:di Inf () + > (1= di) InS(x).
i=1 i=1
Suppose that the fixed observation times for all units are equal to xo, then
InL = id,-lnf(xi) + (n—s)InS(xo0),s = idi,xi < xo.
i=1 i=1

If X ~ EMOIP(q, f3,0), then In L for sample j(j = 1,2,..,N), N = 1000 is:

O R PN K L1 =)

S e e ()

The MLEs of o, f and J under type-I censored sample are the solutions of the following three
equations.

a1 n (6-1)(25) (2
" > - In = In(ry + ) +2 5 (ES *’2 (xfli(ﬁ):ﬁ)

xo; \* X0, X0, x0
) (xo,-iﬂ) In (xo,-#j»/?) (xo iﬁ) (xo,iﬂ)
)

I e |

(13)
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BlnLi n ) l_ o+ 1 B o‘(é_l)(x::iﬂ)
B ;du B xij+ B 25— (6 — 1)<xiji/3)a(xi,j+ﬁ)
) ()
+(n—s) [1 - (x;i/f) ] (x0, + f) [5 —(o— 1)(@%) ] (x0; + B)

and

1 _ ( XOj )O(
xo;+f

o5 3 5 5_@_1)(%/_)& +(n—s) 5_5_(5_1)()@)«

xij+p xo;+f

olnL zn:d;/ 1 ) [1 - (xji/}) a]

A I;)Bydsglving the following equations simultaneously aé—“of =0, aé%L =0, aggL = 0, we obtain the MLEs
a, p and 9.

3.2 Maximum Likelihood under Type-II Censored Sample

Letxy,...,x, be a random sample of size n from the EMOIP model and xy.,.,,, . . ., X,-,-, be the censored
data. It is known that we observe only the first » order statistics in the type-II censoring scheme; hence, the
likelihood function, L, takes the form

L= Cﬁf(xi:r:n)[l - F(xr:r:n)]nir-
i=1

For simplicity of notation, we use x; = Xj,.,, i = 1,2,...,7 and x, is the time of the rth failure. Then,
log-likelihood function, without the constant term, follows as
[t — (=)
R ()]
Xi (xl + ﬂ) I") ln r+ﬂ

{5—@—1)(5%)12 - 0-1)()

The MLEs of o, and 0 are the solution of the following three equations, which are the partial
derivatives of Eq. (14) with respect to «, § and J.

+ (n— 14)

InL = rlog(affd) + Z In
i=1

BlnL_r
oo o

r (0—1) (;Jiﬁ)a In <xfﬁ[3)
; o= (0—1) (ﬁ/ﬁ)z
—(n—r) Qrﬁﬁ)m in <X’ﬁ/3) + (0-1) ()@ﬁﬁ)x In (x:i[ﬁ’)

1= () e-0-n(z) |

+ (o — l)ilnxi—(oc—i-l)zr:ln(x,-—l—ﬁ) —2
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OlnL _r ) N “412) 4\ a(é_l)(xﬁﬂy
" (x; + g~ ;(X,—i—ﬂ) +2 2;5—(5—1)<X,’iﬁ)a(xi+ﬁ)
S (. ) M. Lk )}
() ]ern [-o-0(z) e+ p
and
alanf_z L 1—(51/1)1 (n—1) 1 1_(xf+’ﬁ)a
%0 T 5-1(y) O o--1(2)

The above three equations cannot be solved explicitly, so the numerical techniques can be employed to
obtain the MLEs of the parameters, i.e., &, 5 and 9.

3.3 Simulation Results

In this section, we conduct a simulation study to explore the performance of the MLEs of the EMOIP
parameters in terms of their MSEs, asymptotic confidence interval (ACI), average interval length (AIL), and
coverage percentage (CP) under type-I and type-II censored samples. We consider the values 20, 50, 100 and
200 for n and g = 30%, 60%, 90%, 100% (for type-I censoring) and » = 30%, 60%, 90%, 100% (for type-II
censoring). For illustrative purposes and to keep the paper at adequate length, we chose only one
combination of the parameters, « = 2, § = 0.05,0 = 2.

All simulation results are carried out using the R software, where we generate n = 20, 50, 100, 200
values from the EMOIP distribution with parameters o, § and J using its quntile function and replicate
the process N = 10,000 times to calculate the AVEs, MSEs, ACI, AIL, and CP.

The simulation results, including the AVEs, MSEs, ACI, AIL, and CP, are displayed in Tabs. 5—12. From
Tabs. 5—12, we observe that the MSEs decrease as the sample size increases in all the cases under type-I and
type-1I censored samples. Furthermore, the AVEs tend to the true parameter values as # increases. In addition,
in the case of type-I and type-1I censored samples, the MSEs decrease in all the cases, and the estimates tend
to the true parameter values as the number of failures ¢ and r increase, respectively.

Table 5: The AVEs, MSEs, ACI, AlLs and CPs of the EMOIP distribution under type-I censoring with ¢ = 30%

n Par. oa=2,p=0.05, 0=2
AVEs MSEs ACI AIL CP
20 o 3.0100 4.1150 (0.6804, 7.0529) 6.3725 94.44
p 0.2463 1.6196 (0.0049, 2.7721) 2.7672 97.39
0 1.8714 3.3567 (0.0099, 5.8824) 5.8725 95.95
50 o 2.2978 1.1820 (0.8544, 4.9200) 4.0656 94.64
p 0.1044 0.1200 (0.0056, 0.7355) 0.7299 97.68
0 1.9915 2.6562 (0.0153, 5.2685) 5.2532 97.02

(Continued)
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Table 5 (continued).
n Par. a=2,=0.05,0=2
AVEs MSEs ACI AIL Cp
100 o 2.0596 0.4955 (1.0818, 3.6803) 2.5985 95.87
p 0.0790 0.0360 (0.0064, 0.5862) 0.5798 97.78
0 1.9947 2.1124 (0.0199, 4.6481) 4.6281 97.59
200 o 1.9404 0.2449 (1.2357, 3.0412) 1.8055 96.22
p 0.0632 0.0191 (0.0071, 0.4818) 0.4746 97.84
0 1.9023 1.7166 (0.0279, 4.0166) 3.9887 98.58

Table 6: MLE estimated, interval estimates, MSEs, AlLs and CPs (in %) of EMOIP distribution under type-

I censoring with ¢ = 60%

n Par. «=2,=0.0506=2
AVEs MSEs ACI AIL CP
20 o 2.6700 2.8860 (0.7820, 6.6440) 5.8620 94.59
p 0.1825 0.4359 (0.0049, 1.4160) 1.4111 94.55
0 1.9886 2.9438 (0.0107, 5.4330) 5.4223 96.86
50 o 2.2599 1.1335 (0.9157, 4.8435) 3.9278 94.72
p 0.1205 0.1179 (0.0056, 1.0435) 1.0379 95.38
0 1.9884 2.2890 (0.0147, 4.8250) 4.8103 97.36
100 o 2.0229 0.4666 (1.1400, 3.63006) 2.4905 95.71
p 0.0824 0.0467 (0.0062, 0.8047) 0.7985 96.73
0 1.9867 1.8273 (0.0228, 4.3354) 4.3126 98.04
200 o 1.9241 0.2387 (1.2205, 2.9777) 1.7572 96.29
p 0.0571 0.0231 (0.0069, 0.5676) 0.5606 96.83
0 1.9303 1.4338 (0.0432, 3.7647) 3.7214 98.90

Table 7: MLE estimated, interval estimates, MSEs, AlLs and CPs (in %) of EMOIP distribution under type-

I censoring with ¢ = 90%

n Par. «=2,=0.0506=2
AVEs MSEs ACI AIL CP
20 o 2.8432 3.8099 (0.7596, 7.2906) 6.5311 94.73
p 0.2477 1.1857 (0.0047, 1.9586) 1.9539 94.00
0 1.9148 3.0260 (0.0070, 5.5759) 5.5689 96.36

(Continued)
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Table 7 (continued).

n Par. a=2,=0.050=2
AVEs MSEs ACI AIL Cp
50 o 2.2547 1.1372 (0.9276, 4.8247) 3.8971 94.83
p 0.1417 0.1848 (0.0055, 1.4227) 1.4172 94.39
0 1.9922 2.1969 (0.0123, 4.7968) 4.7845 97.23
100 o 2.0191 0.4678 (1.1482, 3.6250) 2.4768 95.67
p 0.0974 0.0819 (0.0062, 1.0689) 1.0627 94.54
0 1.9892 1.7853 (0.0204, 4.2861) 4.2657 98.08
200 o 1.9236 0.2414 (1.2005, 2.9809) 1.7803 96.31
p 0.0616 0.0336 (0.0069, 0.6479) 0.6409 95.73
0 1.9369 1.4010 (0.0421, 3.7298) 3.6877 98.85

Table 8: MLE estimated, interval estimates, MSEs, AILs and CPs (in %) of EMOIP distribution under type-
I censoring with ¢ = 100%

n Par. «=2,=0.050=2
Avg MSE Asy CI AIL CP
20 o 2.8440 3.8410 (0.7600, 7.3560) 6.5960 94.74
I 0.2480 1.1734 (0.0046, 2.0005) 1.9959 94.08
0 1.9061 2.9982 (0.0068, 5.5745) 5.5677 96.28
50 o 2.2567 1.1383 (0.9306, 4.8251) 3.8945 94.82
B 0.1505 0.2371 (0.0055, 1.5395) 1.5340 94.94
0 1.9963 2.2081 (0.0114, 4.7904) 4.7790 97.29
100 o 2.0179 0.4663 (1.1472, 3.6458) 2.4986 95.59
p 0.1020 0.0944 (0.0062, 1.1356) 1.1294 95.70
0 1.9868 1.7805 (0.0188, 4.2731) 4.2543 98.05
200 o 1.9237 0.2412 (1.1988, 2.9869) 1.7881 96.24
p 0.0644 0.0397 (0.0069, 0.6917) 0.6848 95.93
0 1.9371 1.4008 (0.0411, 3.7248) 3.6837 98.85

The results show that the MLEs of the EMOIP parameters under type-I and type-II schemes are
asymptotically unbiased and consistent. As expected, the performance of the estimates under complete
samples is better than those under type-I and type-Il censored samples in terms of the MSEs.
Furthermore, the AIL decreases as n increases under the complete and censored schemes in all the
studied cases. The AIL in the case of complete samples are smaller than censored samples under type-I
and type-IL
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Table 9: MLE estimated, interval estimates, MSEs, AlLs and CPs (in %) of EMOIP distribution under type-

IT censoring with » = 30%

n r Par. «=2,=0.056=2
AVEs MSEs ACI AIL CP
20 6 o - - - - -
B _ _ _ _ _
5 _ _ _ _ _
50 15 o 2.3156 1.1740 (0.9078, 4.8869) 3.9791 94.85
p 0.1242 0.0902 (0.0057, 0.8099) 0.8042 92.80
0 1.6732 2.8923 (0.0121, 4.7442) 4.7321 96.92
100 30 o 2.0502 0.4827 (1.1301, 3.6814) 2.5513 95.50
p 0.1011 0.0417 (0.0066, 0.6317) 0.6251 93.77
0 1.7545 2.3871 (0.0169, 4.3906) 4.3737 97.61
200 60 o 1.9358 0.2524 (1.2441, 3.0681) 1.8240 95.94
p 0.0772 0.0249 (0.0072, 0.5066) 0.4994 94.51
0 1.7605 1.9302 (0.0246, 3.8966) 3.8719 98.67

Table 10: MLE estimated, interval estimates, MSEs,

type-II censoring with » = 60%

AlLs and CPs (in %) of EMOIP distribution under

n r Par. «=2,=0.056=2
AVEs MSEs ACI AIL CP
20 12 o 2.8281 3.5921 (0.7649, 7.1116) 6.3467 94.34
p 0.1957 0.5230 (0.0048, 1.4233) 1.4185 93.95
0 1.8058 3.1219 (0.0079, 5.4631) 5.4551 96.32
50 30 o 2.2477 1.1111 (0.9331, 4.8277) 3.8946 94.74
p 0.1430 0.1339 (0.0055, 1.1069) 1.1014 94.98
0 1.9132 2.4029 (0.0129, 4.7335) 4.7206 97.46
100 60 o 2.0115 0.4656 (1.1482, 3.6038) 2.4556 95.57
p 0.0988 0.0583 (0.0063, 0.8366) 0.8303 95.17
0 1.9227 1.9465 (0.0195, 4.2839) 4.2644 98.15
200 120 o 1.9192 0.2417 (1.2156, 2.9851) 1.7695 96.18
p 0.0649 0.0269 (0.0070, 0.5969) 0.5899 96.17
0 1.8875 1.5137 (0.0373, 3.7293) 3.6920 98.87
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Table 11: MLE estimated, interval estimates, MSEs, AILs and CPs (in %) of EMOIP distribution under
type-II censoring with » = 90%

n r Par. o= 2, = 0.05, 6=2
AVEs MSEs ACI AIL Cp
20 18 o 2.8391 3.8100 (0.7566, 7.3584) 6.6018 94.73
p 0.2413 1.0568 (0.0047, 1.8411) 1.8364 94.32
0 1.9022 3.0562 (0.0072, 5.5011) 5.4939 96.34
50 45 o 2.2526 1.1356 (0.9291, 4.8266) 3.8975 94.91
p 0.1503 0.2081 (0.0055, 1.4383) 1.4328 94.82
0 1.9902 2.2318 (0.0120, 4.8070) 4.7950 97.18
100 90 o 2.0163 0.4632 (1.1478, 3.6146) 2.4668 95.67
p 0.1008 0.0914 (0.0062, 1.0643) 1.0581 95.31
0 1.9873 1.7925 (0.0194, 4.2929) 42735 98.11
200 180 o 1.9220 0.2403 (1.2008, 2.9647) 1.7640 96.29
p 0.0628 0.0346 (0.0070, 0.6931) 0.6861 96.57
0 1.9345 1.4069 (0.0398, 3.7310) 3.6912 98.83

Table 12: MLE estimated, interval estimates, MSEs, AILs and CPs (in %) of EMOIP distribution under
type-II censoring with » = 100%

n r Par. x=2,=0.056=2
AVEs MSEs ACI AIL CP
20 20 o 2.8440 3.8410 (0.7600, 7.3560) 6.5960 94.74
p 0.2480 1.1734 (0.0046, 2.0005) 1.9959 94.08
0 1.9061 2.9982 (0.0068, 5.5745) 5.5677 96.28
50 50 o 2.2567 1.1383 (0.9306, 4.8251) 3.8945 94.82
p 0.1505 0.2371 (0.0055, 1.5395) 1.5340 94.94
0 1.9963 2.2081 (0.0114, 4.7904) 4.7790 97.29
100 100 o 2.0179 0.4663 (1.1472, 3.6458) 2.4986 95.59
p 0.1020 0.0944 (0.0062, 1.1356) 1.1294 95.70
0 1.9868 1.7805 (0.0188, 4.2731) 4.2543 98.05
200 200 o 1.9237 0.2412 (1.1988, 2.9869) 1.7881 96.24
p 0.0644 0.0397 (0.0069, 0.6917) 0.6848 95.93
0 1.9371 1.4008 (0.0411, 3.7248) 3.6837 98.85
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4 Real Data Analysis

In this section, we analyze a real data set for illustrative purpose. The following data set represents
monthly metrics on unemployment insurance from July 2008 to April 2013 as reported by the department
of Labor, Licensing and Regulation, State of Maryland, USA. The data set contains 21-variable and here
we consider the variable number 11 in the data file which is available at: https://catalog.data.gov/dataset/
unemployment-insurance-data-july-2008-to-april-2013. The data contain 58 observations: 29, 32, 33, 36,
39, 41, 44, 50, 50, 50, 52, 52, 52, 52, 53, 54, 56, 57, 57, 57, 58, 59, 60, 60, 60, 61, 61, 61, 63, 64, 64,
64, 65, 66, 66, 68, 68, 69, 69, 70, 72, 73, 74, 75, 80, 80, 80, 83, 90, 90, 95, 100, 109, 114, 133, 137,
170, 222. The EMOIP parameters are estimated using the maximum likelihood (ML) method under the
following schemes for type-I and type-II censoring as follows:

Scheme Type-I Censoring Type-II Censoring
Fraction of censoring (n,t) Fraction of censoring (n,r)
I q=30% (58, 57) r=30% (58, 18)
I q = 60% (58, 66.4) r=60% (58, 35)
il q =90% (58, 102.7) r=90% (58, 53)
Complete g = 100% n=r=>58 r=100% n=r=>58

These methods will be compared using the Akaike’s information criterion (AIC), (BIC) Bayesian
information criterion (BIC), and Negative log-likelihood criterion (NLC). The EMOIP and IP
distributions are fitted to the given data set under the considered schemes.

The ML estimates of the parameters of the EMOIP and IP distributions along with their standard errors
(SEs), AIC, BIC, and NLC were reported in Tabs. 13 and 14 for type-I and type-II censoring schemes,
respectively. It is shown that the EMOIP provides a closer fit under the two types of censoring for all
considered setups than the IP model.

Table 13: ML estimates, SEs, AIC, BIC and NLC of the EMOIP and IP distributions under type-I censored
insurance data

Scheme Model g B 5 AIC BIC NLC
I EMOIP  21.7401 15.7283 0.0102 213.166  216.153  103.583
(2.2631) (2.3214)  (0.0134)
P 45.2062 1.8753 228.199  230.190  12.099
(98.8464)  (4.1832)
1I EMOIP  22.6840 17.4891 0.0040 333.760  338.426  163.880
(1.9381) (1.8671)  (0.0043)
P 42.7601 1.6610 377.512  380.622  186.756
(63.3673)  (2.5023)
I EMOIP  34.7061 11.2465 0.0033 476.846 482700  235.423
(0.5601) (1.4360)  (0.0026)
IP 45.3645 1.3538 548.188  552.090  272.094
(24.9061)  (0.7526)
Complete ~ EMOIP  41.2813 9.0897 0.0038 526.502  532.631  260.251
(0.2981) (1.1712)  (0.0028)
P 42.9429 1.4453 602.601  606.687  299.300

(65.8576)  (2.2455)
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Table 14: ML estimates, SEs, AIC, BIC and NLC of the EMOIP and IP distributions under type-II censored
insurance data

Scheme Model 4 B ) AIC BIC NLC
I EMOIP  31.0400 8.9209 0.0253 198515  201.186  96.257
(0.7518) (2.1709)  (0.0309)
P 41.7591 2.1110 208.674 210455  102.337
(104.432)  (5.3981)
1l EMOIP  30.0781 13.6080  0.0027 332935  337.601  163.467
(1.1537) (1.9983)  (0.0030)
P 42.4001 1.6742 377365 380476  186.682
(62.4592)  (2.5063)
I EMOIP  44.697 8.3233 0.0039 486395 492306  240.197
(0.2366) (1.1077)  (0.0029)
IP 41.7660 1.4781 558778  562.719  277.389
(27.1222)  (0.9721)
Complete  EMOIP  30.8834 12.9921 0.0031 535.684  541.865  264.842
(0.7562) (1.4714)  (0.0023)
P 44.0252 1.4049 613.669  617.790  304.834

(63.3585)  (2.0477)

5 Concluding Remarks

In this paper, the Extended Marshall-Olkin Inverse Pareto (EMOIP) parameters are estimated using five
classical estimation methods from complete samples, including the maximum likelihood, percentiles, least
squares, maximum product spacings, and weighted least-squares. Furthermore, the EMOIP parameters are
also estimated using the maximum likelihood estimation under type-I and type-II censored samples.
Monte Carlo simulations are conducted to compare and explore the performance of the different
estimators of the EMOIP parameters under complete and censored samples. Based on our study, the
maximum likelihood is the best performing method in terms of its mean squared errors. We conduct
another Monte Carlo simulation study to calculate the maximum likelihood estimators for the model
parameters under type-I and type-II censoring schemes. Finally, we analyze a real data set to validate our
results.

Availability of Data and Materials: The data sets used in this paper are provided within the main body of
the manuscript.
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