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ABSTRACT

Heat transfer in an Eyring-Powell fluid that conducts electricity and flows past an exponentially growing sheet is
considered. As the sheet is stretched in the x direction, the flow develops in the region with y > 0. The problem is
tackled through a set of partial differential equations accounting for Magnetohydrodynamics (MHD), radiation
and Joule heating effects, which are converted into a set of equivalent ordinary differential equations through a
similarity transformation. The converted problem is solved in MATLAB in the framework a fourth order accurate
integration scheme. It is found that the thermal relaxation period is inversely proportional to the thickness of the
thermal boundary layer, whereas the Eckert-number displays the opposite trend. As this characteristic number
grows, the temperature within the channel increases.
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Nomenclature
u; v; w Velocity components, m=s
k Ratio of expansion rates
Uw Stretching velocity, m=s
K; � Dimensionless Powell Eyring fluid parameters
U1 Velocity of external flow, m=s
Pr Prandtl number
L Characteristic length, m
Cf Skin friction coefficient
Tw Surface temperature, K
Nu Local Nusselt number
T1 Ambient temperature, K
sw Wall shear stress

s Stress tensor,
N

m2

qw Surface heat flux
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m Kinematic viscosity,
m2

s
Re; Rex Local Reynolds numbers
l Dynamic viscosity, Kg=m:s
B Magnitude of magnetic field vector, Kg=s2:A
q Density of the fluid, Kg=m3

qrad Radiative heat flux
b Powell-Eyring material parameter, Pa�1

K� Mean absorption coefficient, m�1

C Powell-Eyring material parameter, s�1

r� Stefan Boltzmann constant,
W

m2
:K4

Cp Specific heat, J=Kg:K
c� Dimensionless thermal relaxation time
T Temperature of the/fluid, K
dt Thermal relaxation time
k Thermal conductivity of the fluid, W=m:K
Ec Eckert number
Rd Radiation parameter
M Magnetic parameter

1 Introduction

Eyring-Powell fluids are a significant type of non-Newtonian fluid. Additionally, these fluids are
classified as differential types, integral models, and shear rate models. The Eyring-Powell fluid has a
particular advantage over the power-law model because it is based on liquid kinetic theory. For low and
high shear rates, this fluid’s Newtonian behaviour decreases. These fluids are extremely valuable since
they can be used in a variety of engineering, manufacturing, and industrial applications, including pulp,
plasma, and other biological technology. Additionally, these fluids play a critical role in fermentation,
boiling, bubble formation, column processing, and the processing of plastic foam, with substances such
as mud, colours, toothpaste, blood, corn starch, custard, and honey serving as insignificant examples of
non-Newtonian fluids [1].

Recent technological and engineering advancements have resulted in the development of a diverse range
of non-Newtonian fluids with a number of major differences from viscous fluids. Ziegenhagen [2] explored
the slow flow of a Powell-Eying type fluid and used variational techniques to obtain results. He studied the
behaviour of Oldroyd and Powell Eyring fluids and discovered that both fluids behave identically in
situations involving extremely slow fluid flow. Sirohi et al. [3] studied it by observing the flow of Powell-
Eyring fluid around the accelerating plate. They compared three distinct techniques. Yoon et al. [4]
pioneered the concept of a stretched sheet by providing a precise solution to the resulting differential
system. Recent academics have investigated this topic from a variety of perspectives [5–13]. Bahia et al.
[14] investigated the Powell-Eyring fluid flow and heat transport past a stretched sheet exponentially.
They discovered that increasing the velocity ratio parameter results in a thinned boundary layer. Malik
et al. [15] examined the Powell-Eyring fluid flow and heat transport with varying viscosity over a
stretching cylinder by examining the steady condition. They concluded that as Prandtl and Reynolds
numbers increase, the boundary layer shrinks. Akbar et al. [16] studied the effect of magnetic factors on
Eyring-Powell fluid flow past a stretched surface. They investigated flow resistance as the magnetic and
hydrodynamic properties of the fluid under study increased.
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Kumar et al. [17] investigated the Powell-Eyring nanofluid passing via an inclined permeable sheet.
They demonstrated that temperature increases as thermophoresis parameter values increase. While the
contrary is true for nanoparticle concentration due to higher chemical reactions and Brownian parameters,
increasing thermophoresis parameter values results in an increase in concentration. Pal et al. [18]
demonstrated magneto-bioconvection of Powell-Eyring nanofluid via a vertical stretched sheet that is
convectively heated and also contains motile gyrotactic microorganisms. They discovered that as the
Schmidt number and chemical reaction parameters increase, the concentration of nanoparticles drops.
Thermal relaxation time is the time required for a fluid to return to its original temperature after being
heated. It is a frequently used parameter for determining the time required for heat to leave a fluid. Hayat
et al. [19] investigated the effects of mass flux models on Eyring Powell fluid flow in three dimensions.
They discovered that temperature and thermal-relaxation time have an inverse relationship. Reddy et al.
[20] studied the effect of chemical reaction on the activation energy of Eyring Powell nanofluid flow via
a stretching cylinder. They concluded that as the relaxation parameter increases, the temperature curves
lose their shape. It takes a long time for an increase in the relaxation parameter assessment to transfer
heat to neighbouring material particles. Additionally, the Nusselt number improves behaviour when non-
dimensional thermal relaxation calculations are performed.

Mustafa [21] researched the Maxwell fluid with a generalised heat flux model for rotating flow and heat
transfer. They also discovered that the thermal relaxation period is inversely proportional to temperature and
thermal boundary thickness. On an unstable porous stretching sheet, Ishaq et al. [22] demonstrated the
entropy production of Eyring Powell fluid flow with nanofluid thin film flow by considering the heat
radiation and MHD impact. They discovered that when the Brinkmann, Hartmann, and Reynolds
numbers grow, so does the entropy profile. For increasing values of the Eyring Powell and radiation
parameters, the entropy profile reduces. The Eyring Powell nanofluid flow with non-linear mixed
convection and entropy generation was explored by Alsaedi et al. [23]. They arrived at the conclusion
that entropy generation showed a falling tendency for some fluid parameter values while increasing for
others. Through a permeable stretching surface, Bhatti et al. [24] studied the irreversibility of MHD
Eyring Powell nanofluid.

Ali et al. [25] used both perturbation and computational methods to examine the steady non-isothermal
flow of an Eyring–Powell fluid in a conduit. The findings are provided for two viscosity models, the
Reynolds and the Vogel models, which were solved using the shooting and perturbation methods,
respectively. It was determined that the shooting approach outperformed the perturbation method. Nazeer
et al. [26] investigated the effects of constant and space-dependent viscosity on a circular conduit filled
with Eyring–Powell fluid. Additionally, heat transmission analysis is considered. The finite difference
scheme is compared to the perturbation method. Numerous researchers discussed the Eyring-Powell
model under a variety of scenarios and solved it analytically and numerically using a variety of numerical
schemes such as the RK method, the shooting technique, and the perturbation method [27–34].

According to the existing literature, no attempt has been made to investigate the electrically conducting
Eyring-Powel fluid with radiation, thermal relaxation time, and joule heating effects beyond an exponentially
stretched sheet. This research fills a void in the literature and lays the groundwork for future researchers to
contribute their perspectives to the open literature. This is structured as follows: Section 1 contains the
literature review, Section 2 the mathematical formulation, Section 3 the methodology, Section 4 the
results, and Section 5 the conclusion.

2 The Problem’s Formulation

Consider an incompressible Powell Eyring fluid flowing across an exponentially stretched surface
subjected to magnetic, joule heating, thermal radiation, and thermal relaxation periods, as illustrated in
Fig. 1. The sheet is put on the x-and y-axes, respectively, and the flow is restricted to y � 0: Let
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Uw xð Þ ¼ ae
x
lð Þ represent the sheet velocity, U1 ¼ be

x
lð Þ representing the external fluid velocity, and

Tw xð Þ ¼ T1 þ ce
x
2lð Þ representing the surface temperature, with T1 being the ambient temperature.

The governing equations so obtained are given as [35]

@u

@x
þ @v

@y
¼ 0; (1)

u
@u

@x
þ v

@u

@y
¼ U1

dU1
dx

þ vþ 1

qbC

� �
@2u

@y2
� 1

2qbC3

@u

@y

� �2 @2u

@y2
� r
q
B2
0 U1 � uð Þ; (2)

u
@T

@x
þ v

@T

@y
¼ k

qCp
�r:qð Þ þ rB2

0

qCp
U1 � uð Þ2� 1

qCp

@qrad
@y

; (3)

where m; q; u x; yð Þ; v x; yð Þ; b; C; T ; k; qrad; Cp; B0; and q are kinematic viscosity, fluid density, the
velocities, fluid parameters, the temperature, the thermal-conductivity, thermal radiation, the specific-heat at
constant pressure, the strength of magnetic field, and heat flux, respectively, which satisfy the relation [36]

qþ dt
@q

@t
þ V :rq� q:rV þ r:Vð Þq

� �
:

Furthermore, by means of Rosseland approximation for radiation, we get qrad ¼ � 4r�

3k�
@T4

@y
; k� and r�

as absorption coefficient and the Stefan Boltzmann constant. By expanding T 4 in a Taylor’s series around T1
and neglecting higher order terms, we have the relation T 4 ¼ 4T3

1T � 3T 4
1. The appropriate boundary

conditions are

u ¼ Uw xð Þ ¼ ae
x
l ; v ¼ 0;

T ¼ Tw xð Þ ¼ T1 þ ce
x
2l; at y ¼ 0;

u ! U1 xð Þ ¼ be
x
l ; T ! T1; as y ! 1:

9=
;; (4)

Taking the similarity transformations as

g ¼
ffiffiffiffiffiffiffiffi
a

2mL

r
ex=2Ly; u ¼ ae

x
Lf 0 gð Þ; v ¼ �

ffiffiffiffiffiffi
ma
2L

r
e

x
2L f gð Þ þ gf 0 gð Þ½ �; h gð Þ ¼ T � T1

Tw � T1
: (5)

Figure 1: Configuration of the flow over a stretching sheet and geometrical coordinates
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With the above transformation the continuity equation is satisfied identically and Eqs. (2)–(4) is
converted into the following form:

1þ Kð Þf 000 þ ff 00 � 2f 02 � K�f 002f 000 þ 2k2 �Mðk� f 0Þ ¼ 0; (6)

1þ Rdð Þh00 þ Pr f h0 � hf 0ð Þ � c 3f 02h� hff 00 þ f 2h00 � 3ff 0h0
� �� �þMEc k� f 0ð Þ2¼ 0; (7)

f 0ð Þ ¼ 0; f 0 0ð Þ ¼ 1; h 0ð Þ ¼ 1; f 0 1ð Þ ! k; h 1ð Þ ! 0;

where (8)

k ¼ b

a
; K ¼ 1

lbC
; � ¼ U3

w

4mLC2
; Pr ¼ lCp

k
; M ¼ d

q
2LB2

0

Uw

� �
; Rd ¼ 16T3

1r�

3k�Cpl
;

Ec ¼ U2
w

Cpce
x
2l
; c ¼ dt

ae
x
L

2L
: (9)

Here k and Pr denote velocity ratio and Prandtl-number respectively. Where, K and � are the
dimensionless fluid parameters. Since � is a function of x, therefore, we use a local similarity solution of
(6)–(8) that allows us to analyze parameter behaviour. For K ¼ 0, we have the case of Newtonian fluid.
The Cf and the local Nu are mathematically describe as

Cf ¼ sw
qU2

w

; Nu ¼ xqw 1þ Rdð Þ
k Tw � T1ð Þ ; (10)

here, sw and qw are mathematically describe as

sw ¼ lþ 1

bC

� �
jy¼0 �

1

6bC3

@u

@y

� �3

jy¼0 ; qw ¼ �k
@T

@y

� �
jy¼0: (11)

The mathematical form of local Nusselt number and skin friction coefficient are given as under

ffiffiffiffiffiffiffiffi
2Re

p
:Cf ¼ 1þ Kð Þ=f 00 0ð Þ � K�

3
:ðf 00 0ð ÞÞ3;

ffiffiffiffiffiffi
2L

x

r
Nu

Re
1
2
x

¼ �h0 0ð Þ 1þ Rdð Þ; (12)

where local Reynolds numbers are Re ¼ UwL

v
; and Rex ¼ Uwx

v
.

3 Solution Methodology

Rahimi et al. [37] solved a non-Newtonian model known as the Powell Eyring fluid model using the
collocation approach. Agrawal et al. [38] solved the Eyring Powell fluid model using a fourth-order
precision methodology and the homotopy analysis method (H.A.M). Jafari Moghaddam [39] studied the
Eyring Powell model and described fluid flow and heat transfer over a stretching sheet. The Eyring-
Powell model is also solved by using different techniques as mentioned in [40–42]. He then solved the
governing PDEs by using homotopy perturbation and homotopy analysis methods to convert them to
ODEs. The flow chart of the numerical scheme is presented in Fig. 2 below. The third order nonlinear
ordinary differential Eq. (6) and the second order nonlinear ordinary differential Eq. (7) are expressed as
difference equations and solved using BVP4C and MATLAB in this article.
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f ¼ y1; f
0 ¼ y2; f

00 ¼ y3; f 000 ¼ yy1;

yy1 ¼ 1

1þ K � �Ky23
� � Mðk� y2Þ � y1y3 þ 2y22 � 2k2

� �
;

9=
; (13)

h ¼ y4; h
0 ¼ y5; h

00 ¼ yy2;

yy2 ¼ 1

1þ Rd � Prcy21
� � Pr ðy2y4 � y1y5Þ þ c 3y22y4 � y1y3y4 � 3y1y2y5

� �� �
�MEcðk� y2Þ2

� �
;

9=
; (14)

y1 0ð Þ ¼ 0; y2 0ð Þ ¼ 1; y5 0ð Þ ¼ 1; y2 1ð Þ ! k; y5 1ð Þ ! 0; (15)

The iterative approach will conclude with the required precision.

4 Result and Discussion

The velocity ratio parameter, the fluid parameter K, the magnetic parameter M, the non-dimensional
fluid parameter, and the velocity profile are all monitored for variation. Additionally, this section
discusses the influence of the Prandtl number Pr, the velocity ratio parameter, the fluid parameter K, the
Eckert number Ec, the radiation parameter Rd, the thermal relaxation time T, and the magnetic parameter
M on the dimensionless temperature h gð Þ. Tables and graphs of heat energy and velocity fields vs.
physical parameters are included below.

Figure 2: Flow chart related to numerical scheme
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4.1 Visualization of a Velocity Field
Two types of boundary layers near the sheet have evolved in a flow with exponentially changing free

stream velocity over an exponentially stretched sheet. Which means that they are depending on the
velocity ratio parameter b=a, for values of b=a greater than or equal to one. Additionally, it is worth to
note that when b=a ¼ 1, no velocity boundary layer arises near the sheet. The velocity profiles for
various values of k are depicted in Fig. 3. According to Fig. 4, increasing K results in a drop in fluid
viscosity, which results in an increase in velocity. Additionally, as K increases, the viscosity of the fluid
becomes lower due to the increase in the velocity of the fluid. The velocity profile declines as � grows,
but changes toward the border, indicating that the boundary layer’s thickness has decreased, which is
depicted in Fig. 5. As the magnetic field intensity increases, the velocity profile in Fig. 6 drops. This is
because an increase in the Lorentz force creates resistance to fluid flow, resulting in a drop in the velocity
profile.

Figure 3: Change in the value of f 0 gð Þ for different values of l

Figure 4: Change in the value of f 0 gð Þ for different values of K
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4.2 Visualization of a Temperature Field
The fluctuation of the velocity ratio parameter on the temperature profile is depicted in Fig. 7.

Temperature has been discovered to be a decreasing function of k. This data may imply that greater sheet
velocity results in a thicker thermal boundary layer. As K increases, there is a slight reduction in
temperature, as illustrated in Fig. 8. Due to the lack of viscous dissipation effects, the fluid parameter K is
not explicitly included in the energy calculation and hence has a reduced effect on the thermal boundary

layer. Fig. 9 illustrates the effect of Pr on temperature h gð Þ. The temperature profile falls as Pr ¼ lCp

k
increases. Additionally, rising values of Pr decrease the thickness of the thermal boundary layer. As a
result, heat travels rapidly, leading to a decrease in fluid temperature.

Figure 5: Change in the value of f 0 gð Þ for different values of �

Figure 6: Change in the value of f 0 gð Þ for different values of M
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The influence of radiation on temperature distributions can be seen in Fig. 10. Increases in Rd result in an
increase in heat fluxes from the sheet, which results in a rise in temperature. Ec’s effect on the temperature
profile h gð Þ is depicted in Fig. 11. As the Ec value grows, the sheet’s wall temperature increases. Due to the
fact that when Ec is high, the rate of heat transfer at the surface is low, the thickness of the thermal boundary
layer increases. Frictional heating happens at the surface, raising the fluid’s temperature. The effect of
thermal relaxation time c on the temperature profile is illustrated in Fig. 12. Temperature and thermal
relaxation time have been found to have an inverse connection. Physically, when we increase, the fluid
elements have to work harder to transfer heat to their neighbouring components, resulting in a
temperature drop. When c ¼ 0, heat rapidly spreads throughout the fluid. Fig. 13 illustrates the effects of
the magnetic parameter M on the temperature profile.

Figure 7: Change in the value of h gð Þ for different values of k

Figure 8: Change in the value of h gð Þ for different values of K
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4.3 Matching Results to Published Work
The local Nusselt number and skin friction are listed in Table 1, and were estimated using a MATLAB

method with fourth-order precision (BVP4C). The skin friction coefficient increases as K increases. As a
result, as � increases, the coefficient of friction on the skin lowers. According to Mushtaq et al. [13], on
an exponentially stretched surface, the magnitude of the skin friction coefficient decreases significantly as
the velocity ratio grows. It has already been noted that when K grows, the thermal boundary layer’s
thickness decreases. As a result, the heat transfer rate at the stretching sheet is increased. Additionally, as
� grows, the size of the local Nusselt population decreases dramatically. Additionally, it increases as the
values of K and k increase.

Figure 9: Change in the value of h gð Þ for different values of Pr

Figure 10: Change in the value of h gð Þ for different values of Rd
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Figure 11: Change in the value of h gð Þ for different values of Ec

Figure 12: Change in the value of h gð Þ for different values of c

Figure 13: Change in the value of h gð Þ for different values of M
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5 Concluding Remarks

Thermal transport in the Powell-Eyring model via generalised heat flux over an exponentially stretching
sheet is examined. The impact of Powell-Eyring fluid parameter, magnetic parameterM, Eckert number Ec;
radiation parameter Rd, and thermal relaxation time c was investigated. The study’s most important features
are listed below:

� The velocity profile increases as the fluid parameter K increases, but reverse behaviour is noticed for
the temperature profile.

� For increasing values of the magnetic parameter M, the velocity profile falls while the temperature
rises. In addition, the resistance to flow increases as the magnetic field intensity and K increase.

� The temperature and thickness of the thermal boundary layer are inversely related to the thermal
relaxation time c, whereas the Eckert number Ec has the opposite trend. With an increase in Ec,
the temperature rises.

� Increasing values of Rd (radiation parameter) increase the heat fluxes from the surface, which causes
the increase in the fluid’s temperature and velocity.

Simulations of local Nusselt number and skin friction/co-efficient are used to validate the published
work.

Funding Statement: The authors received no specific funding for this study.
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