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ABSTRACT

This paper presents a 2DOF nonlinear piezoelectric energy harvester for improving the efficiency of energy har-
vesting in low frequency range. The device consisted of an L-shaped piezoelectric cantilever with a magnet at the
tip of the first beam and two external magnets on the pedestal. The distance between the magnets which generated
nonlinear magnetic attraction was adjusted such that the system can exhibit monostable or bistable characteris-
tics. First, the model of this piezoelectric energy harvester was established and the dynamic equation was derived
based on the magnetic attractive force. Then, the nonlinear dynamic responses of the system subject to harmonic
excitation were explored by a numerical method and validated by experiments. At an excitation level of 4 m/s2 in
reverse sweep test for the proposed nonlinear harvester, nearly 240% increase in frequency bandwidth was
obtained compared to 2DOF linear one in the first two resonance regions under both monostable and bistable
states. Moreover, the nonlinear device yielded a closer frequency band gap between the first two resonance
regions. The findings provide insight for the design of a broadband energy harvester when there is nonlinearity
using magnets.
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1 Introduction

In recent years, the research of vibration-based environmental energy harvesting has received great
attention [1–3]. The methods realizing vibration energy harvesting are mainly electromagnetic [4,5],
electrostatic [6] and piezoelectric [7–9] according to the principle of energy conversion. Piezoelectric
vibration energy harvesting has the advantages of simple structure, high energy density and
miniaturization compared to the other ones. Generally, most of the piezoelectric energy harvesting
devices developed by scholars were based on one degree of freedom linear systems. The operating
frequency bandwidth is narrow and the power generation performance is optimal only when the external
exciting frequency matches the resonance frequency of the system. The power generation performances
are weakened rapidly when the excitation frequency deviates. The resonance frequency of piezoelectric
energy harvester cannot always match with the external exciting frequency with the characteristics of
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broadband and time-varying, which greatly limits its application [10,11]. How to make piezoelectric energy
harvesting devices have higher energy harvesting efficiency has become one of the urgent problems to be solved.

Most scholars have carried out relevant researches to improve the efficiency of piezoelectric energy
harvesting. The methods fall into two categories. The first one achieves the purpose of frequency
adjustment by optimizing the mechanical structure [12,13], external load [14] and energy storage circuit
[15]. The resonance frequency of the energy harvesting device is matched with the ambient vibration
frequency. The other one is to broaden the bandwidth of piezoelectric energy harvester. The energy
harvesting structure is optimized to make two or more modes resonance frequencies of the system close
to each other to effectively broaden the frequency band [16,17]. Some scholars use nonlinear stiffness to
broaden the band of energy harvesting [18,19].

The most common method is the use of nonlinear magnetic force to generate nonlinear stiffness. Stanton
et al. modeled a nonlinear energy harvester consisting of a piezoelectric beam with a magnetic end mass. By
tuning nonlinear magnetic interactions around the end mass, the frequency response could broaden frequency
in either direction [20]. Zhou et al. investigated a broadband piezoelectric energy harvester with a triple-well
potential induced by a magnetic field [21]. Fan et al. presented a monostable piezoelectric energy harvester
with the stoppers and the magnetically attractive coupling. The device could bring about a wider operating
bandwidth and higher output voltage than the linear one under both harmonic excitations and random
excitations [22,23]. It is well known that the nonlinear bistable energy harvester has two stable
equilibrium positions and one unstable equilibrium position. The main advantage of bistable energy
harvester is that it can do high-energy interwell oscillations under the appropriate excitations and show
broadband features [24]. Ferrari et al. proposed a nonlinear converter that implemented nonlinearity and
bistability by exploiting an attractive magnetic force [25]. Ibrahim et al. derived a magneto elastic beam
operating at the transition between monostable and bistable regions. The output voltage and frequency
bandwidth were the largest near the transition region which was found to be the optimum range for
harvesting energy [26]. Wang et al. proposed a bistable 2DOF piezoelectric energy harvesting with
magnetic repulsion to induce nonlinear and the multimodal dynamics for achieving broadband electrical
outputs [27]. Compared to the optimal 2DOF linear one, wider bandwidth was achieved in the strong
intra-well nonlinear response. But the parameters of this harvester were considered to avoid inter-well
dynamics. Lu et al. proposed an E-shape bistable piezoelectric energy harvesting system induced by
magnets [28]. When the space between the magnets was decreased to a critical value, the average half
power bandwidth could be expanded up to 2.67 Hz, which is 2.34 times higher than the linear one. Zhao
et al. analyzed a 2DOF bistable piezoelectric vibration energy harvester with magnetic repulsive force [29].

This paper studies a 2DOF nonlinear energy harvester combining the magnetic attraction which can
exhibit monostable and bistable state to solve the problem of limited bandwidth and enhance the
environment adaptability of vibration energy harvesting. This paper is organized as follows: Sect. 2deals
with the derivation of the analytical model of the piezoelectric energy harvester with magnetic coupling.
The structural parameters are determined in Section 3. Section 4 presents a comparison of the simulation
results of the nonlinear and conventional 2DOF linear piezoelectric energy harvesters. Experimental set-
up is built and experimental results are obtained in Section 5. Section 6 gives a conclusion.

2 Design and Structure

2.1 Exploiting Nonlinearities Using Magnets
The configuration of the proposed 2DOF nonlinear energy harvester is shown in Fig. 1. The energy

harvester consists of a rack, an L-shaped cantilever and three magnets. The arrangement of magnets
(magnets A, B and C), L-shaped cantilever and the position of the piezoelectric layer (PZT) can be
shown in Fig. 1. Magnet C is set at the end of beam I. The magnets A and B are fixed to the rack. The
forces of magnets (A, B) on magnet C are attractive forces which are more important to the nonlinear
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characteristics of energy harvester. The end of the L-shaped cantilever is a mass block. The L-shaped
cantilever remains horizontal by upper and lower magnetic forces without base excitation.

One important parameter is the separation horizontal distance d between the magnets (A, B) and the tip
magnet C. Another important parameter is the gap distanceD between the magnet A and the magnet B shown
in Fig. 1. By adjusting the bolts, the distances (d, D) between the magnets can be changed and monostable or
bistable type of this harvester can be obtained. When the distance d or D is large, the magnetic force value is
almost zero, then the system is approximately a typical 2DOF linear system.

Fig. 2 shows the equivalent mechanics model of the 2DOF nonlinear piezoelectric energy harvester.
According to the Newton’s second law and the Kirchhoff law, the electromechanical coupling motion
equation of the 2DOF nonlinear system can be given by [30]

m1ð€z1 þ €z0Þ þ c1 _z1 þ k1z1 þ aeqVL � c2 _z2 � k2z2 � Fu ¼ 0
m2ð€z2 þ €z1 þ €z0Þ þ c2 _z2 þ k2z2 ¼ 0
aeq _z1 � VL=RL � Cp _VL ¼ 0

8<
: (1)

where z0 ¼ U0 ¼ AcosðωtÞ is the base excitation, z1 ¼ U1 � U0 is the relative displacement of beam I to the
base, z2 ¼ U2 � U1 is the relative displacement of beam II to beam I. m1, k1 and c1 are the equivalent mass,
stiffness and damping of beam I. m2, k2 and c2 are the equivalent mass, stiffness and damping of beam II. Fu

denotes the nonlinear attractive force produced by magnet C and magnets (A, B). VL is the voltage across the
load resistance RL, αeq is electromechanical coupling coefficient and Cp is the clamped capacitance of the
PZT.

Eq. (1) is transformed into Eq. (2)

m1€z1 þ c1 _z1 þ k1z1 � c2 _z2 � k2z2 þ aeqVL � Fu ¼ �m1€z0

m2€z2 þ c2ðm2 þ m1Þ
m1

_z2 þ k2ðm2 þ m1Þ
m1

z2 � m2c1
m1

_z1 � m2k1
m1

z1 � m2aeq
m1

VL þ m2Fu

m1
¼ 0

aeq _z1 � VL=RL � Cp _VL ¼ 0

8>><
>>: (2)

Let x1 ¼ z1, x2 ¼ _z1, x3 ¼ VL, x4 ¼ z2, x5 ¼ _z2.
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Figure 1: The structure diagram of the 2DOF nonlinear piezoelectric energy harvester using magnets: (a)
Front view, (b) Top view
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Thus Eq. (2) is transformed into state Eq. (3) which can be solved by the Runge-Kutta method.

_x1 ¼ x2

_x2 ¼ �x11
2x1 � 2f11x1x2 þ l x22

2x4 þ 2f22x22x5
� �� 1

m1
aeqx3 � Fu

� �� A cosðxtÞ

_x3 ¼ aeq
Cp

x2 � 1

CpRL
x3

_x4 ¼ x5

_x5 ¼ x11
2x1 þ 2f1x11x2 � lþ1ð Þ x22

2x4 þ 2f22x22x5
� �þ 1

m1
aeqx3 � Fu

� �

8>>>>>>>>><
>>>>>>>>>:

(3)

where l ¼ m2

m1
, x11 ¼

ffiffiffiffiffiffi
k1
m1

r
, x22 ¼

ffiffiffiffiffiffi
k2
m2

r
, f11 ¼

c1
2
ffiffiffiffiffiffiffiffiffiffi
k1m1

p , f22 ¼
c2

2
ffiffiffiffiffiffiffiffiffiffi
k2m2

p .

When Fu= 0, the 2DOF linear piezoelectric energy harvester without magnetic is obtained.

_x1 ¼ x2

_x2 ¼ �x11
2x1 � 2f11x11x2 þ l x22

2x4 þ 2f22x22x5
� �� 1

m1
aeqx3 � A cosðxtÞ

_x3 ¼ aeq
Cp

x2 � 1

CpRL
x3

_x4 ¼ x5

_x5 ¼ x11
2x1 þ 2f11x11x2 � lþ1ð Þ x22

2x4 þ 2f22x22x5
� �þ 1

m1
aeqx3

8>>>>>>>>><
>>>>>>>>>:

(4)

2.2 Magnetic Force Analysis
As shown in Fig. 1, the nonlinear magnetic force Fu is produced by magnet C at the tip of beam I and two

external magnets (A, B) on the pedestal. The nonlinear characteristic of this harvester can be implemented by
adjusting the separation distance d horizontally and the gap distance D vertically between magnets A and B.

The potential energy of the magnetic field generated by the two magnets A and B upon magnet C can be
given by [31]

Uu ¼ UuAC þ UuBC ¼ �BAC �mC � BBC �mC (5)

where m is the magnetic moment vector.

m2

U2

m1

U1

C2K2Fu

K1 C1
U0

αeq R

Magnetic force

Figure 2: The mechanics model ofthe2DOF nonlinear piezoelectric energy harvester using magnets
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The magnetic field of dipole A acting on dipole C is given by

BAC ¼ � l0
4p

rmA � rAC
rACk k32

(6)

where rAC is the vector directed from the magnetic moment source of A to C.MAVA denotes Euclidean norm
and ∇ vector is gradient operator. The flux density generated by the magnet B on magnet C can be evaluated
by the similar formula. The potential energy of the total magnetic fields can be expressed by

Uu ¼ � l0
4p

mC
mA

rACj3
�� � mA � rACð Þ � 3rAC

rACj5
��

 !
þ mB

rBCj3
�� � mB � rBCð Þ � 3rBC

rBCj5
��

 !" #
(7)

Based on orthogonal decomposition, the magnetic dipole moment vectors (mA,mB,mC) and the vectors
(rAC, rBC) can be written as [32]

rAC ¼ �d z� D½ � ; rBC ¼ �d zþ D½ �
mA ¼ MAVA 0½ � ; mB ¼ MBVB 0½ �
mC ¼ MCVC cos h MCVC sin h½ �

8<
: (8)

where rAC represents the vector from the center of magnet A to magnet C. MA and VA represent the
magnetization intensity and the volume of magnet A, respectively. The subscripts B and C stands for
magnet B and magnet C.

Thus, the magnetic force can be given by

Fu ¼ @Uu

@z
(9)

By substituting Eq. (9) into Eq. (3), nonlinear equation of the system can be solved.

3 Determination of Structural Parameters

3.1 The Optimization of 2DOF Linear Harvester
According to Eq. (4), the governing equations can be solved by using the Runge-Kutta method. The

voltage amplitude-frequency characteristic curve of 2DOF linear harvester is obtained. The output open
voltage and resonance frequency of the harvester are related to the structural parameters. The structural
parameters of the 2DOF linear system are optimized to show high voltage at the first two resonance points.
Meanwhile, the two peak points should be close to each other. Since the materials of piezoelectric layer and
beam are certain because of the experimental conditions, the length of the beam and the mass are adjusted.
In order to have a higher voltage at the first two resonance frequencies and a narrow space between the first
two resonance frequencies, the parameters are fine-tuned. It is preliminarily determined that the lengths of
beam I and beam II are 40 mm and 60 mm, respectively. The masses of m1 and m2 are 9 g and 3 g,
respectively. The voltage curves of the 2DOF linear structure under various exciting accelerations are
shown in Fig. 3a when the other parameters remain unchanged. The voltage at each frequency point
increases with the exciting acceleration. The voltages of the 2DOF linear structure at various masses of m2

under the exciting acceleration of 4 m/s2 are shown in Fig. 3b. The peak voltage at the first resonance point
and the distance between peak voltages at the two resonance frequencies are affected by mass m2.

Repeated simulation and debugging, the curve which basically meets the requirements is obtained. The
optimized voltage amplitude-frequency characteristic curve under the exciting acceleration of 4 m/s2 is
shown in Fig. 4. The effective bandwidth of the 2DOF linear harvester are 1.5 Hz and 2.5 Hz in the first
and second resonance regions, respectively, according to the half power bandwidth method. Moreover,
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the frequency band gap between the two peak voltages (11 Hz, 31 Hz) is 20 Hz. The optimized parameters of
the 2DOF nonlinear harvester are shown in Tab. 1.

3.2 Analysis of Potential Energy
The nonlinear characteristics (monostable or bistable) of the 2DOF nonlinear energy harvester can be

distinguished by the potential energy curves. The total potential energies consist of two parts: the elastic
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Figure 3: The voltage curves of the 2DOF linear structure under: (a) various A, (b) various m2

Figure 4: The output open voltage of optimized 2DOF linear piezoelectric energy harvester

Table 1: The parameters of proposed 2DOF linear piezoelectric energy harvester

Parameter Value Parameter Value

Length of piezoelectric beam I (L1)
Length of beam II (L2)
Stiffness of beam I (k1)
Stiffness of beam II (k2)

0.050 m
0.040 m
187.8 N∙m−1

55.4 N∙m−1

Length of piezoelectric layer
Width of piezoelectric layer
Thickness of piezoelectric layer
Piezoelectric constant (d31)

0.02 m
0.01 m
0.0002 m
165 C/N

Equivalent mass of beam I (m1) 7 g Capacitance of the piezoelectric layer (Cp) 10.5 nF

Equivalent mass of beam II (m2) 4.3 g Relative dielectric constant (ε33) 2000

Equivalent damping of beam I (c1) 0.046 N∙s/m Equivalent damping of beam II (c2) 0.01 N∙s/m
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potential energy and the magnetic one. The elastic potential energy can be calculated by the linear stiffness
[33]. The magnetic potential can be obtained by Eq. (7). The magnetization vectors (MA,MB,MC) are 1.2 �
106 A∙m–1and the volume of magnets (VA, VB, VC) are 300 × 10–9 m3.

The value of the gap distance D is 8mm. The potential curves under various separation distances d are
shown in Fig. 5a. It is obvious that there are two potential wells or one potential well with the values d. If the
potential energy curve has only one equilibrium point, the system is monostable and exhibits intrawell
nonlinear dynamics. If the potential energy curve has two potential wells, the 2DOF nonlinear energy
harvester is bistable. The deeper potential well means larger kinetic energy is needed to carry out the
high-energy interwell motion according to the relationship between the kinetic energy and the potential
energy. The value of the separation distance d is 9 mm. The potential curves of the 2DOF nonlinear
energy harvester under various gap distance D are shown in Fig. 5b. Magnetic attraction has little effect
on the vibration when the gap distance D is 20 mm. Then the system is approximately a linear structure.
When D changes from large to small, the potential energy curve changes from one equilibrium point to
two equilibrium points and then returns to one equilibrium point.

The value of d is set as 11 mm and the gap distance D is set as 8 mm. The system is a monostable
configuration in this case. The value of d is set as 9 mm and the gap distance D is set as 8 mm to ensure
that the system is a bistable system. The barrier is not too high and the system easily exhibits interwell
nonlinear dynamics between two potential wells under lower exciting acceleration. This nonlinear
harvester is more suitable to harvest vibration energy in lower intensity vibration environment.

4 Dynamic Response Simulation

4.1 Monostable Configuration under Sinusoidal Excitations
In this part, numerical simulations are carried out to study the characteristic response of the 2DOF

monostable system under harmonic excitation. The governing Eq. (3) and linear Eq. (4) are solved. The
distances d and D is 11 mm and 8 mm, respectively. They are determined in Part 3 to ensure that the
system is a monostable one. Other parameters are shown in Tab. 1. Linearly decreasing frequency
excitation simulations are performed from 60 Hz to 1 Hz.

The root-mean-square (RMS) voltages of linear and monostable harvesters under the exciting
acceleration of 4 m/s2 are shown in Fig. 6. The monostable system exhibits nonlinear characteristics in
the first resonance region, though the peak voltage is smaller than the linear system. The voltage curve of
the second region is approximately linear. The first effective bandwidth is from 38 Hz to 26 Hz and the
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Figure 5: Potential energy of the 2DOF nonlinear piezoelectric energy harvester: (a) various d, (b) variousD
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second effective bandwidth is from 16.5 Hz to 13.5 Hz according to the half power bandwidth method. The total
effective bandwidth of this monostable system in the first two resonance regions is greater than the linear one.
Meanwhile, the space between the two peaks of the first two resonance regions is shorter than the linear one.

Fig. 7 shows the voltage responses of this monostable system under various masses m2 (4.3 g, 3.5 g and
3 g). The peak voltage in the second resonance frequency region is affected by different masses, but the
voltage response bandwidth shows the broadband characteristics in the first resonance frequency region.

4.2 Bistable Configuration under Sinusoidal Excitations
In this part, numerical simulations are carried out to study the characteristic response of the

2DOF bistable energy harvester under harmonic excitation. The exciting acceleration A is 4 m/s2 and the
frequency f ðω ¼ 2πf Þ is changing by reverse sweep which are consistent with simulation conditions of
the monostable one. But the distances d and D is 9 mm and 8 mm to make sure that the potential
energy has two potential energy wells, respectively. The other simulation parameters of the harvester are
given in Tab. 1.

Figure 6: Voltage responses of the 2DOF monostable and linear harvesters (d = 11 mm, D = 8 mm)

Figure 7: Voltage responses of the 2DOF monostable harvester under different masses m2
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Fig. 8 shows the voltage responses of the 2DOF bistable and linear harvesters. The 2DOF bistable
system exhibits nonlinear dynamics in two resonance regions. In the first resonance region, the voltage
fluctuates due to the chaos. The bistable resonance frequency regions are latter than the linear one
because of the magnetic attractive force. The motion properties of these frequency points (13 Hz, 30 Hz)
can be shown in Fig. 9.

Both the bistable and linear systems exhibit small periodic motions when the frequency f = 60–40 Hz
outside the first resonance interval shown in Fig. 8. The system operates in high energy orbit in the first
resonance region at f = 30 Hz shown in Fig. 9b. The voltage produced by the bistable harvester is much
higher than the linear one. Both the bistable and linear harvesters return to small periodic motions during
f = 27 Hz–20 Hz outside the first resonance interval shown in Fig. 8. As the frequency decreases, the
system enters the second resonance region. The bistable harvester exhibits intra-well nonlinear dynamics
around one equilibrium point at f = 13 Hz shown in Fig. 9a.

The effective bandwidth range of the bistable can be extended to 35.5–28.5 Hz in the first resonance
region and 16.5–13 Hz in the second resonance region. Though the 2DOF bistable harvester does not
exhibit interwall motions in the second resonance region, the system also exhibits broadband

Figure 8: Voltage responses of the 2DOF bistable and linear harvesters (d = 9 mm, D = 8 mm)
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characteristics in the first two resonance regions. Moreover, the frequency band gap between the two peaks of
the first two resonance regions is 17 Hz, which is 3 Hz closer than the linear one.

The equivalent mass of beam has a great influence on the system. As can be seen from Eq. (3), the
system response is affected by the mass ratio μ. Fig. 10 shows the voltage responses under different
equivalent masses of m2 = 4.9 g and m2 = 4.3 g. The peak of the first resonance region increases and the
peak of the second resonance region decreases when the mass m2 increases only 0.6 g. In addition, the
frequency band gap between the first two resonance regions expands to 25 Hz. In a word, the system also
shows broadband characteristics in the first two resonance regions.

5 Prototype and Experimental Analysis

5.1 Experiment Setup
The experimental system consists of four parts and they are the 2DOF nonlinear piezoelectric cantilever,

exciting system, signal acquisition and processing systems, respectively. The prototype of 2DOF nonlinear
harvester with magnetic coupling is shown in Fig. 11. The 2DOF cantilever is made of brass and the frame is
made of acrylic material. The piezoelectric layer is attached to the beam I. The distances between the magnets
(A, B and C) can be adjusted by the adjustable plates. The prototype is a 2DOF linear structure when the
magnets A, B and C are replaced by a mass block.

Figure 10: Voltage responses under various masses at m2 = 4.9 g and 4.3 g

Figure 11: Experimental device of the 2DOF nonlinear piezoelectric energy harvester
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The main experimental devices are shown in Fig. 12. The experimental devices include signal generator
YE1311, power amplifier YE5871, shaker JZK-5, accelerator DH151, dynamic signal analyzer DH5939D,
oscilloscope DS5202CAand computer so on. In the process of experiments, the signal generator can
produce signals of different intensity with frequency bandwidth of 0–100 Hz. The harmonic base excitation
signals are amplified by the power amplifier. The 2DOF device generates electricity under vibration. The
output voltage of the piezoelectric part is determined by an oscilloscope. The acceleration at the base of the
device is measured by an accelerator. Then the date is recorded by the PC through the dynamic signal analyzer.

5.2 Experimental Analysis of 2DOF Monostable Device
The base acceleration value is 4 m/s2 and the exciting frequency decreases in the reverse way. The

frequency sweep experiments of the linear and monostable devices were carried out, respectively. The
2DOF linear device can be obtained by replacing all the magnets with mass blocks. The distances d and
D between the magnets are determined in Part 3 to ensure that the device is a monostable one. The
experimental results of the RMS voltage are shown in Fig. 13. The monostable device exhibits strong
nonlinear characteristics in the first resonance region and is approximately linear in the second resonance
region. The effective bandwidth of the monostable device is 10 Hz (frequency range 40 Hz–30 Hz) in
the first resonance region and the effective bandwidth of the monostable device is 2 Hz (frequency range
13.5 Hz–11.5 Hz) in the second resonance region according to the half power bandwidth method. But the
effective bandwidth of the linear are 2.2 Hz and 1.3 Hz in the first and second resonance regions,
respectively. The total effective bandwidth of this monostable device is 3.4 times higher than the linear
one. For the 2DOF linear device, the distance between the first two resonance points (12 Hz, 33 Hz) is
21 Hz. The frequency band gap between the two peaks of the first two resonance regions (13 Hz, 30 Hz)
is 17 Hz which is 4 Hz closer than the linear one. The presented simulation results are validated by
experimental results.

Fig. 14 shows the voltage curve of the 2DOF monostable device recorded by oscilloscope at different
frequencies of 13 Hz and 30 Hz. The voltage curve generated by the piezoelectric layer is sinusoidal when
small errors are ignored. The average value of the peak voltage is 0.46 V and the recording time length is
100 ms between adjacent dotted lines at f = 13 Hz. The average value of the peak voltage is 0.36 V and
the recording time length is 50 ms between adjacent dotted lines at f = 30 Hz.

5.3 Experimental Analysis of 2DOF Bistable Device
The bistable experimental conditions were the same as the monostable one. Adjusting the magnet

spacing to make sure it is a bistable device. The experimental results of the RMS voltage are shown in

Figure 12: The main experimental equipment
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Fig. 15. The bistable device begins to enter the first resonance region when the exciting frequency is 40 Hz.
As the frequency continues to decrease, the voltage fluctuates because of chaos. The bistable device begins to
enter the large period motion state at 33 Hz. The high output voltage continues until 30 Hz. Then it goes into
small motion. The first resonance region ends. The bistable device begins to enter the second resonance
region at 19 Hz with the frequency decreasing. This process continues until 13 Hz. Then the second
resonance region ends.

Fig. 16 shows the voltage curve of the 2DOF bistable device recorded by the oscilloscope at different
frequencies f = 14.1 Hz and f = 31.1 Hz. The recording time length are 100 ms and 2 s between adjacent
dotted lines, respectively. The average peak voltages of Figs. 16a and 16b are 0.35 V and 0.43 V,
respectively. In order to show the voltage curve of the device in steady state, the recording time of
Fig. 16b between adjacent dotted lines is much longer than Fig. 16a.

Figure 13: Experimental results of the voltage values of the 2DOF monostable and linear devices

Figure 14: Voltage curves of the 2DOFmonostable device recorded by oscilloscope at different frequencies:
(a) 13 Hz, (b) 30 Hz

1298 EE, 2021, vol.118, no.5



Figure 15: Experimental results of the voltage values of 2DOF bistable and linear devices

Figure 16: Experimental voltage curves of the 2DOF bistable device recorded by the oscilloscope at
different frequencies: (a) f = 14.1 Hz, (b) f = 31.1 Hz

The effective bandwidth of the bistable device is 8 Hz (frequency range 37.5–29.5 Hz) in the first
resonance region and the effective bandwidth of the bistable device is 4 Hz (frequency range
17.5–13.5 Hz) in the second resonance region according to the half power bandwidth method. The total
effective bandwidth of this bistable device is 3.4 times higher than the linear one. For the 2DOF bistable
device, the frequency band gap between the two peaks of the first two resonance regions is 16 Hz which
is 5 Hz closer than the linear one.

Fig. 15 and Fig. 8 are compared. Tab. 2 shows the comparison of the relative errors between the
theoretical and experimental results. There is a deviation between the theoretical value and the
experimental value. The maximum error of linear peak voltage at first resonance point is 12.5%.
The maximum error of bistable peak voltage in first resonance region is 25%. The main reason is that the
separation distance d and the gap distance D have a great effect on magnetic force. A very small
deviation makes a big error. In practice, the distance deviations are inevitable due to the precision of the
instrument. In addition, the theoretical magnetic force model cannot accurately describe the value of the
magnetic force during the motion.
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Fig. 17 shows the load resistance voltage and the output power for f = 33 Hz of the bistable device. The
voltage across the external load will gradually increase as the load resistance increases. But the voltage will
eventually converge to open circuit voltage of the system. The output power of the system increases with the
external load resistance. But when the load resistance increases to a critical value, the power will decrease. It
can be seen from Fig. 17, at the first resonance region the maximum output power of the bistable device is
0.075 μW. And the corresponding load resistance is 421 kΩ. At this time, the external load resistance is
approximately equal to the equivalent impedance of the piezoelectric element under the external
excitation frequency. Although the power is small, if the capacitance of the piezoelectric plate is large,
the 2DOF bistable device will have a higher energy efficiency in both resonance regions.

Tab. 3 shows comparisons between the present results and some previous studies of 2DOF piezoelectric
energy harvester with magnetic coupling for wide bandwidth. Magnetic force plays a very important role
in nonlinear behavior. Broadband characteristics can be obtained using different methods such as
monostable, bistable and quad-stable. This present harvester has wider bandwidth under both monostable
and bistable state.

Table 2: The relative errors between the theoretical and experimental results of the 2DOF bistable and linear
devices

Parameters Theoretical
result

Experimental
value

Relative
error

The peak voltage of linear first resonance point (V) 0.48 0.42 12.5%

The peak voltage of linear second resonance point (V) 0.45 0.40 11.11%

The peak voltage of bistable first resonance region (V) 0.40 0.30 25%

The peak voltage of bistable second resonance region (V) 0.30 0.25 16.67%

Figure 17: The load resistance voltage and the output power for ω = 33 Hz
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6 Conclusion

In this paper, a 2DOF nonlinear piezoelectric energy harvester with magnetic coupling was developed to
increase the frequency bandwidth and narrow frequency band gap between the first two resonance regions for
improving the efficiency of energy harvesting from low frequency vibrations.

By mounting and adjusting magnet C at the tip of beam I and two external magnets on the pedestal, the
system could exhibit monostable or bistable characteristics. The model of this harvester was established and
the dynamic equation was derived on the basis of the formula for the magnetic attractive force about three
magnets. The comparisons of voltage output response at different excitation frequencies for 2DOF linear and
nonlinear piezoelectric energy harvesters can be obtained by simulation. By performing experimental
studies, the presented simulation results were validated by experimental results. The total effective
bandwidth is 3.4 times higher than the linear one for both the monostable and bistable states of this
nonlinear harvester. The frequency band gap between the two peaks of the first two resonance regions is
4 Hz closer than the linear one for the monostable state and 5 Hz closer than the linear one for the
bistable state. The motions of the bistable device were more complex than the monostable one because it
contained small period, large period and chaotic motions. The results showed that both the monostable
and bistable states of this nonlinear harvester achieved wider operating frequency bandwidth in first two
resonance regions and yielded a closer frequency band gap between the first two resonance regions. The
broadband characteristics were affected by structural parameters. The development of 2DOF nonlinear
piezoelectric energy harvester with magnetic coupling will provide an insight for designing a device for
broadband vibration energy harvesting.

Funding Statement: This work is supported by the National Natural Science Foundation of China (No.
51675111).

Conflicts of Interest: The authors declare that they have no conflicts of interest to report regarding the
present study.

Table 3: Comparisons between the present results and some previous studies

Reference Year Magnetic
force

Method Acceleration
(m/s2)

Bandwidth
(Hz)

Construction features

Su et al.
[34]

2013 Repulsion Bistable 3 9 An outer and aninner beams had
bistable states and interact.

Wu et al.
[35]

2014 Repulsion Monostable 2 6 The two resonance response peaks
could be tuned to be close enough
and both with adequate amplitude.

Chen
et al. [36]

2016 Repulsion Monostable 0.5 3.5 A two-to-one internal resonance
energy harvester.

Wang
et al. [27]

2017 Repulsion Bistable 4 15 The strong intra-well nonlinear
response.

Zayed
et al. [33]

2019 Repulsion Quad-stable 3 8 Both bistable and quad-stable
could be obtained.

The
present
harvester

2021 Attraction Monostable
and bistable

4 12 Both bistable and monostable
could be obtained.
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