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ABSTRACT

In this paper, sine trigonometry operational laws (ST-OLs) have been extended to neutrosophic sets (NSs) and the
operations and functionality of these laws are studied. Then, extending these ST-OLs to complex neutrosophic sets
(CNSs) forms the core of this work. Someof themathematical properties are proved based on ST-OLs. Fundamental
operations and the distance measures between complex neutrosophic numbers (CNNs) based on the ST-OLs are
discussed with numerical illustrations. Further the arithmetic and geometric aggregation operators are established
and their properties are verified with numerical data. The general properties of the developed sine trigonometry
weighted averaging/geometric aggregation operators for CNNs (ST-WAAO-CNN&ST-WGAO-CNN) are proved.
A decision making technique based on these operators has been developed with the help of unsupervised criteria
weighting approach called Entropy-ST-OLs-CNDM (complex neutrosophic decision making) method. A case
study for material selection has been chosen to demonstrate the ST-OLs of CNDM method. To check the validity
of the proposed method, entropy based complex neutrosophic CODAS approach with ST-OLs has been executed
numerically and a comparative analysis with the discussion of their outcomes has been conducted. The proposed
approach proves to be salient and effective for decision making with complex information.
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1 Introduction

One of the complex problems in all types of industries/companies is making decisions based
on ambiguous information. As a consequence, the concept of fuzzy set theory has been employed
to deal with this type of situation or problem. Zadeh [1] first proposed the concept of fuzzy
subsets in 1965. It has sparked numerous significant outcomes in the scientific community, which
have been replicated in modern applications, particularly in decision-making and artificial intel-

This work is licensed under a Creative Commons Attribution 4.0 International License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

http://dx.doi.org/10.32604/cmes.2022.018267


1034 CMES, 2022, vol.130, no.2

ligence. In addition, different researchers have extended the core idea of fuzzy sets to handle
different types of uncertainty, and the extended notions of fuzzy sets include intuitionistic fuzzy
sets (IFSs) [2], Pythagorean fuzzy sets (PFSs) [3], Fermatean fuzzy sets (FFSs) [4], Neutrosophic
sets (NSs) [5], and Spherical fuzzy sets (SFSs) [6] among others and each of them addresses
the problem of uncertainty in a unique way. Based on these notions, various multi criteria
decision making (MCDM) approaches are available in the literature like weighted sum method
(WSM), weighted product method (WPM), the multiple criteria optimization compromise solution
(VIKOR), the technique for order performance by similarity to the ideal solution (TOPSIS), the
Weighted Aggregates Sum Product Assessment (WASPAS), COmbinative Distance-Based ASsess-
ment (CODAS), and the Evaluation Based on Distance from Average Solution (EDAS), etc.,
MCDM is a technique for selecting the best option from a set of alternatives and neutrosophic
sets have found wide scope in such techniques. Edalatpanah established a new model of data envel-
opment analysis based on triangular neutrosophic numbers [7]. And also neutrosophic approach
have been implemented to data envelopment analysis with undesirable outputs by Mao et al. [8].
A new ranking function of triangular neutrosophic number [9] and systems of neutrosophic linear
equations are introduced by Edalatpanah [10].

Complex fuzzy sets (CFSs) are a significant research area of investigation in fuzzy logic.
It was proposed by Ramot et al. [11,12]. CFSs use a complex membership function to handle
uncertainty with periodicity which takes complex values within the complex unit circle. Clearly, the
complex memership function M =μeiα of a CFS comprises two terms named amplitude term μ

and phase term α which lie in the intervals [0, 1] and [0, 2π ], respectively. The phase term accounts
for the periodicity of the data and distinguishes CFSs from the traditional models of fuzzy set
theory. CFSs and Complex Fuzzy Logic (CFL) have been utilized to develop accurate and efficient
time series forecasting models [13,14], image processing [15], etc. The concept of CFSs, has been
further extended to complex intuitionistic fuzzy sets (CIFSs) [16], complex Pythagorean fuzzy sets
(CPFSs) [17], complex neutrosophic sets (CNSs) [18] and so on and also it is evident from the
literature that notable research have been carried out in complex fuzzy sets scenario. Recently, Xu
et al. [19] introduced an extended EDAS method with a single-valued complex neutrosophic set
and its application in green supplier selection. Complex neutrosophic generalized dice similarity
measures have been developed by Ali et al. [20]. Also, another MCDM model called a soft
set based VIKOR is developed based on CNSs by Manna et al. [21]. Some of complex hybrid
weighted averaging operators are introduced for decision making in [22]. Aggregating the fuzzy
information plays an important role in decision theory and it is involved in majority of MCDM
methods.

In addition operational laws also play a vital role in aggregation process. Also it is evident
from the literature that various operational laws are available. Gou et al. [23] used new type of
operational laws for IFSs. Then, Li et al. [24] introduced the logarithmic operational laws for IFSs
in order to aggregate information. Later, Garg et al. [25] introduced a new logarithmic operational
laws for single valued neutrosophic number which yields application in multi attribute decision
making. Also, Ashraf et al. [26] used logarithmic hybrid aggregation operators for single valued
neutrosophic sets. In continuation, Garg et al. [27] have presented some new exponential, loga-
rithmic, and compensative exponential of logarithmic operational laws for complex intuitionistic
fuzzy (CIF) numbers based on t-norm and co-norm. Garg also utilized the logarithmic operational
laws for PFSs in [28]. Further, Nguyen et al. [29] developed exponential similarity measures for
Pythagorean fuzzy sets and their application in pattern recognition. Haque et al. [30] utilized
exponential operational laws for generalized SFSs. Another novel concept of neutrality operational
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laws have been introduced by Garg et al. [31] for q-rung orthopair fuzzy sets and Pythagorean
fuzzy geometric aggregation operators [32]. Also, Garg extended the new exponential operation
laws for q-rung orthopair fuzzy sets in [33].

Sine trigonometric operational laws were introduced by Garg [34]. The main advantage of sine
trigonometric function is that it accounts for the periodicity and it is symmetric about the origin.
Thus it satisfies the expectations of the decision-maker over the multi-time phase parameters.
Garg [35] introduced a novel trigonometric operation based q-rung ortho pair fuzzy aggregation
operators and he also extended these operational laws to Pythagorean fuzzy information [36].
Abdullah et al. [37] developed an approach of ST-OLs for picture fuzzy sets. Ashraf et al. [38]
utilized the concept of single valued neutrosophic sine trigonometric aggregation operators for
hydrogen power plant selection and further they implemented these operational laws for spherical
fuzzy environment in [39]. MCDM methods namely TOPSIS and VIKOR have been developed
based on ST-OLs by Qiyas et al. [40,41]. From the literature, it is clear that ST-OLs play predom-
inant role in aggregation operators (AOs). Through this motivation and considering the advantage
of ST-OLs, some new ST-OLs for CNSs must be established and their behaviour in complex
scenario needs to be studied. Hence, this paper aims to modify sine trigonometric operational
laws for complex neutrosophic sets and implement them in complex decision making method for
material selection. So, the main objective of this paper can be described as follows:

(i). To present the ST-OLs for CNSs

(ii). To obtain some of the distance measure for complex neutrosophic sets based on ST-OLs

(iii). To develop an MCDM technique with the help of the proposed aggregation operators

(iv). To demonstrate an entropy technique based on ST-OLs for CNNs in order to attain
complex weights of criteria

(v). To give an application of the proposed MCDM method in material selection in an
industry

(vi). Finally, to present the validation of the developed method with existing CODAS
approach

The organization of the paper is the following; We review the basic concept of NSs in the
second section of the paper. In Section 3, we explore the operations of enhanced ST-OLs for
NSs. These ST-OLs have been extended to CNSs in Section 4, including subtraction and distance
measurement of ST-OLs for CNSs. In Section 5, we develop AOs and prove their properties
for ST-OLs of CNSs. In Section 6, an MCDM approach has been explained in detailed steps
with entropy technique for criteria weights. The proposed MCDM approach is used to provide
an application for material selection in Section 7. The validation and discussion of the study is
carried out in Section 8. Finally, the paper is concluded in Section 9 with direction for further
research.

2 Preliminaries

Some of the basic concepts of neutrosophic sets (NSs) with their operations are discussed
here.

Definition 2.1 [1] A fuzzy set F̃ defined on a universe of discourse
∗
� has the form:

F̃= {〈ξF̃(ṙ)〉|ṙ∈
∗
�},
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where ξF̃(ṙ) :
∗
�→ [0, 1]. Here ξF̃(ṙ) denotes the membership function of each ṙ.

Definition 2.2 [2] An intuitionistic fuzzy set ĨF is defined as a set of ordered pairs over a

universal set
∗
� and is given by

ĨF = {〈(ξĨF
(ṙ),ψĨF

(ṙ))〉|ṙ∈ ∗
�},

where ξĨF
(ṙ) :

∗
�→ [0, 1],ψĨF

(ṙ) :
∗
�→ [0, 1] with the condition ξĨF

(ṙ)+ψĨF
(ṙ)≤ 1 for each element

ṙ ∈ ∗
�. Here the membership and non-membership functions are denoted as ξĨF

(ṙ) and ψĨF
(ṙ),

respectively.

Definition 2.3 [5] Let
∗
� be a universe of discourse or a non empty set. Any object in the

neutrosophic set ÑF has the form ÑF = {〈μÑF
(ṙ),σÑF

(ṙ),γÑ
F
(ṙ)〉|ṙ ∈ ∗

�}, where μÑF
(ṙ), σÑF

(ṙ) and

γÑF
(ṙ) represent the degree of truth membership, the degree of indeterminacy and the degree of

false membership respectively of each element ṙ ∈ ∗
� to the set ÑF and it is defined as

ÑF = {〈μÑF
(ṙ),σÑF

(ṙ),γÑF
(ṙ)〉|ṙ ∈ ∗

�},

where μÑF
(ṙ),σÑF

(ṙ),γÑF
(ṙ) :

∗
�→ [0, 1] such that 0≤μÑF

(ṙ)+ σÑF
(ṙ)+ γÑF

(ṙ)≤ 3.

Definition 2.4 [5] Let ÑF = ṙ : 〈μÑF
(ṙ),σÑF

(ṙ),γÑF
(ṙ)〉 , ÑF

1 = ṙ : 〈μ
ÑF

1(ṙ),σÑF
1(ṙ),γÑF

1(ṙ)〉 and

ÑF
2 = ṙ : 〈μ

ÑF
2(ṙ),σÑF

2(ṙ),γÑF
2(ṙ)〉 be three neutrosophic numbers (NNs) and let ẅ be any scalar.

Then

ÑF
c = 〈γÑF

(ṙ),σÑF
(ṙ),μÑF

(ṙ)〉
ÑF

1 ∩ ÑF
2= 〈min(μ

ÑF
1(ṙ),μÑF

2(ṙ)),max(σ
ÑF

1(ṙ),σÑF
2(ṙ)),max(γ

ÑF
1(ṙ),γÑF

2(ṙ))〉
ÑF

1 ∪ ÑF
2= 〈max(μ

ÑF
1(ṙ),μÑF

2(ṙ)),min(σ
ÑF

1(ṙ),σÑF
2(ṙ)),min(γ

ÑF
1(ṙ),γÑF

2(ṙ))〉
ÑF

1⊕ ÑF
2= 〈μ

ÑF
1(ṙ)+μÑF

2(ṙ)−μÑF
1(ṙ).μÑF

2(ṙ),σÑF
1(ṙ).σÑF

2(ṙ),γÑF
1(ṙ).γÑF

2(ṙ)〉
ÑF

1⊗ ÑF
2= 〈μ

ÑF
1(ṙ).μÑF

2(ṙ), σ
ÑF

1(ṙ)+ σÑF
2(ṙ)− σÑF

1(ṙ).σÑF
2(ṙ),

γ
ÑF

1(ṙ)+ γÑF
2(ṙ)− γÑF

1(ṙ).γÑF
2(ṙ)〉

ẅ.ÑF = 〈1− (1−μÑF
(ṙ))ẅ, (σÑF

(ṙ))ẅ, (γÑF
(ṙ))ẅ〉

(ÑF)
ẅ = 〈(μÑF

(ṙ))ẅ, 1− (1− σÑF
(ṙ))ẅ, 1− (1− γÑF

(ṙ))ẅ〉

Definition 2.5 Let ÑF
1 = ṙ : 〈μ

ÑF
1(ṙ),σÑF

1(ṙ),γÑF
1(ṙ)〉 and ÑF

2 = ṙ : 〈μ
ÑF

2(ṙ),σÑF
2(ṙ),γÑF

2(ṙ)〉 be

two NNs. Then

i. ÑF
1 ⊆ ÑF

2 if and only if μ
ÑF

1(ṙ)≤μÑF
2(ṙ) , σÑF

1(ṙ)≥ σÑF
2(ṙ) , γÑF

1(ṙ)≥ γÑF
2(ṙ) for each

(ṙ) ∈ ∗
�

ii. ÑF
1 ⊆ ÑF

2 if and only if ÑF
1 ⊆ ÑF

2 and ÑF
1 ⊇ ÑF

2
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Definition 2.6 Let ÑF = ṙ : 〈μÑF
(ṙ),σÑF

(ṙ),γÑF
(ṙ)〉 , ÑF

1 = ṙ : 〈μ
ÑF

1(ṙ),σÑF
1(ṙ),γÑF

1(ṙ)〉 and

ÑF
2 = ṙ : 〈μ

ÑF
2(ṙ),σÑF

2(ṙ),γÑF
2(ṙ)〉 be three NNs. Then the score and accuracy functions of NNs

are defined as follows:

(1) Score(ÑF)=μÑF
(ṙ)− σÑF

(ṙ)− γÑF
(ṙ)

(2)Accuracy(ÑF)=μÑF
(ṙ)+ σÑF

(ṙ)+ γÑF
(ṙ)

Also, the following conditions hold good.

(1) If Score(ÑF
1) > Score(ÑF

2) then ÑF
1> ÑF

2

(2) If Score(ÑF
1) < Score(ÑF

2) then ÑF
1< ÑF

2

(3) If Score(ÑF
1)= Score(ÑF

2) then ÑF
1 = ÑF

2

(4) If Accuracy(ÑF
1) >Accuracy(ÑF

2) then ÑF
1> ÑF

2

(5) If Accuracy(ÑF
1) <Accuracy(ÑF

2) then ÑF
1< ÑF

2

(6) If Accuracy(ÑF
1)=Accuracy(ÑF

2) then ÑF
1 = ÑF

2

3 Sine Trigonometry Operational Law (STOL) for Neutrosophic Sets

First, the STOL [34] are applied to neutrosophic sets and the boundary conditions are verified.

Definition 3.1 Let the neutrosophic numbers (NNs) be ÑF = ṙ : 〈μÑF
(ṙ),σÑF

(ṙ),γÑF
(ṙ)〉. Then,

the sine trigonometric operational laws of NNs are defined as follows:

sin(ÑF)=
{〈
sin

(π
2
.μÑF

(ṙ)
)
, sin2

(π
2
.σÑF

(ṙ)
)
, 2 sin2

(π
4
.γÑF

(ṙ)
)〉

|ṙ ∈ ∗
�
}

(1)

From the above STOL of NNs, it is evident that the sin(ÑF) is also NNs. And it satisfies the
following condition of neutrosophic set as the degree of truth, indeterminacy, and falsity of NS
are defined, respectively

sin
(
π
2 .μÑF

(ṙ)
)
:
∗
�→ [0, 1] such that 0≤ sin

(
π
2 .μÑF

(ṙ)
)
≤ 1,

sin2
(
π
2 .σÑF

(ṙ)
)
:
∗
�→ [0, 1] such that 0≤ sin2

(
π
2 .σÑF

(ṙ)
)
≤ 1,

2 sin2
(
π
4 .γÑF

(ṙ)
)
:
∗
�→ [0, 1] such that 0≤ 2 sin2

(
π
4 .γÑF

(ṙ)
)
≤ 1,

Also, 0≤
〈
sin

(
π
2 .μÑF

(ṙ)
)
+ sin2

(
π
2 .σÑF

(ṙ)
)
+ 2 sin2

(
π
4 .γÑF

(ṙ)
)〉

≤ 3. Therefore, STOL of NNs

are also NNs, a fact which is also affirmed by Fig. 1.

Then we discuss the fundamental operations on sine trigonometric neutrosophic numbers
(STNNs) and their properties.
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Figure 1: This is a graph of STOLs of NNs

Definition 3.2 Let ÑF = ṙ : 〈μÑF
(ṙ),σÑF

(ṙ),γÑF
(ṙ)〉, ÑF

1 = ṙ : 〈μ
ÑF

1(ṙ),σÑF
1(ṙ),γÑF

1(ṙ)〉 and ÑF
2 =

ṙ : 〈μ
ÑF

2(ṙ),σÑF
2(ṙ),γÑF

2(ṙ)〉 be neutrosophic numbers (NNs) and let ẅ be any scalar. Then

• Complement of ˜sin(NF):

˜sin (NF)
c =

〈
2 sin2

(π
4
.γÑF

(ṙ)
)
, sin2

(π
2
.σÑF

(ṙ)
)
, sin

(π
2
.μÑF

(ṙ)
)〉

• Intersection of ˜sin(NF
1) and ˜sin(NF

2):

˜sin(NF
1)∩ ˜sin(NF

2)=
〈
min

(
sin

(
π
2 .μÑF

1(ṙ)
)
, sin

(
π
2 .μÑF

2(ṙ)
))

,

max
(
sin2

(
π
2 .σÑF

1(ṙ)
)
, sin2

(
π
2 .σÑF

1(ṙ)
))

,

max
(
2 sin2

(
π
4 .γÑF

1(ṙ)
)
, 2 sin2

(
π
4 .γÑF

2(ṙ)
))〉

• Union of ˜sin(NF
1) and ˜sin(NF

2):

˜sin(NF
1)∩ ˜sin(NF

2)=
〈
max

(
sin

(
π
2 .μÑF

1(ṙ)
)
, sin

(
π
2 .μÑF

2(ṙ)
))

,

min
(
sin2

(
π
2 .σÑF

1(ṙ)
)
, sin2

(
π
2 .σÑF

1(ṙ)
))

,

min
(
2 sin2

(
π
4 .γÑF

1(ṙ)
)
, 2 sin2

(
π
4 .γÑF

2(ṙ)
))〉

• Algebric sum of ˜sin(NF
1) and ˜sin(NF

2):

˜sin(NF
1)⊕ ˜sin(NF

2) =
〈
sin

(
π
2 .μÑF

1(ṙ)
)
+ sin

(
π
2 .μÑF

2(ṙ)
)
− sin

(
π
2 .μÑF

1(ṙ)
)
. sin

(
π
2 .μÑF

2(ṙ)
)
,

sin2
(
π
2 .σÑF

1(ṙ)
)
. sin2

(
π
2 .σÑF

1(ṙ)
)
, 2 sin2

(
π
4 .γÑF

1(ṙ)
)
.2 sin2

(
π
4 .γÑF

2(ṙ)
)〉
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• Algebric product of ˜sin(NF
1) and ˜sin(NF

2):

˜sin(NF
1)⊗ ˜sin(NF

2)=
〈
sin

(
π
2 .μÑF

1(ṙ)
)
. sin

(
π
2 .μÑF

2(ṙ)
)
,

sin2
(
π
2 .σÑF

1(ṙ)
)
+ sin2

(
π
2 .σÑF

2(ṙ)
)
− sin2

(
π
2 .σÑF

1(ṙ)
)
. sin2

(
π
2 .σÑF

2(ṙ)
)
,

2 sin2
(
π
4 .γÑF

1(ṙ)
)
+ 2 sin2

(
π
4 .γÑF

1(ṙ)
)
− 2 sin2

(
π
4 .γÑF

1(ṙ)
)
.2 sin2

(
π
4 .γÑF

1(ṙ)
)〉

• Scalar product of ˜sin(NF):

ẅ. ˜sin(NF)=
〈
1−

(
1− sin

(
π
2 .μÑF

1(ṙ)
))ẅ

,
(
sin2

(
π
2 .σÑF

1(ṙ)
))ẅ

,
(
2 sin2

(
π
4 .γÑF

1(ṙ)
))ẅ〉

• Power of ˜sin(NF):

( ˜sin(NF))
ẅ
=

〈(
sin

(
π
2 .μÑF

1(ṙ)
))ẅ

, 1−
(
1− sin2

(
π
2 .σÑF

1(ṙ)
))ẅ

, 1−
(
1− 2 sin2

(
π
4 .γÑF

1(ṙ)
))ẅ〉

Definition 3.3 Let ˜sin(NF
1) and ˜sin(NF

2) be two sine trigonometric neutrosophic numbers.
Then

i. ˜sin(NF
1) ⊆ ˜sin(NF

2) if and only if sin
(
π
2 .μÑF

1(ṙ)
)
≤ sin

(
π
2 .μÑF

2(ṙ)
)
, sin2

(
π
2 .σÑF

1(ṙ)
)
≥

sin2
(
π
2 .σÑF

2(ṙ)
)
, 2 sin2

(
π
4 .γÑF

1(ṙ)
)
≥ 2 sin2

(
π
4 .γÑF

2(ṙ)
)
for each (ṙ) ∈ ∗

�

ii. ˜sin(NF
1)= ˜sin(NF

2) if and only if ˜sin(NF
1)⊆ ˜sin(NF

2) and ˜sin(NF
1)⊇ ˜sin(NF

2)

Definition 3.4 Let ÑF = ṙ : 〈μÑF
(ṙ),σÑF

(ṙ),γÑF
(ṙ)〉 be a neutrosophic number. Then the score

and accuracy functions of STOL of NNs are defined as follows:

(1) Score(sin(ÑF))= sin
(
π
2 .μÑF

(ṙ)
)
− sin2

(
π
2 .σÑF

(ṙ)
)
− 2 sin2

(
π
4 .γÑF

(ṙ)
)

(2) Accuracy(sin(ÑF))= sin
(
π
2 .μÑF

(ṙ)
)
+ sin2

(
π
2 .σÑF

(ṙ)
)
+ 2 sin2

(
π
4 .γÑF

(ṙ)
)

Here the score and accuracy range values of STOLs of NNs are discussed in pictorial
representation in the following Figs. 2 and 3 when the membership values of μÑF

(ṙ), σÑF
(ṙ), γÑF

(ṙ)
are equal.
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Figure 2: This is a graph of score range values of STOLs of NNs

Figure 3: This is a graph of accuracy range values of STOLs of NNs

4 Sine Trigonometry Operational Laws (STOLs) for Complex Neutrosophic Sets (CNSs)

First, we see some basic concepts of complex neutrosophic sets and their operations.

Definition 4.1 [18] A complex neutrosophic set c̃NF, is represented by truth membership

function (μÑF
(ṙ).ej2πΘ(μÑF

(ṙ))
), an indererminacy membership function (σÑF

(ṙ).ej2πΘ(σÑF
(ṙ))
) and a

falsity membership function (γÑF
(ṙ).ej2πΘ(γÑF

(ṙ))
) that take complex values for any ṙ∈ ∗

�. The three
membership values and their sum may all lie within the unit circle in the complex plane and this
is of the following form:

c̃NF(ṙ)= 〈μÑF
(ṙ).ej2πΘ(μÑF

(ṙ)),σÑF
(ṙ).ej2πΘ(σÑF

(ṙ)),γÑF
(ṙ).ej2πΘ(γÑF

(ṙ))〉
where j = √−1 and μÑF

(ṙ),σÑF
(ṙ),γÑF

(ṙ) are amplitude terms whose values lie in [0, 1], and
the phase terms are Θ(μÑF

(ṙ)),Θ(σÑF
(ṙ)),Θ(γÑF

(ṙ)) ∈ [0, 1] such that 0 ≤ μÑF
(ṙ) + σÑF

(ṙ) +
γÑF

(ṙ)≤ 3 and 0≤Θ(μÑF
(ṙ))+Θ(σÑF

(ṙ))+Θ(γÑF
(ṙ))≤ 3. The modulus of μÑF

(ṙ).ej2πΘ(μÑF
(ṙ)) is

μÑF
(ṙ), also denoted by |μÑF

(ṙ)|. Similarly, the modulus of σÑF
(ṙ).ej2πΘ(σÑF

(ṙ)),γÑF
(ṙ).ej2πΘ(γÑF

(ṙ))
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are σÑF
(ṙ),γÑF

(ṙ), respectively. The set builder form of the complex neutrosophic set c̃NF is
represented as

c̃NF(ṙ)=
{
〈μÑF

(ċ).ej2πΘ(μÑF
(ṙ)),σÑF

(ċ).ej2πΘ(σÑF
(ṙ)),γÑF

(ṙ).ej2πΘ(γÑF
(ṙ))〉ṙ∈ ∗

�
}

where,

μÑF
(ċ).ej2πΘ(μÑF

(ṙ)):
∗
�→ {μÑF

(ċ).ej2πΘ(μÑF
(ṙ)) ∈C, |μÑF

(ċ).ej2πΘ(μÑF
(ṙ))| ≤ 1},

σÑF
(ċ).ej2πΘ(σÑF

(ṙ)) :
∗
�→ {σÑF

(ċ).ej2πΘ(σÑF
(ṙ)) ∈C, |σÑF

(ċ).ej2πΘ(σÑF
(ṙ))| ≤ 1},

γÑF
(ṙ).ej2πΘ(γÑF

(ṙ)) :
∗
�→ {γÑF

(ṙ).ej2πΘ(γÑF
(ṙ)) ∈C, |γÑF

(ṙ).ej2πΘ(γÑF
(ṙ))| ≤ 1},

such that |μÑF
(ċ).ej2πΘ(μÑF

(ṙ))+ σÑF
(ċ).ej2πΘ(σÑF

(ṙ))+ γÑF
(ṙ).ej2πΘ(γÑF

(ṙ))| ≤ 3.

Example 4.1 Let
∗
� = { ∗�1,

∗
�2,

∗
�3} be a universe of discourse. Then, c̃NF(ṙ) is a complex

neutrosophic set in
∗
� given by

c̃NF(ṙ)=
{
(0.5ej2π(0.7),0.6ej2π(0.5),0.5ej2π(0.4))

ṙ1
+ (0.5ej2π(0.7),0.7ej2π(0.5),0.2ej2π(0.4))

ṙ2

+ (0.8ej2π(0.7),0.4ej2π(0.6),0.6ej2π(0.5))
ṙ3

}
.

4.1 The STOLs of CNSs
The STOLs have been introduced for complex neutrosophic sets and their boundary condi-

tions are verified.

Definition 4.2 Let c̃NF(ṙ) be a complex neutrosophic number (CNN).

c̃NF(ṙ)= ṙ :
〈
μÑF

(ṙ).ej2πΘ(μÑF
(ṙ)),σÑF

(ṙ).ej2πΘ(σÑF
(ṙ)),γÑF

(ṙ).ej2πΘ(γÑF
(ṙ))

〉
Then, the sine trigonometric operational law of CNNs (ST-OLs-CNNs) is defined as follows:

sin(c̃NF(ṙ))=
{〈

sin
(
π
2 .μÑF

(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

(ṙ))
))
,

sin2
(
π
2 .σÑF

(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

(ṙ))
))
,

2 sin2
(
π
4 .γÑF

(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))〉

|ṙ ∈ ∗
�
} (2)

From the above STOL of CNNs, it is evident that the sin(c̃NF(ṙ)) is also a CNN. And it
satisfies the following condition of CNSs as the degree of truth, indeterminacy, and false of
complex neutrosophic sets are defined, respectively.

sin
(
π
2 .μÑF

(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

(ṙ))
))

:
∗
�→ [C] suchthat

0≤
∣∣∣∣sin(π2 .μÑF

(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

(ṙ))
))∣∣∣∣≤ 1
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sin2
(
π
2 .σÑF

(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

(ṙ))
))

:
∗
�→ [C] suchthat

0≤
∣∣∣∣sin2 (π2 .σÑF

(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

(ṙ))
))∣∣∣∣≤ 1

2 sin2
(
π
4 .γÑF

(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))

:
∗
�→ [C] suchthat

0≤
∣∣∣∣2 sin2 (π4 .γÑF

(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))∣∣∣∣≤ 1

Also,

0≤
〈∣∣∣∣sin(π2 .μÑF

(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

(ṙ))
))∣∣∣∣+ ∣∣∣∣sin2 (π2 .σÑF

(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

(ṙ))
))∣∣∣∣

+
∣∣∣∣2 sin2 (π4 .γÑF

(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))∣∣∣∣〉≤ 3.

Example 4.2 Let c̃NF(ṙ) be a complex neutrosophic number (CNN).

c̃NF(ṙ)= ṙ : 〈0.6.ej2π(0.5), 0.8.ej2π(0.6), 0.5.ej2π(0.6)〉
Then, the sine trigonometric operational law of CNNs (ST-OLs-CNNs) is also a CNN. We

describe the function as follows:

sin(c̃NF(ṙ))=ṙ :
〈
sin

(
π
2 .(0.6)

)
.ej2π(sin(

π
2 .(0.5))), sin2

(
π
2 .(0.8)

)
.e
j2π

(
sin2(π2 .(0.6))

)
,

2 sin2
(
π
4 .(0.5)

)
.e
j2π

(
2 sin2(π4 .(0.6))

)〉 (3)

sin(c̃NF(ṙ))= ṙ : 〈−0.21540509655461967− 0.7798135299966068∗ I ,
−0.5107170525731581− 0.7465277715499458 ∗ I ,

−0.2494578353976714+ 0.15348363425985598 ∗ I〉.

Also, the modulus of ST-OLs of CNNs is listed below and it is observed that the sum of
values is less than or equal to three.

sin(c̃NF(ṙ))= ṙ : 〈0.8090169943749475, 0.9045084971874736, 0.2928932188134525〉.
Then we discuss the fundamental operations on sine trigonometric operational laws of CNNs

and their properties.

Definition 4.3 [18] Let c̃NF(ṙ), c̃NF
1(ṙ), c̃NF

2(ṙ) be three neutrosophic numbers (NNs) and let
ẅ be any scalar.

c̃NF(ṙ)= ṙ :
〈
μÑF

(ṙ).ej2πΘ(μÑF
(ṙ)),σÑF

(ṙ).ej2πΘ(σÑF
(ṙ)),γÑF

(ṙ).ej2πΘ(γÑF
(ṙ))

〉
c̃NF

1(ṙ)= ṙ :
〈
μ

ÑF
1(ṙ).e

j2πΘ(μ
ÑF

1 (ṙ)),σ
ÑF

1(ṙ).e
j2πΘ(σ

ÑF
1 (ṙ)),γ

ÑF
1(ṙ).e

j2πΘ(γ
ÑF

1 (ṙ))
〉

c̃NF
2(ṙ)= ṙ :

〈
μ

ÑF
2(ṙ).e

j2πΘ(μ
ÑF

2 (ṙ)),σ
ÑF

2(ṙ).e
j2πΘ(σ

ÑF
2 (ṙ)),γ

ÑF
2(ṙ).e

j2πΘ(γ
ÑF

2 (ṙ))
〉
.
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Then the sine operational laws of c̃NF(ṙ), c̃NF
1(ṙ) and c̃NF

2(ṙ) are described below:

• Complement of sin(c̃NF(ṙ)):

sin (c̃NF(ṙ))
c=

〈
2 sin2

(
π
4 .γÑF

(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))
, sin2

(
π
2 .σÑF

(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

(ṙ))
))
,

sin
(
π
2 .μÑF

(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

(ṙ))
))〉

.

• Intersection of sin(c̃NF
1(ṙ)) and sin(c̃NF

2(ṙ)):

sin(c̃NF
1(ṙ))∩ sin(c̃NF

2(ṙ))=〈
min

⎛⎝sin
(
π
2 .μÑF

1(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

1 (ṙ))
))

, sin
(
π
2 .μÑF

2(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

2 (ṙ))
))⎞⎠ ,

max

⎛⎝sin2
(
π
2 .σÑF

1(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

1 (ṙ))
))

, sin2
(
π
2 .σÑF

2(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

2 (ṙ))
))⎞⎠ ,

max

⎛⎝2 sin2
(
π
4 .γÑF

1(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

1 (ṙ))
))

, 2 sin2
(
π
4 .γÑF

2(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

2 (ṙ))
))⎞⎠〉

.

• Union of sin(c̃NF
1(ṙ)) and sin(c̃NF

2(ṙ)):

sin(c̃NF
1(ṙ))∩ sin(c̃NF

2(ṙ))

=
〈
max

⎛⎝sin
(
π
2 .μÑF

1(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

1 (ṙ))
))

, sin
(
π
2 .μÑF

2(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

2 (ṙ))
))⎞⎠ ,

min

⎛⎝sin2
(
π
2 .σÑF

1(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

1 (ṙ))
))

, sin2
(
π
2 .σÑF

2(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

2 (ṙ))
))⎞⎠ ,

min

⎛⎝2 sin2
(
π
4 .γÑF

1(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

1 (ṙ))
))

, 2 sin2
(
π
4 .γÑF

2(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

2 (ṙ))
))⎞⎠〉

.

• Algebric sum of sin(c̃NF
1(ṙ)) and sin(c̃NF

2(ṙ)):

sin(c̃NF
1(ṙ))⊕ sin(c̃NF

2(ṙ))=
〈⎡⎣ sin

(
π
2 .μÑF

1(ṙ)
)
+ sin

(
π
2 .μÑF

2(ṙ)
)

− sin
(
π
2 .μÑF

1(ṙ)
)
. sin

(
π
2 .μÑF

2(ṙ)
)⎤⎦ .e

j2π

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sin
(
π
2 .Θ(μÑF

1(ṙ))
)
+

sin
(
π
2 .Θ(μÑF

2(ṙ))
)
−

sin
(
π
2 .Θ(μÑF

1(ṙ))
)
.

sin
(
π
2 .Θ(μÑF

2(ṙ))
)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

[
sin2

(
π
2 .σÑF

1(ṙ)
)
. sin2

(
π
2 .σÑF

2(ṙ)
)]

.e

j2π

⎡⎢⎢⎣sin
2
(
π
2 .Θ(σÑF

1(ṙ))
)
.

sin2
(
π
2 .Θ(σÑF

2(ṙ))
) ⎤⎥⎥⎦

,

[
2 sin2

(
π
4 .γÑF

1(ṙ)
)
.2 sin2

(
π
4 .γÑF

2(ṙ)
)]

.e

j2π

⎡⎢⎢⎣2 sin
2
(
π
4 .Θ(γÑF

1(ṙ))
)
.

2 sin2
(
π
4 .Θ(γÑF

2(ṙ))
) ⎤⎥⎥⎦〉

.
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• Scalar product of sin(c̃NF(ṙ)):

ẅ. sin(c̃NF(ṙ))=
〈[

1−
(
1− sin

(
π
2 .μÑF

(ṙ)
))ẅ]

.e
j2π

[
1−

(
1− sin

(
π
2 .Θ(μÑF

(ṙ))
))ẅ]

,

[(
sin2

(
π
2 .σÑF

(ṙ)
))ẅ]

.e
j2π

[(
sin2

(
π
2 .Θ(σÑF

(ṙ))
))ẅ]

,[(
2 sin2

(
π
4 .γÑF

(ṙ)
))ẅ]

.e
j2π

[(
2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))ẅ]〉

.

• Algebric product of sin(c̃NF
1(ṙ)) and sin(c̃NF

2(ṙ)):

sin(c̃NF
1(ṙ))⊗sin(c̃NF

2(ṙ))=〈[
sin

(
π
2 .μÑF

1(ṙ)
)
. sin

(
π
2 .μÑF

2(ṙ)
)]

.e
j2π

[
sin

(
π
2 .Θ(μÑF

1(ṙ))
)
. sin

(
π
2 .Θ(μÑF

2(ṙ))
)]

,

⎡⎣sin2 (π2 .σÑF
1(ṙ)

)
+ sin2

(
π
2 .σÑF

2(ṙ)
)
−

sin2
(
π
2 .σÑF

1(ṙ)
)
. sin2

(
π
2 .σÑF

2(ṙ)
) ⎤⎦ .e

j2π

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sin2
(
π
2 .Θ(γÑF

1(ṙ))
)
+

sin2
(
π
2 .Θ(σÑF

2(ṙ))
)
−

sin2
(
π
2 .Θ(σÑF

1(ṙ))
)
.

sin2
(
π
2 .Θ(σÑF

2(ṙ))
)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡⎣2 sin2 (π4 .γÑF
1(ṙ)

)
+ 2 sin2

(
π
4 .γÑF

2(ṙ)
)
−

2 sin2
(
π
4 .γÑF

1(ṙ)
)
.2 sin2

(
π
4 .γÑF

2(ṙ)
) ⎤⎦ .e

j2π

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 sin2
(
π
4 .Θ(γÑF

1(ṙ))
)
+

2 sin2
(
π
4 .Θ(γÑF

2(ṙ))
)
−

2 sin2
(
π
4 .Θ(γÑF

1(ṙ))
)
.

2 sin2
(
π
4 .Θ(γÑF

2(ṙ))
)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦〉
.

• Power of sin(c̃NF(ṙ)):

(sin(c̃NF(ṙ)))
ẅ =

〈[(
sin

(
π
2 .μÑF

(ṙ)
))ẅ]

.e
j2π

[(
sin

(
π
2 .Θ(μÑF

(ṙ))
))ẅ]

,

[
1−

(
1− sin2

(
π
2 .σÑF

(ṙ)
))ẅ]

.e
j2π

[
1−

(
1− sin2

(
π
2 .Θ(σÑF

(ṙ))
))ẅ]

,[
1−

(
1− 2 sin2

(
π
4 .γÑF

(ṙ)
))ẅ]

.e
j2π

[
1−

(
1− 2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))ẅ]〉

.
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Definition 4.4 Let sin(c̃NF(ṙ)) be sine trigonometric operational law of CNN.

sin(c̃NF(ṙ))=
{〈

sin
(
π
2 .μÑF

(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

(ṙ))
))
,

sin2
(
π
2 .σÑF

(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

(ṙ))
))
,

2 sin2
(
π
4 .γÑF

(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))〉

|ṙ ∈ ∗
�
}
.

Then, score and accuracy of sin(c̃NF(ṙ)) are also CNNs and they are defined as follows:

score(sin(c̃NF(ṙ)))=
(
sin

(
π
2 .μÑF

(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

(ṙ))
))

− sin2
(
π
2 .σÑF

(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

(ṙ))
))

− 2 sin2
(
π
4 .γÑF

(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))) (4)

Accuracy(sin(c̃NF(ṙ)))=
(
sin

(
π
2 .μÑF

(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

(ṙ))
))

+ sin2
(
π
2 .σÑF

(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

(ṙ))
))

+ 2 sin2
(
π
4 .γÑF

(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

(ṙ))
)))

.
(5)

Next, the properties of sine trigonometric operational laws of CNNs are discussed.

Theorem 4.1 Let sin(c̃NF
1(ṙ)) and sin(c̃NF

2(ṙ)) be two ST-OL-CNNs. Then,

• sin(c̃NF
1(ṙ))⊕ sin(c̃NF

2(ṙ))= sin(c̃NF
2(ṙ))⊕ sin(c̃NF

1(ṙ))

• sin(c̃NF
1(ṙ))⊗ sin(c̃NF

2(ṙ))= sin(c̃NF
2(ṙ))⊗ sin(c̃NF

1(ṙ))

Proof. The proofs are straightforward from the Definition 4.3.

Theorem 4.2 Let sin(c̃NF
1(ṙ)) and sin(c̃NF

2(ṙ)) be two ST-OL-CNNs and k,k1,k2> 0. Then,

(i). �

(
sin(c̃NF

1(ṙ))⊕ sin(c̃NF
2(ṙ))

)
=� sin(c̃NF

2(ṙ))⊕k sin(c̃NF
1(ṙ))

(ii).
(
sin(c̃NF

1(ṙ))⊗ sin(c̃NF
2(ṙ))

)k

=
(
sin(c̃NF

2(ṙ))
)k

⊗
(
sin(c̃NF

1(ṙ))
)k

(iii). k1 sin(c̃NF
1(ṙ))⊕k2 sin(c̃NF

1(ṙ))= (k1+k2) sin(c̃NF
1(ṙ))

(iv).
(
sin(c̃NF

1(ṙ))
)k1

⊗
(
sin(c̃NF

1(ṙ))
)k2

=
(
sin(c̃NF

1(ṙ))
)k1+k2

(v).

((
sin(c̃NF

1(ṙ))
)k1

)k2

=
(
sin(c̃NF

1(ṙ))
)k1.k2



1046 CMES, 2022, vol.130, no.2

Proof. Let sin(c̃NF
1(ṙ)) and sin(c̃NF

2(ṙ)) be two ST-OL-CNNs;

sin(c̃NF
1(ṙ))=

〈
sin

(
π
2 .μÑF

1(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

1 (ṙ))
))

, sin2
(
π
2 .σÑF

1(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

1 (ṙ))
))

,

2 sin2
(
π
4 .γÑF

1(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

1 (ṙ))
))〉

sin(c̃NF
1(ṙ))=

〈
sin

(
π
2 .μÑF

1(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

1 (ṙ))
))

, sin2
(
π
2 .σÑF

1(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

1 (ṙ))
))

,

2 sin2
(
π
4 .γÑF

1(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

1 (ṙ))
))〉

.

Then, using Definition 4.3 the algebraic sum of two ST-OL-CNNs

sin(c̃NF
1(ṙ))⊕sin(c̃NF

2(ṙ))

=
〈⎡⎣1−(

1− sin
(
π
2 .μÑF

1(ṙ)
))

.(
1− sin

(
π
2 .μÑF

2(ṙ)
)) ⎤⎦ .e

j2π

⎡⎢⎢⎣1−
(
1− sin

(
π
2 .Θ(μÑF

1(ṙ))
))

.(
1− sin

(
π
2 .Θ(μÑF

1(ṙ))
)) ⎤⎥⎥⎦

,

[
sin2

(
π
2 .σÑF

1(ṙ)
)
. sin2

(
π
2 .σÑF

2(ṙ)
)]

.e

j2π

⎡⎢⎢⎣sin
2
(
π
2 .Θ(σÑF

1(ṙ))
)
.

sin2
(
π
2 .Θ(σÑF

2(ṙ))
) ⎤⎥⎥⎦

,

[
2 sin2

(
π
4 .γÑF

1(ṙ)
)
.2 sin2

(
π
4 .γÑF

2(ṙ)
)]

.e

j2π

⎡⎢⎢⎣2 sin
2
(
π
4 .Θ(γÑF

1(ṙ))
)
.

2 sin2
(
π
4 .Θ(γÑF

2(ṙ))
) ⎤⎥⎥⎦〉

.

(i). For any k> 0, then we have

k

(
sin(c̃NF

1(ṙ))⊕ sin(c̃NF
2(ṙ))

)
=

〈⎡⎢⎣1−
(
1− sin

(
π
2 .μÑF

1(ṙ)
))k

.(
1− sin

(
π
2 .μÑF

2(ṙ)
))k

⎤⎥⎦ .e

j2π

⎡⎢⎢⎢⎣1−
(
1− sin

(
π
2 .Θ(μÑF

1(ṙ))
))k

.(
1− sin

(
π
2 .Θ(μÑF

1(ṙ))
))k

⎤⎥⎥⎥⎦
,

[(
sin2

(
π
2 .σÑF

1(ṙ)
)
. sin2

(
π
2 .σÑF

2(ṙ)
))k

]
.e

j2π

⎡⎢⎢⎣
(
sin2

(
π
2 .Θ(σÑF

1(ṙ))
)
.

sin2
(
π
2 .Θ(σÑF

2(ṙ))
))k

⎤⎥⎥⎦
,

[(
2 sin2

(
π
4 .γÑF

1(ṙ)
)
.2 sin2

(
π
4 .γÑF

2(ṙ)
))k

]
.e

j2π

⎡⎢⎢⎣
(
2 sin2

(
π
4 .Θ(γÑF

1(ṙ))
)
.

2 sin2
(
π
4 .Θ(γÑF

2(ṙ))
))k

⎤⎥⎥⎦〉
.



CMES, 2022, vol.130, no.2 1047

=
〈[

1−
(
1− sin

(
π
2 .μÑF

1(ṙ)
))k

]
.e
j2π

[
1−

(
1− sin

(
π
2 .Θ(μÑF

1(ṙ))
))k

]
,

[(
sin2

(
π
2 .σÑF

1(ṙ)
))k

]
.e
j2π

[(
sin2

(
π
2 .Θ(σÑF

1(ṙ))
))k

]
,

[(
2 sin2

(
π
4 .γÑF

1(ṙ)
))k

]
.e
j2π

[(
2 sin2

(
π
4 .Θ(γÑF

1(ṙ))
))k

]〉
⊕

〈[
1−

(
1− sin

(
π
2 .μÑF

2(ṙ)
))k

]
.e
j2π

[
1−

(
1− sin

(
π
2 .Θ(μÑF

2(ṙ))
))k

]
,

[(
sin2

(
π
2 .σÑF

2(ṙ)
))k

]
.e
j2π

[(
sin2

(
π
2 .Θ(σÑF

2(ṙ))
))k

]
,

[(
2 sin2

(
π
4 .γÑF

2(ṙ)
))k

]
.e
j2π

[(
2 sin2

(
π
4 .Θ(γÑF

2(ṙ))
))k

]〉
= k sin(c̃NF

2(ṙ))⊕k sin(c̃NF
1(ṙ))

Hence the property (i) is proved.

The proof of property (ii). is similar

(iii). For any k1,k2> 0, we have

k1 sin(c̃NF
1(ṙ))⊕k2 sin(c̃NF

1(ṙ))

=
〈[

1−
(
1− sin

(
π
2 .μÑF

1(ṙ)
))k1

]
.e
j2π

[
1−

(
1− sin

(
π
2 .Θ(μÑF

1(ṙ))
))k1

]
,

[(
sin2

(
π
2 .σÑF

1(ṙ)
))k1

]
.e
j2π

[(
sin2

(
π
2 .Θ(σÑF

1(ṙ))
))k1

]
,

[(
2 sin2

(
π
4 .γÑF

1(ṙ)
))k1

]
.e
j2π

[(
2 sin2

(
π
4 .Θ(γÑF

1(ṙ))
))k1

]〉
⊕

〈[
1−

(
1− sin

(
π
2 .μÑF

2(ṙ)
))k2

]
.e
j2π

[
1−

(
1− sin

(
π
2 .Θ(μÑF

2(ṙ))
))k2

]
,

[(
sin2

(
π
2 .σÑF

2(ṙ)
))k2

]
.e
j2π

[(
sin2

(
π
2 .Θ(σÑF

2(ṙ))
))k2

]
,

[(
2 sin2

(
π
4 .γÑF

2(ṙ)
))k2

]
.e
j2π

[(
2 sin2

(
π
4 .Θ(γÑF

2(ṙ))
))k2

]〉
= (k1+k2) sin(c̃NF

1(ṙ))
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Hence the proof of property (iii).

Theorem 4.3 Let sin(c̃NF
1(ṙ)) and sin(c̃NF

2(ṙ)) be two ST-OL-CNNs such that μ
ÑF

1(ṙ) ≥
μ

ÑF
2(ṙ), σ

ÑF
1(ṙ) ≤ σ

ÑF
2(ṙ), γ

ÑF
1(ṙ) ≤ γ

ÑF
2(ṙ) and Θ(μ

ÑF
1(ṙ)) ≥ Θ(μ

ÑF
2(ṙ)), Θ(σ

ÑF
1(ṙ)) ≤

Θ(σ
ÑF

2(ṙ)), Θ(γÑF
(ṙ))≤Θ(γÑF

(ṙ)). Then sin(c̃NF
1(ṙ))≥ sin(c̃NF

2(ṙ)).

Proof. For any two CNNs

c̃NF
i(ṙ)=

〈
μ

ÑF
i(ṙ).e

j2πΘ(μ
ÑF

i (ṙ)),σ
ÑF

i(ṙ).e
j2πΘ(σ

ÑF
i (ṙ)),γ

ÑF
i(ṙ).e

j2πΘ(γ
ÑF

i (ṙ))
〉

where i= 1, 2, we have μ
ÑF

1(ṙ)≥μÑF
2(ṙ), Θ(μÑF

1(ṙ))≥Θ(μÑF
2(ṙ)). Since sin function is increasing

in [0,π/2], therefore also we have

sin
(π
2
.μ

ÑF
1(ṙ)

)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

1(ṙ))
))

≥ sin
(π
2
.μ

ÑF
2(ṙ)

)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

2 (ṙ))
))

.

Similarly, for indeterminacy and falsity membership functions.

sin2
(
π
2 .σÑF

1(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

1 (ṙ))
))

≤ sin2
(
π
2 .σÑF

2(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

2 (ṙ))
))

,

2 sin2
(
π
4 .γÑF

1(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

1 (ṙ))
))

≤ 2 sin2
(
π
4 .γÑF

2(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

2 (ṙ))
))

Hence we get from the Definition 4.2 that sin(c̃NF
1(ṙ))≥ sin(c̃NF

2(ṙ)).

4.2 Subtraction of Two Sine Trigonometric CNNs

Definition 4.5 Let sin(c̃NF
t(ṙ)); t= 1, 2 be two sine trigonometric CNNs mentioned as follows:

sin(c̃NF
1(ṙ))= ṙ :

〈
sin

(
π
2 .μÑF

1(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

1 (ṙ))
))

,

sin2
(
π
2 .σÑF

1(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

1 (ṙ))
))

, 2 sin2
(
π
4 .γÑF

1(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

1(ṙ))
))〉

sin(c̃NF
2(ṙ))= ṙ :

〈
sin

(
π
2 .μÑF

2(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

2 (ṙ))
))

,

sin2
(
π
2 .σÑF

2(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

2 (ṙ))
))

, 2 sin2
(
π
4 .γÑF

2(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

2(ṙ))
))〉

.
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The subtraction is defined as

sin(c̃NF
1(ṙ))− sin(c̃NF

2(ṙ))=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sin
(
π
2 .μÑF

1(ṙ)
)
. cos

(
2π

(
sin

(
π
2 .Θ(μÑF

1(ṙ))
)))

−
sin

(
π
2 .μÑF

2(ṙ)
)
. cos

(
2π

(
sin

(
π
2 .Θ(μÑF

2(ṙ))
)))

+
i ∗

(
sin

(
π
2 .μÑF

1(ṙ)
)
. sin

(
2π

(
sin

(
π
2 .Θ(μÑF

1(ṙ))
)))

−
sin

(
π
2 .μÑF

2(ṙ)
)
. sin

(
2π

(
sin

(
π
2 .Θ(μÑF

2(ṙ))
))))

,

sin2
(
π
2 .σÑF

1(ṙ)
)
. cos

(
2π

(
sin2

(
π
2 .Θ(σÑF

1(ṙ))
)))

−
sin2

(
π
2 .σÑF

2(ṙ)
)
. cos

(
2π

(
sin2

(
π
2 .Θ(σÑF

2(ṙ))
)))

+
i ∗

(
sin2

(
π
2 .σÑF

1(ṙ)
)
. sin

(
2π

(
sin2

(
π
2 .Θ(σÑF

1(ṙ))
)))

−
sin2

(
π
2 .σÑF

2(ṙ)
)
. sin

(
2π

(
sin2

(
π
2 .Θ(σÑF

2(ṙ))
))))

,

2 sin2
(
π
4 .γÑF

1(ṙ)
)
. cos

(
2π

(
2 sin2

(
π
4 .Θ(γÑF

1(ṙ))
)))

−
2 sin2

(
π
4 .γÑF

2(ṙ)
)
. cos

(
2π

(
2 sin2

(
π
4 .Θ(γÑF

2(ṙ))
)))

+
i ∗

(
2 sin2

(
π
4 .γÑF

1(ṙ)
)
. sin

(
2π

(
2 sin2

(
π
4 .Θ(γÑF

1(ṙ))
)))

−
2 sin2

(
π
4 .γÑF

2(ṙ)
)
. sin

(
2π

(
2 sin2

(
π
4 .Θ(γÑF

2(ṙ))
))))

.

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6)

Example 4.3 Let two sine trigonometric CNNs be

sin(c̃NF
1(ṙ))=ṙ :

〈
sin

(
π
2 .(0.6)

)
.ej2π(sin(

π
2 .(0.5))), sin2

(
π
2 .(0.8)

)
.e
j2π

(
sin2(π2 .(0.6))

)
,

2 sin2
(
π
4 .(0.5)

)
.e
j2π

(
2 sin2(π4 .(0.6))

)〉

sin(c̃NF
2(ṙ))=ṙ :

〈
sin

(
π
2 .(0.8)

)
.ej2π(sin(

π
2 .(0.4))), sin2

(
π
2 .(0.6)

)
.e
j2π

(
sin2(π2 .(0.5))

)
,

2 sin2
(
π
4 .(0.3)

)
.e
j2π

(
2 sin2(π4 .(0.4))

)〉
.

Then the subtraction is calculated as follows:

sin(c̃NF
1(ṙ))−sin(c̃NF

2(ṙ))= ṙ : 〈0.5946119494424267− 0.2814352776804644 ∗ I ,
0.1437914446143156− 0.7465277715499464 ∗ I ,

−0.2889543342144011+ 0.051898180819312106 ∗ I〉.
(7)

4.3 Distance Measure of ST-OL-CNNs
In this section, we discuss different types of distance measures of ST-OL-CNNs.
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• Let sin(c̃NF
p(ṙ)), sin(c̃NF

q(ṙ)) be two collections of ST-OL-CNNs. Then the Minkowski
distance (MD) measure between two ST-OL-CNNs is defined as follows:

MD(sin(c̃NF
p(ṙ)), sin(c̃NF

q(ṙ)))=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n∑
p,q=1

∣∣∣∣∣∣sin
(
π
2 .μÑF

P(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

P (ṙ))
))

− sin
(
π
2 .μÑF

q(ṙ)
)
.e
j2π

(
sin

(
π
2 .Θ(μÑF

q (ṙ))
))∣∣∣∣β ,

n∑
p,q=1

∣∣∣∣sin2 (π2 .σÑF
p(ṙ)

)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

p(ṙ))
))

− sin2
(
π
2 .σÑF

q(ṙ)
)
.e
j2π

(
sin2

(
π
2 .Θ(σÑF

q (ṙ))
))∣∣∣∣β ,

n∑
p,q=1

∣∣∣∣2 sin2 (π4 .γÑF
p(ṙ)

)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

p (ṙ))
))

−2 sin2
(
π
4 .γÑF

q(ṙ)
)
.e
j2π

(
2 sin2

(
π
4 .Θ(γÑF

q(ṙ))
))∣∣∣∣β .

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1
β

(8)

• When β = 1 in Eq. (8), it is called the Manhattan distance measure
• Similarly, when β = 2 Eq. (8), is called the Euclidean distance measure.

Example 4.4 Let ST-OLs for two CNNs be given by

sin(c̃NF
1(ṙ))=ṙ :

〈
sin

(
π
2 .(0.6)

)
.ej2π(sin(

π
2 .(0.5))), sin2

(
π
2 .(0.8)

)
.e
j2π

(
sin2(π2 .(0.6))

)
,

2 sin2
(
π
4 .(0.5)

)
.e
j2π

(
2 sin2(π4 .(0.6))

)〉

sin(c̃NF
2(ṙ))=ṙ :

〈
sin

(
π
2 .(0.8)

)
.ej2π(sin(

π
2 .(0.4))), sin2

(
π
2 .(0.6)

)
.e
j2π

(
sin2(π2 .(0.5))

)
,

2 sin2
(
π
4 .(0.3)

)
.e
j2π

(
2 sin2(π4 .(0.4))

)〉
.

Then, the distance measures are

• Manhattan distance measure (Ma-D):

Ma−D(sin(c̃NF
1(ṙ)), sin(c̃NF

2(ṙ)))= 〈0.6579, 0.7602, 0.2936〉
• Euclidean distance measure (ED):

ED(sin(c̃NF
1(ṙ)), sin(c̃NF

2(ṙ)))= 〈0.6579, 0.7602, 0.2936〉
• Minkowski distance measure (MD) when β = 3:

MD(sin(c̃NF
1(ṙ)), sin(c̃NF

2+(ṙ)))= 〈0.6579, 0.7602, 0.2936〉
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Note: Here the subtraction of two ST-OL-CNNs is calculated using Eq. (6).

The Minkowski distance measures of ST-OL-CNNs satisfies the following properties:

(i). 0≤MD〈γÑF
,σÑF

,μÑF
〉(sin(c̃NF

p(ṙ)), sin(c̃NF
q(ṙ)))≤ 1

(ii). MD〈γÑF
,σÑF

,μÑF
〉(sin(c̃NF

p(ṙ)), sin(c̃NF
q(ṙ)))= 0; that means

MD〈γÑF
,σÑF

,μÑF
〉(sin(c̃NF

p(ṙ)))=MD〈γÑF
,σÑF

,μÑF
〉(sin(c̃NF

q(ṙ)))

(iii). MD〈γÑF
,σÑF

,μÑF
〉(sin(c̃NF

p(ṙ)), sin(c̃NF
q(ṙ)))=MD〈γÑF

,σÑF
,μÑF

〉(sin(c̃NF
q(ṙ)), sin(c̃NF

p(ṙ)))

(iv). If sin(c̃NF

(ṙ)) is a ST-OL-CNNs in

∗
� and if sin(c̃NF

p(ṙ))⊆ sin(c̃NF
q(ṙ))⊆ sin(c̃NF


(ṙ)), then

MD(sin(c̃NF
p(ṙ)), sin(c̃NF


(ṙ)))≤MD(sin(c̃NF
p(ṙ)), sin(c̃NF

q(ṙ))) and

MD(sin(c̃NF
p(ṙ)), sin(c̃NF


(ṙ)))≤MD(sin(c̃NF
q(ṙ)), sin(c̃NF


(ṙ))).

5 Aggregation Operators for ST-OLs-CNSs

In this section, the weighted averaging and geometric aggregation operators are presented for
ST-OLs-CNNs with numerical example.

5.1 Sine Trigonometry Weighted Averaging Aggregation Operator (ST-WAAO)

Definition 5.1 Let c̃NF
P(ṙ);P= 1, 2, . . . ,n be complex neutrosophic numbers (CNNs).

c̃NF
P(ṙ)= ṙ :

〈
μ

ÑF
P(ṙ).e

j2πΘ(μ
ÑF

P (ṙ)),σ
ÑF

P(ṙ).e
j2πΘ(σ

ÑF
P (ṙ)),γ

ÑF
P(ṙ).e

j2πΘ(γ
ÑF

P (ṙ))
〉

Then the ST-WAAOs for CNNs is denoted by ST −WAAO−CNN and defined as follows:

ST −WAAO−CNN(c̃NF
1, c̃NF

2, . . . , c̃NF
n)= ð1 sin(c̃NF

1)⊕ð2 sin(c̃NF
2)⊕ . . .⊕ðn sin(c̃NF

n)

=
n∑

P=1
ðP sin(c̃NF

P)
(9)

where ðP(P= 1, 2, . . . ,n) represents the weights of c̃NF
P such that ðP ≥ 0 and

n∑
P=1

ðP = 1.

Theorem 5.1 Let c̃NF
P(P= 1, 2, . . . ,n) be CNNs and the weights of c̃NF

P be such that ðP ≥ 0

and
n∑

P=1
ðP = 1. Then the ST −WAAO−CNN is defined as follows:



1052 CMES, 2022, vol.130, no.2

ST −WAAO−CNN(c̃NF
1, c̃NF

2, . . . , c̃NF
n)=

n∑
P=1

ðP sin(c̃NF
P)

=
〈[

1−
n∏

P=1

(
1− sin

(
π
2 .μÑF

P

))ðP
]
.e
j2π

[
1−

n∏
P=1

(
1− sin

(
π
2 .Θ(μÑF

P)
))ðP

]
,

[ n∏
P=1

(
sin2

(
π
2 .σÑF

P

))ðP
]
.e
j2π

[ n∏
P=1

(
sin2

(
π
2 .Θ(σÑF

P)
))ðP

]
,

[ n∏
P=1

(
2 sin2

(
π
4 .γÑF

P

))ðP
]
.e
j2π

[ n∏
P=1

(
2 sin2

(
π
4 .Θ(γÑF

P)
))ðP

]〉
(10)

Proof. The proof of Theorem 5.1 is examined by mathematical induction on n. For each P,

c̃NF
P (P= 1, 2, . . . ,n) be CNNs.

Step I. For n= 2, we get ST −WAAO−CNN(c̃NF
1, c̃NF

2)= ð1 sin(c̃NF
1)⊕ð2 sin(c̃NF

2)

Using Definition 4.3, the algebraic sum of two ST-OL-CNNs c̃NF
1, c̃NF

2 is a CNN. Therefore,

ST −WAAO−CNN(c̃NF
1, c̃NF

2) is also a CNN. Further,

ST−WAAO−CNN(c̃NF
1, c̃NF

2)= ð1 sin(c̃NF
1)⊕ð2 sin(c̃NF

2)

=
〈[

1−
(
1− sin

(
π
2 .μÑF

1

))ð1
]
.e
j2π

[
1−

(
1− sin

(
π
2 .Θ(μÑF

1)
))ð1

]
,

[(
sin2

(
π
2 .σÑF

1

))ð1
]
.e
j2π

[(
sin2

(
π
2 .Θ(σÑF

1(ṙ))
))ð1

]
,

[(
2 sin2

(
π
4 .γÑF

1

))ð1
]
.e
j2π

[(
2 sin2

(
π
4 .Θ(γÑF

1)
))ð1

]〉

⊕
〈[

1−
(
1− sin

(
π
2 .μÑF

2

))ð2
]
.e
j2π

[
1−

(
1− sin

(
π
2 .Θ(μÑF

2)
))ð2

]
,

[(
sin2

(
π
2 .σÑF

2

))ð2
]
.e
j2π

[(
sin2

(
π
2 .Θ(σÑF

2)
))ð2

]
,

[(
2 sin2

(
π
4 .γÑF

2

))ð2
]
.e
j2π

[(
2 sin2

(
π
4 .Θ(γÑF

2)
))ð2

]〉
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=
〈[

1−
2∏

P=1

(
1− sin

(
π
2 .μÑF

P

))ðP

]
.e
j2π

⎡⎣1− 2∏
P=1

(
1− sin

(
π
2 .Θ(μÑF

P)
))ðP

⎤⎦
,

[
2∏

P=1

(
sin2

(
π
2 .σÑF

P

))ðP

]
.e
j2π

⎡⎣ 2∏
P=1

(
sin2

(
π
2 .Θ(σÑF

P)
))ðP

⎤⎦
,

[
2∏

P=1

(
2 sin2

(
π
4 .γÑF

P

))ðP

]
.e
j2π

⎡⎣ 2∏
P=1

(
2 sin2

(
π
4 .Θ(γÑF

P)
))ðP

⎤⎦〉
Step II. Suppose that Eq. (10) holds for n= κ,

ST−WAAO−CNN(c̃NF
1, c̃NF

2, . . . , c̃NF
κ)=

κ∑
P=1

ðP sin(c̃NF
P)

=
〈[

1−
κ∏

P=1

(
1− sin

(
π
2 .μÑF

P

))ðP
]
.e
j2π

[
1−

κ∏
P=1

(
1− sin

(
π
2 .Θ(μÑF

P)
))ðP

]
,

[
κ∏

P=1

(
sin2

(
π
2 .σÑF

P

))ðP
]
.e
j2π

[ κ∏
P=1

(
sin2

(
π
2 .Θ(σÑF

P)
))ðP

]
,

[
κ∏

P=1

(
2 sin2

(
π
4 .γÑF

P

))ðP
]
.e
j2π

[ κ∏
P=1

(
2 sin2

(
π
4 .Θ(γÑF

P)
))ðP

]〉
Step III. Next, we have to prove that Eq. (10) holds for n= κ + 1,

ST −WAAO−CNN(c̃NF
1, c̃NF

2, . . . , ˜cNF
κ+1)=

κ∑
P=1

ðP sin(c̃NF
P)⊕ðκ+1 sin(

˜cNF
ðκ+1)

=
〈[

1−
κ∏

P=1

(
1− sin

(
π
2 .μÑF

P

))ðP
]
.e
j2π

[
1−

κ∏
P=1

(
1− sin

(
π
2 .Θ(μÑF

P)
))ðP

]
,

[
κ∏

P=1

(
sin2

(
π
2 .σÑF

P

))ðP
]
.e
j2π

[ κ∏
P=1

(
sin2

(
π
2 .Θ(σÑF

P)
))ðP

]
,

[
κ∏

P=1

(
2 sin2

(
π
4 .γÑF

P

))ðP
]
.e
j2π

[ κ∏
P=1

(
2 sin2

(
π
4 .Θ(γÑF

P)
))ðP

]〉
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⊕
〈[

1−
(
1− sin

(
π
2 .μ ˜

NF
ðκ+1

))ðκ+1
]
.e
j2π

⎡⎣1−(
1− sin

(
π
2 .Θ(μ ˜

NF
ðκ+1

)

))ðκ+1
⎤⎦
,

[(
sin2

(
π
2 .σ ˜

NF
ðκ+1

))ðκ+1
]
.e
j2π

⎡⎣(sin2(π
2 .Θ(σ ˜

NF
ðκ+1

)

))ðκ+1
⎤⎦
,

[(
2 sin2

(
π
4 .γ ˜

NF
ðκ+1

))ðκ+1
]
.e
j2π

⎡⎣(2 sin2(π
4 .Θ(γ ˜

NF
ðκ+1

)

))ðκ+1
⎤⎦〉

=
κ+1∑
P=1

ðP sin(c̃NF
P).

Hence the proof.

Example 5.1 Suppose that c̃NF
1 = 〈0.5ej2π(0.7), 0.6ej2π(0.5), 0.5ej2π(0.4)〉, c̃NF

2 = 〈0.5ej2π(0.7), 0.7
ej2π(0.5), 0.2ej2π(0.4)〉, c̃NF

3 = 〈0.8ej2π(0.7), 0.4ej2π(0.6), 0.6ej2π(0.5)〉 are CNNs and the corresponding
weights are given respectively as ð1 = 0.4,ð2 = 0.35,ð3 = 0.25. Then the value of ST −WAAO−
CNN is calculated as follows:

ST −WAAO−CNN(c̃NF
1, c̃NF

2, c̃NF
3)

=
〈[
0.8127

]
.e
j2π

[
0.8910

]
,
[
0.5969

]
.e
j2π

[
0.5348

]
,
[
0.1706

]
.e
j2π

[
0.2125

]〉
= 〈0.6294871220771531− 0.5140863541932785 ∗ I ,

−0.582660175676715− 0.12954203886002724 ∗ I ,
0.03978180838931149+ 0.16584790091069637 ∗ I〉

Then absolute value of ST-WAAO-CNN is calculated as follows:

ST −WAAO−CNN(c̃NF
1, c̃NF

2, c̃NF
3)= 〈0.8127, 0.5969, 0.1706〉

Next, we give some properties of the ST-WAAO-CNNs operator and establish that they
preserve idempotency, boundedness, monotonically, and symmetry.

Theorem 5.2 Let c̃NF
P(P= 1, 2, . . . ,n) be CNNs such that c̃NF

P = c̃NF. Then

ST −WAAO−CNN(c̃NF
1, c̃NF

2, . . . , c̃NF
n)= sin(c̃NF).

Proof. Let c̃NF
P = c̃NF(P= 1, 2, . . . ,n). By Theroem 5.1, we get
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ST −WAAO−CNN(c̃NF
1, c̃NF

2, . . . , c̃NF
n)=

n∑
P=1

ðP sin(c̃NF
P)

=
〈[

1−
n∏

P=1

(
1− sin

(
π
2 .μÑF

P

))ðP
]
.e
j2π

[
1−

n∏
P=1

(
1− sin

(
π
2 .Θ(μÑF

P)
))ðP

]
,

[ n∏
P=1

(
sin2

(
π
2 .σÑF

P

))ðP
]
.e
j2π

[ n∏
P=1

(
sin2

(
π
2 .Θ(σÑF

P)
))ðP

]
,

[ n∏
P=1

(
2 sin2

(
π
4 .γÑF

P

))ðP
]
.e
j2π

[ n∏
P=1

(
2 sin2

(
π
4 .Θ(γÑF

P)
))ðP

]〉

=
〈[

1−
(
1− sin

(
π
2 .μÑF

P

)) n∑
P=1

ðP

]
.e
j2π

⎡⎣
1−

(
1− sin

(
π
2 .Θ(μÑF

P)
)) n∑

P=1
ðP

⎤⎦
,

[(
sin2

(
π
2 .σÑF

P

)) n∑
P=1

ðP

]
.e
j2π

⎡⎣(
sin2

(
π
2 .Θ(σÑF

P)
)) n∑

P=1
ðP

⎤⎦
,

[(
2 sin2

(
π
4 .γÑF

P

)) n∑
P=1

ðP

]
.e
j2π

⎡⎣(
2 sin2

(
π
4 .Θ(γÑF

P)
)) n∑

P=1
ðP

⎤⎦〉

=
〈[

sin
(
π
2 .μÑF

P

)]
.e
j2π

[
sin

(
π
2 .Θ(μÑF

P)
)]

,

[(
sin2

(
π
2 .σÑF

P

))]
.e
j2π

[(
sin2

(
π
2 .Θ(σÑF

P)
))]

,[(
2 sin2

(
π
4 .γÑF

P

))]
.e
j2π

[(
2 sin2

(
π
4 .Θ(γÑF

P)
))]〉

= sin(c̃NF).

Hence proved.

Theorem 5.3 Let c̃NF
P(P= 1, 2, . . . ,n) be CNNs and

c̃NF
P− =

〈
min

⎛⎝μ
ÑF

P .e
j2πΘ

(
μ

ÑF
P

)⎞⎠ ,max

⎛⎝σ
ÑF

P .e
j2πΘ

(
σ

ÑF
P

)⎞⎠ ,max

⎛⎝γ
ÑF

P .e
j2πΘ

(
γ

ÑF
P

)⎞⎠〉

c̃NF
P+ =

〈
max

(
μ

ÑF
P .e

j2πΘ(μ
ÑF

P )
)
,min

⎛⎝σ
ÑF

P .e
j2πΘ

(
σ

ÑF
P

)⎞⎠ ,min

⎛⎝γ
ÑF

P .e
j2πΘ

(
γ

ÑF
P

)⎞⎠〉
.

Then, sin(c̃NF
P−)≤ ST −WAAO−CNN(c̃NF

1, c̃NF
2, . . . , c̃NF

n)≤ sin(c̃NF
P+).
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Proof. For any P,

min

⎛⎝μ
ÑF

P .e
j2πΘ

(
μ

ÑF
P

)⎞⎠≤μ
ÑF

P .e
j2πΘ

(
μ

ÑF
P

)
≤max

⎛⎝μ
ÑF

P .e
j2πΘ

(
μ

ÑF
P

)⎞⎠ ,

max

⎛⎝σ
ÑF

P .e
j2πΘ

(
σ

ÑF
P

)⎞⎠≤ σ
ÑF

P .e
j2πΘ

(
σ

ÑF
P

)
≤min

⎛⎝σ
ÑF

P .e
j2πΘ

(
σ

ÑF
P

)⎞⎠ and

max

⎛⎝γ
ÑF

P .e
j2πΘ

(
γ

ÑF
P

)⎞⎠≤ γ
ÑF

P .e
j2πΘ

(
γ

ÑF
P

)
≤min

⎛⎝γ
ÑF

P .e
j2πΘ

(
γ

ÑF
P

)⎞⎠ .

This implies that c̃NF
P− ≤ c̃NF

P ≤ c̃NF
P−. Suppose that ST − WAAO − CNN(c̃NF

P) =
sin(c̃NF

P) , sin(c̃NF
P−) and sin(c̃NF

P+). Then, based on the monotonicity of sine function, we
have

[
1−

n∏
P=1

(
1− sin

(
π
2 .μÑF

P

))ðP
]
.e
j2π

[
1−

n∏
P=1

(
1− sin

(
π
2 .Θ(μÑF

P)
))ðP

]

≥
[
1−

n∏
P=1

(
1− sin

(
π
2 .min(μ

ÑF
P)
))ðP

]
.e
j2π

[
1−

n∏
P=1

(
1− sin

(
π
2 .min(Θ(μ

ÑF
P))

))ðP
]

=
[
sin

(
π
2 .min(μ

ÑF
P)
)]

.e
j2π

[
sin

(
π
2 .min(Θ(μ

ÑF
P))

)]
, and

[ n∏
P=1

(
sin2

(
π
2 .σÑF

P

))ðP
]
.e
j2π

[ n∏
P=1

(
sin2

(
π
2 .Θ(σÑF

P)
))ðP

]

≥
[ n∏
P=1

(
sin2

(
π
2 .min(σ

ÑF
P)
))ðP

]
.e
j2π

[ n∏
P=1

(
sin2

(
π
2 .min(Θ(σ

ÑF
P))

))ðP
]

=
[
sin2

(
π
2 .min(σ

ÑF
P)
)]

.e
j2π

[
sin2

(
π
2 .min(Θ(σ

ÑF
P))

)]
similarly,

[ n∏
P=1

(
2 sin2

(
π
4 .γÑF

P

))ðP
]
.e
j2π

[ n∏
P=1

(
2 sin2

(
π
4 .Θ(γÑF

P)
))ðP

]

≥
[ n∏
P=1

(
2 sin2

(
π
4 .min(γ

ÑF
P)
))ðP

]
.e
j2π

[ n∏
P=1

(
2 sin2

(
π
4 .min(Θ(γ

ÑF
P))

))ðP
]

=
[(

2 sin2
(
π
4 .min(γ

ÑF
P)
))]

.e
j2π

[(
2 sin2

(
π
4 .min(Θ(γ

ÑF
P))

))]
.
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Also, we have

[
1−

n∏
P=1

(
1− sin

(
π
2 .μÑF

P

))ðP
]
.e
j2π

[
1−

n∏
P=1

(
1− sin

(
π
2 .Θ(μÑF

P)
))ðP

]

≤
[
1−

n∏
P=1

(
1− sin

(
π
2 .max(μ

ÑF
P)
))ðP

]
.e
j2π

[
1−

n∏
P=1

(
1− sin

(
π
2 .max(Θ(μ

ÑF
P))

))ðP
]

=
[
sin

(
π
2 .max(μ

ÑF
P)
)]

.e
j2π

[
sin

(
π
2 .max(Θ(μ

ÑF
P))

)]
, and

[ n∏
P=1

(
sin2

(
π
2 .σÑF

P

))ðP
]
.e
j2π

[ n∏
P=1

(
sin2

(
π
2 .Θ(σÑF

P)
))ðP

]

≤
[ n∏
P=1

(
sin2

(
π
2 .max(σ

ÑF
P)
))ðP

]
.e
j2π

[ n∏
P=1

(
sin2

(
π
2 .max(Θ(σ

ÑF
P))

))ðP
]

=
[
sin2

(
π
2 .max(σ

ÑF
P)
)]

.e
j2π

[
sin2

(
π
2 .max(Θ(σ

ÑF
P))

)]
similarly,

[ n∏
P=1

(
2 sin2

(
π
4 .γÑF

P

))ðP
]
.e
j2π

[ n∏
P=1

(
2 sin2

(
π
4 .Θ(γÑF

P)
))ðP

]

≤
[ n∏
P=1

(
2 sin2

(
π
4 .max(γ

ÑF
P)
))ðP

]
.e
j2π

[ n∏
P=1

(
2 sin2

(
π
4 .max(Θ(γ

ÑF
P))

))ðP
]

=
[(

2 sin2
(
π
4 .min(γ

ÑF
P)
))]

.e
j2π

[(
2 sin2

(
π
4 .max(Θ(γ

ÑF
P))

))]

Then, score(sin(c̃NF
P−))≤ score(sin(c̃NF

P))≤ score(sin(c̃NF
P+)). Therefore, sin(c̃NF

P−)≤ ST−
WAAO−CNN(c̃NF

1, c̃NF
2, . . . , c̃NF

n)≤ sin(c̃NF
P+).

Theorem 5.4 Let c̃NF
P(P= 1, 2, . . . ,n) and c̃NF

Q(Q= 1, 2, . . . ,n) be two collections of CNNs.

If μ
ÑF

P .e
j2πΘ(μ

ÑF
P ) ≤μ

ÑF
Q .e

j2πΘ(μ
ÑF

Q), σ
ÑF

P .e
j2πΘ(σ

ÑF
P ) ≥ σ

ÑF
Q .e

j2πΘ(σ
ÑF

Q) ,

γ
ÑF

P .e
j2πΘ(γ

ÑF
P ) ≥ γ

ÑF
Q(ṙ).e

j2πΘ(γ
ÑF

Q ), then

ST −WAAO−CNN(c̃NF
P)≤ ST −WAAO−CNN(c̃NF

Q).

Proof. It follows from Theorem 5.3 and hence the proof is omitted.
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Theorem 5.5 Let c̃NF
P(P= 1, 2, . . . ,n) and c̃NF

Q(Q= 1, 2, . . . ,n) be two collections of CNNs.
Then

ST −WAAO−CNN(c̃NF
P)= ST −WAAO−CNN(c̃NF

Q).

whenever c̃NF
Q(Q= 1, 2, . . . ,n) is any version of c̃NF

P(P= 1, 2, . . . ,n) .

Proof. The proof follows from Theorem 5.3.

5.2 Sine Trigonometry Weighted Geometric Aggregation Operator (ST-WGAO)

Definition 5.2 Let c̃NF
P(ṙ);P= 1, 2, . . . ,n be complex neutrosophic numbers (CNNs).

c̃NF
P(ṙ)= ṙ :

〈
μ

ÑF
P(ṙ).e

j2πΘ(μ
ÑF

P (ṙ)),σ
ÑF

P(ṙ).e
j2πΘ(σ

ÑF
P (ṙ)),γ

ÑF
P(ṙ).e

j2πΘ(γ
ÑF

P (ṙ))
〉

Then the ST-WGAOs for CNNs is denoted by ST −WGAO−CNN and defined as follows:

ST −WGAO−CNN(c̃NF
1, c̃NF

2, . . . , c̃NF
n)= (sin(c̃NF

1))
ð1 ⊗ (sin(c̃NF

2))
ð2 ⊗ . . .⊗ (sin(c̃NF

n))
ðn

=
n∏

P=1
(sin(c̃NF

n))
ðn

(11)

where ðP(P= 1, 2, . . . ,n) represents the weights of c̃NF
P such that ðP ≥ 0 and

n∑
P=1

ðP = 1.

Theorem 5.6 Let c̃NF
P(P= 1, 2, . . . ,n) be CNNs and the weights of c̃NF

P be represented by

ðP(P= 1, 2, . . . ,n) such that ðP ≥ 0 and
n∑

P=1
ðP = 1. Then the ST −WGAO−CNN is defined as

follows:

ST −WGAO−CNN(c̃NF
1, c̃NF

2, . . . , c̃NF
n)=

n∏
P=1

(sin(c̃NF
n))

ðn

=
〈[ n∏

P=1

(
sin

(
π
2 .μÑF

P

))ðP
]
.e
j2π

[ n∏
P=1

(
sin

(
π
2 .Θ(μÑF

P)
))ðP

]
,

[
1−

n∏
P=1

(
1− sin2

(
π
2 .σÑF

P

))ðP
]
.e
j2π

[
1−

n∏
P=1

(
1− sin2

(
π
2 .Θ(σÑF

P)
))ðP

]
,

[
1−

n∏
P=1

(
1− 2 sin2

(
π
4 .γÑF

))ðP
]
.e
j2π

[
1−

n∏
P=1

(
1− 2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))ðP

]〉
(12)
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Proof. The proof of theorem 5.6 is examined by mathematical induction on n. For each P,

c̃NF
P(P= 1, 2, . . . ,n) be CNNs. Then the following steps are involved.

Step I. For n= 2, we get ST −WGAO−CNN(c̃NF
1, c̃NF

2)= (sin(c̃NF
1))ð1 ⊗ (sin(c̃NF

2))ð2

Using Definition 4.3, the algebraic product of two ST-OL-CNNs c̃NF
1, c̃NF

2 is a CNN.

Therefore, ST −WGAO−CNN(c̃NF
1, c̃NF

2) is also a CNNs. Further,

ST −WGAO−CNN(c̃NF
1, c̃NF

2)= (sin(c̃NF
1))

ð1 ⊗ (sin(c̃NF
2))

ð2

=
〈[(

sin
(
π
2 .μÑF

1

))ð1
]
.e
j2π

[(
sin

(
π
2 .Θ(μÑF

1)
))ð1

]
,

[
1−

(
1− sin2

(
π
2 .σÑF

1

))ð1
]
.e
j2π

[
1−

(
1− sin2

(
π
2 .Θ(σÑF

1)
))ð1

]
,

[
1−

(
1− 2 sin2

(
π
4 .γÑF

1

))ð1
]
.e
j2π

[
1−

(
1− 2 sin2

(
π
4 .Θ(γÑF

1)
))ð1

]〉
.

⊕
〈[(

sin
(
π
2 .μÑF

2

))ð2
]
.e
j2π

[(
sin

(
π
2 .Θ(μÑF

2)
))ð2

]
,

[
1−

(
1− sin2

(
π
2 .σÑF

2

))ð2
]
.e
j2π

[
1−

(
1− sin2

(
π
2 .Θ(σÑF

2)
))ð2

]
,

[
1−

(
1− 2 sin2

(
π
4 .γÑF

2

))ð2
]
.e
j2π

[
1−

(
1− 2 sin2

(
π
4 .Θ(γÑF

2)
))ð2

]〉
.

=
〈[

2∏
P=1

(
sin

(
π
2 .μÑF

P

))ðP

]
.e
j2π

⎡⎣ 2∏
P=1

(
sin

(
π
2 .Θ(μÑF

P)
))ðP

⎤⎦
,

[
1−

2∏
P=1

(
1− sin2

(
π
2 .σÑF

P

))ðP

]
.e
j2π

⎡⎣1− 2∏
P=1

(
1− sin2

(
π
2 .Θ(σÑF

P)
))ðP

⎤⎦
,

[
1−

2∏
P=1

(
1− 2 sin2

(
π
4 .γÑF

))ðP

]
.e
j2π

⎡⎣1− 2∏
P=1

(
1− 2 sin2

(
π
4 .Θ(γÑF

(ṙ))
))ðP

⎤⎦〉
.
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Step II. Suppose that Eq. (12) holds for n= κ,

ST −WGAO−CNN(c̃NF
1, c̃NF

2, . . . , c̃NF
n)=

κ∏
P=1

(sin(c̃NF
n))

ðn

=
〈[

κ∏
P=1

(
sin

(
π
2 .μÑF

P

))ðP
]
.e
j2π

[ κ∏
P=1

(
sin

(
π
2 .Θ(μÑF

P)
))ðP

]
,

[
1−

κ∏
P=1

(
1− sin2

(
π
2 .σÑF

P

))ðP
]
.e
j2π

[
1−

κ∏
P=1

(
1− sin2

(
π
2 .Θ(σÑF

P)
))ðP

]
,

[
1−

κ∏
P=1

(
1− 2 sin2

(
π
4 .γÑF

))ðP
]
.e
j2π

[
1−

κ∏
P=1

(
1− 2 sin2

(
π
4 .Θ(γÑF

)
))ðP

]〉
.

Step III. Next, we have to prove the Eq. (12) holds for n= κ + 1,

ST −WGAO−CNN(c̃NF
1, c̃NF

2, . . . , ˜cNF
κ+1)=

κ∏
P=1

(sin(c̃NF
P))

ðP ⊗ (sin( ˜cNF
ðκ+1))

ðκ+1

=
〈[

κ∏
P=1

(
sin

(
π
2 .μÑF

P

))ðP
]
.e
j2π

[ κ∏
P=1

(
sin

(
π
2 .Θ(μÑF

P)
))ðP

]
,

[
1−

κ∏
P=1

(
1− sin2

(
π
2 .σÑF

P

))ðP
]
.e
j2π

[
1−

κ∏
P=1

(
1− sin2

(
π
2 .Θ(σÑF

P)
))ðP

]
,

[
1−

κ∏
P=1

(
1− 2 sin2

(
π
4 .γÑF

))ðP
]
.e
j2π

[
1−

κ∏
P=1

(
1− 2 sin2

(
π
4 .Θ(γÑF

)
))ðP

]〉
.

⊕
〈[(

sin
(
π
2 .μ˜

NF
κ+1

))ðκ+1
]
.e
j2π

⎡⎣(sin(π2 .Θ(μ˜
NF

κ+1
)

))ðκ+1
⎤⎦
,

[
1−

(
1− sin2

(
π
2 .σ˜

NF
κ+1

))ðκ+1
]
.e
j2π

⎡⎣1−(
1− sin2

(
π
2 .Θ(σÑF

κ+1
)

))ðκ+1
⎤⎦
,

[
1−

(
1− 2 sin2

(
π
4 .γ˜

NF
κ+1

))ðκ+1
]
.e
j2π

⎡⎣1−(
1− 2 sin2

(
π
4 .Θ(γÑF

κ+1
)

))ðκ+1
⎤⎦〉

.

=
κ+1∏
P=1

(sin(c̃NF
P))

ðP
.

Hence the proof.

Example 5.2 Let c̃NF
1 = 〈0.5ej2π(0.7), 0.6ej2π(0.5), 0.5ej2π(0.4)〉, c̃NF

2 = 〈0.5ej2π(0.7), 0.7ej2π(0.5),
0.2ej2π(0.4)〉, c̃NF

3 = 〈0.8ej2π(0.7), 0.4ej2π(0.6), 0.6ej2π(0.5)〉 be CNNs and the corresponding weights
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are given respectively as ð1 = 0.4,ð2 = 0.35,ð3 = 0.25. Then the value of ST −WGAO−CNN is
calculated as follows:

ST −WGAO−CNN(c̃NF
1, c̃NF

2, c̃NF
3)

=
〈[
0.7615

]
.e
j2π

[
0.8910

]
,
[
0.6617

]
.e
j2π

[
0.5441

]
,
[
0.2510

]
.e
j2π

[
0.2178

]〉
= 〈0.5897976134196921− 0.48167292730996264 ∗ I ,

−0.6364325993311828− 0.18115299237309743∗ I ,
0.05050032377945793+ 0.24588652205715286 ∗ I〉.

Then absolute value of ST-WGAO-CNN is calculated as follows:

ST −WGAO−CNN(c̃NF
1, c̃NF

2, c̃NF
3)= 〈0.7615, 0.6617, 0.2510〉.

Theorem 5.7 Let c̃NF
P(P= 1, 2, . . . ,n) be CNNs such that c̃NF

P(P= 1, 2, . . . ,n)= c̃NF. Then

ST −WGAO−CNN(c̃NF
1, c̃NF

2, . . . , c̃NF
n)= sin(c̃NF).

Theorem 5.8 Let c̃NF
P(P= 1, 2, . . . ,n) be CNNs and

c̃NF
P− =

〈
min

(
μ

ÑF
P .e

j2πΘ(μ
ÑF

P )
)
,max

(
σ

ÑF
P .e

j2πΘ(σ
ÑF

P )
)
,max

(
γ

ÑF
P .e

j2πΘ(γ
ÑF

P )
)〉

c̃NF
P+ =

〈
max

(
μ

ÑF
P .e

j2πΘ(μ
ÑF

P )
)
,min

(
σ

ÑF
P .e

j2πΘ(σ
ÑF

P )
)
,min

⎛⎝γ
ÑF

P .e
j2πΘ

(
γ

ÑF
P

)⎞⎠〉
.

Then, sin(c̃NF
P−)≤ ST −WGAO−CNN(c̃NF

1, c̃NF
2, . . . , c̃NF

n)≤ sin(c̃NF
P+).

Theorem 5.9 Let c̃NF
P(P= 1, 2, . . . ,n) and c̃NF

Q(Q= 1, 2, . . . ,n) be two collections of CNNs.

If μ
ÑF

P .e
j2πΘ(μ

ÑF
P ) ≤ μ

ÑF
Q .e

j2πΘ(μ
ÑF

Q), σ
ÑF

P .e
j2πΘ(σ

ÑF
P ) ≥ σ

ÑF
Q .e

j2πΘ(σ
ÑF

Q), γ
ÑF

P .e
j2πΘ(γ

ÑF
P ) ≥

γ
ÑF

Q(ṙ).e
j2πΘ(γ

ÑF
Q), then

ST −WGAO−CNN(c̃NF
P)≤ ST −WGAO−CNN(c̃NF

Q).

Theorem 5.10 Let c̃NF
P(P= 1, 2, . . . ,n) and c̃NF

Q(Q= 1, 2, . . . ,n) be two collections of CNNs.
Then

ST −WGAO−CNN(c̃NF
P)= ST −WGAO−CNN(c̃NF

Q).

whenever c̃NF
Q(Q= 1, 2, . . . ,n) is any version of c̃NF

P(P= 1, 2, . . . ,n).

The proof of above all theorems 5.7–5.10 follow from Theorems 5.2–5.5 directly.
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5.3 Fundamental Properties of ST-AOs for CNNs

Theorem 5.11 Let c̃NF
P(P= 1, 2, . . . ,n) and c̃NF

Q(Q= 1, 2, . . . ,n) are two collections of CNNs.

Then we have sin(c̃NF
P)⊕ sin(c̃NF

Q)≥ sin(c̃NF
P)⊗ sin(c̃NF

Q).

Proof. Since c̃NF
P and c̃NF

Q be two collection of CNNs. By Definition 4.3

sin(c̃NF
P)⊕ sin(c̃NF

Q)

=
〈⎡⎣ sin

(
π
2 .μÑF

P

)
+ sin

(
π
2 .μÑF

Q

)
− sin

(
π
2 .μÑF

P

)
. sin

(
π
2 .μÑF

Q

)⎤⎦ .e

j2π

⎡⎢⎢⎣sin
(
π
2 .Θ(μÑF

P)
)
+ sin

(
π
2 .Θ(μÑF

Q)
)
−

sin
(
π
2 .Θ(μÑF

P)
)
. sin

(
π
2 .Θ(μÑF

Q)
) ⎤⎥⎥⎦

,

[
sin2

(
π
2 .σÑF

P

)
. sin2

(
π
2 .σÑF

Q

)]
.e
j2π

[
sin2

(
π
2 .Θ(σÑF

P)
)
. sin2

(
π
2 .Θ(σÑF

Q)
)]

,[
2 sin2

(
π
4 .γÑF

P

)
.2 sin2

(
π
4 .γÑF

Q

)]
.e
j2π

[
2 sin2

(
π
4 .Θ(γÑF

P)
)
.2 sin2

(
π
4 .Θ(γÑF

Q)
)]〉

.

sin(c̃NF
P)⊗ sin(c̃NF

Q)

=
〈[

sin
(
π
2 .μÑF

P

)
. sin

(
π
2 .μÑF

Q

)]
.e
j2π

[
sin

(
π
2 .Θ(μÑF

P)
)
. sin

(
π
2 .Θ(μÑF

Q)
)]

,

⎡⎣sin2 (π2 .σÑF
P

)
+ sin2

(
π
2 .σÑF

Q

)
−

sin2
(
π
2 .σÑF

P

)
. sin2

(
π
2 .σÑF

Q

) ⎤⎦ .e

j2π

⎡⎢⎢⎣sin
2
(
π
2 .Θ(σÑF

P)
)
+ sin2

(
π
2 .Θ(σÑF

Q)
)
−

sin2
(
π
2 .Θ(σÑF

P)
)
. sin2

(
π
2 .Θ(σÑF

Q)
) ⎤⎥⎥⎦

,

⎡⎣2 sin2 (π4 .γÑF
P

)
+ 2 sin2

(
π
4 .γÑF

Q

)
−

2 sin2
(
π
4 .γÑF

P

)
.2 sin2

(
π
4 .γÑF

Q

) ⎤⎦ .e

j2π

⎡⎢⎢⎣2 sin
2
(
π
4 .Θ(γÑF

P)
)
+ 2 sin2

(
π
4 .Θ(γÑF

Q)
)
−

2 sin2
(
π
4 .Θ(γÑF

P)
)
.2 sin2

(
π
4 .Θ(γÑF

Q)
) ⎤⎥⎥⎦〉

.

As for any α,β ≥ 0, α+β2 ≥ α.β ⇒ α+β −α.β ≥ α.β ⇒ 1− (1−α).(1−β)≥ α.β.
Thus, by taking α= sin

(
π
2 .μÑF

P

)
, β = sin

(
π
2 .μÑF

Q

)
, we have

⇒ 1−
(
1− sin

(π
2
.μ

ÑF
P

))
.
(
1− sin

(π
2
.μ

ÑF
Q

))
≥ sin

(π
2
.μ

ÑF
P

)
. sin

(π
2
.μ

ÑF
Q

)
,

which implies

⎡⎣ sin
(
π
2 .μÑF

P

)
+ sin

(
π
2 .μÑF

Q

)
− sin

(
π
2 .μÑF

P

)
. sin

(
π
2 .μÑF

Q

)⎤⎦ .e

j2π

⎡⎢⎢⎣sin
(
π
2 .Θ(μÑF

P)
)
+ sin

(
π
2 .Θ(μÑF

Q)
)
−

sin
(
π
2 .Θ(μÑF

P)
)
. sin

(
π
2 .Θ(μÑF

Q)
) ⎤⎥⎥⎦

≥
[
sin

(
π
2 .μÑF

P

)
. sin

(
π
2 .μÑF

Q

)]
.e
j2π

[
sin

(
π
2 .Θ(μÑF

P)
)
. sin

(
π
2 .Θ(μÑF

Q)
)]
,
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Similarly,

⎡⎣sin2 (π2 .σÑF
P

)
+ sin2

(
π
2 .σÑF

Q

)
−

sin2
(
π
2 .σÑF

P

)
. sin2

(
π
2 .σÑF

Q

) ⎤⎦ .e

j2π

⎡⎢⎢⎣sin
2
(
π
2 .Θ(γÑF

P)
)
+ sin2

(
π
2 .Θ(σÑF

Q)
)
−

sin2
(
π
2 .Θ(σÑF

P)
)
. sin2

(
π
2 .Θ(σÑF

Q)
) ⎤⎥⎥⎦

≥
[
sin2

(
π
2 .σÑF

P

)
. sin2

(
π
2 .σÑF

Q

)]
.e
j2π

[
sin2

(
π
2 .Θ(σÑF

P)
)
. sin2

(
π
2 .Θ(σÑF

Q)
)]

,

⎡⎣2 sin2 (π4 .γÑF
P

)
+ 2 sin2

(
π
4 .γÑF

Q

)
−

2 sin2
(
π
4 .γÑF

P

)
.2 sin2

(
π
4 .γÑF

Q

) ⎤⎦ .e

j2π

⎡⎢⎢⎣2 sin
2
(
π
4 .Θ(γÑF

P)
)
+ 2 sin2

(
π
4 .Θ(γÑF

Q)
)
−

2 sin2
(
π
4 .Θ(γÑF

P)
)
.2 sin2

(
π
4 .Θ(γÑF

Q)
) ⎤⎥⎥⎦

≥
[
2 sin2

(
π
4 .γÑF

P

)
.2 sin2

(
π
4 .γÑF

Q

)]
.e
j2π

[
2 sin2

(
π
4 .Θ(γÑF

P)
)
.2 sin2

(
π
4 .Θ(γÑF

Q)
)]

.

Therefore, sin(c̃NF
P)⊕ sin(c̃NF

Q)≥ sin(c̃NF
P)⊗ sin(c̃NF

Q).

Theorem 5.12 Let c̃NF
P(P= 1, 2, . . . ,n) be CNNs and for any ðP ≥ 0,

(1) ðP sin(c̃NF
P)≥ sin (c̃NF

P)ðP ⇔ ðP ≥ 1.

(2) ðP sin(c̃NF
P)≤ sin (c̃NF

P)ðP ⇔ 0< ðP ≤ 1.

Proof. The proof of the theorem follows from Theorem 5.11.

Theorem 5.13 Let c̃NF
P(P= 1, 2, . . . ,n) be CNNs, then

ST −WAAO−CNN(c̃NF
P)≥ ST −WGAO−CNN(c̃NF

P).

Here the equality holds if and only if c̃NF
1 = c̃NF

2 = . . .= c̃NF
n.

Proof. The proof of the theorem follows from Theorem 5.11.

6 Decision Making Techniques

This section presents a decision making technique that could be utilized to solve uncer-
tain multi criteria decision making (MCDM) problems with complex neutrosophic information.
MCDM problems can be handled by decision matrix, in which all elements are represented in
terms of ST-OLs-CNNs with respect to alternatives over criteria/attributes by decision makers.
Thus, a decision matrix Mi×j, consists of n number of alternatives (Ł1,Ł2, . . . , Łn) and m number
of criteria/attributes (B1,B2, . . . ,Bm). The unknown weight vector of each criterion is denoted by
(ð1,ð2, . . . ,ðm) which could be calculated by entropy method.
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Suppose that the complex neutrosophic decision matrix (ST-Ols-CNDM) is denoted by Mi×j,

M = [λij]=
〈
sin

(
π
2 .μ˜

NF
Pij

)
.e
j2π

(
sin

(
π
2 .Θ(μ˜

NF
Pij
)

))
,

sin2
(
π
2 .σ˜

NF
Pij

)
.e
j2π

(
sin2

(
π
2 .Θ(σ˜

NF
Pij
)

))
, 2 sin2

(
π
4 .γ˜

NF
Pij

)
.e
j2π

(
2 sin2

(
π
4 .Θ

(
γ˜

NF
Pij

)))〉
where all elements are ST-OLs-CNNs ∀i = 1, 2, . . . ,n, j = 1, 2, . . . ,m. The decision making algo-
rithm is described in the following steps:

Step 1. The collected vague data are transformed to ST-OLs-CNNs (M)

M = [λij]m×n=

⎡⎢⎢⎢⎣
λ11 λ12 . . . λ1m

λ21 λ
η

22
. . . λ2m

...
...

. . .
...

λn1 λn2 · · · λnm

⎤⎥⎥⎥⎦ .

Step 2. Construct the normalized complex neutrosophic decision matrix M∗ = [λ∗ij]m×n from
M = [λij]m×n,

M∗ = [λ∗ij]m×n=

⎡⎢⎢⎢⎣
λ∗11 λ∗12 . . . λ∗1m
λ∗21 λ∗22

. . . λ∗2m
...

...
. . .

...
λ∗n1 λ∗n2 · · · λ∗nm

⎤⎥⎥⎥⎦
where λ∗ij is computed by the following conditions

If λij is benefit type criteria/attributes

λ∗ij =
〈
sin

(
π
2 .μ˜

NF
Pij

)
.e
j2π

(
sin

(
π
2 .Θ

(
μ˜

NF
Pij

)))
,

sin2
(
π
2 .σ˜

NF
Pij

)
.e
j2π

(
sin2

(
π
2 .Θ(σ˜

NF
Pij
)

))
, 2 sin2

(
π
4 .γ˜

NF
Pij

)
.e
j2π

(
2 sin2

(
π
4 .Θ(γ˜

NF
Pij
)

))〉
.

If λij is cost type criteria/attributes

λ∗ij =
〈
2 sin2

(
π
4 .γ˜

NF
Pij

)
.e
j2π

(
2 sin2

(
π
4 .Θ(γ˜

NF
Pij
)

))
,

sin2
(
π
2 .σ˜

NF
Pij

)
.e
j2π

(
sin2

(
π
2 .Θ(σ˜

NF
Pij
)

))
, sin

(
π
2 .μ˜

NF
Pij

)
.e
j2π

(
sin

(
π
2 .Θ(μ˜

NF
Pij
)

))〉
Step 3. The weights of the criteria/attributes are unknown. So the entropy principle 6.1 is used

to calculate the weights of criteria/attributes (ð1,ð2, . . . ,ðm).
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Step 4. From the normalized decision matrix M∗ = [λ∗ij]m×n and the criteria weight vector (ðj),

the fused information of each alternative are obtained by either ST-WAAO-CNN (Eq. (10)) or
ST-WGAO-CNN (Eq. (12)).

Step 5. Calculate the score value of each aggregated value.

Step 6. Rank the alternatives according to their absolute score values.

6.1 Entropy Method
Shannon proposed the theory of entropy [42], which is a measure of uncertainty in informa-

tion represented in terms of probability theory. To evaluate relative weights, Shannon’s entropy
approach interprets the relative intensities of the criterion based on the discrimination among
data. The steps in the shannon’s entropy approach are as follows:

Step (i). The complex neutrosophic decision matrix [M]′ ∀i= 1, 2, 3, . . . ,m, j= 1, 2, 3, . . . ,n is
formed:

[M]′ = [λ′ij]m×n =

⎡⎢⎢⎢⎣
λ′11 λ′12 . . . λ′1m
λ′21 λ′22

. . . λ′2m
...

...
. . .

...
λ′n1 λ′n2 · · · λ′nm

⎤⎥⎥⎥⎦
Step (ii). Utilize score function to initial ST-Ols-CN decision matrix [M]′ and find sec-
ondary score decision matrix [M]

′′
where the elements (λ

′′
ij) are complex fuzzy numbers

[M]
′′ = [λ

′′
ij]m×n =

⎡⎢⎢⎢⎢⎣
λ
′′
11 λ

′′
12 . . . λ

′′
1m

λ
′′
21 λ

′′
22

. . . λ
′′
2m

...
...

. . .
...

λ
′′
n1 λ

′′
n2 · · · λ

′′
nm

⎤⎥⎥⎥⎥⎦
Step (iii). Then, normalize the secondary decision matrix

[M∗]= [λ∗ij]m×n=
λ
′′
ij

m∑
i=1
(λ

′′
ij)

2

Step (iv). Calculate the entropy of each criterion

Ej =−K
m∑
i=1

λ∗ij lnλ
∗
ij, K = 1

lnm

Step (v). Calculate the variation coefficient of criterion Cj

Θj = (1−Ej)

Step (vi). Determine the weight of each criterion Cj by the following equation:

ðj =
Θj
m∑
i=1
Θj

(13)
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7 Application of the Proposed ST-OLs-Complex Neutrosophic Decision Making Approach

The selection of materials for industry plays an essential role in their functioning. Also, the
growing material availability in the world has created a variety of options. But, very less attention
has been given to tools and methods that facilitate material selection process. In addition, this
process needs to consider multiple properties depending on tools/method requirements to make a
better decision. For manufacturers and engineers, it is a crucial and challenging task to select best
sustainable option from a number of materials used in the modern industry and many factors are
involved in such decision making process. MCDM approaches are more efficient in the selection
process of materials. Khandekar et al. [43] utilized decision making approach based on fuzzy
axiomatic design principles for material selection. Mayyas et al. [44] implemented fuzzy TOPSIS
method to select best eco-material. A fuzzy logic based PROMETHEE method have been used
for material selection problems by Gul et al. [45]. Using TOPSIS approach with some popular
normalization methods Yang et al. [46] proposed an efficient method for material selection. A
systematic review on material selection methods have been explained in detail by Rahim et al. [47].

Case Study. A manufacturing company is planning to buy materials (Ł1,Ł2, . . . , Łn) from
suppliers based on four criteria namely B1-Cost, B2-Quality and efficiency of the material,
B3-Demand, B4-Availability of the material. Usually in the complex neutrosophic numbers, the
amplitude values lie between zero and one that represent the initial intuition values of material
over criteria and the phase terms represent the secondary intuition values after a certain interval
of time. Through this process, a decision maker evaluates the alternatives (Materials) under these
criteria and gives his preference values in CNNs which are given in Tables 1 and 2. Then the
weights of criteria are calculated based on entropy approach and demonstrated numerically in the
following Subsection 7.1:

Step 1. The formation of ST-OLs-complex neutrosophic decision matrix that is Table 2 is
derived from usual complex neutrosophic decision matrix (Table 1).

Step 2. All the criteria are benefit type. The normalized ST-OLs of complex neutrosophic
decision matrix M∗ = [λ∗ij]m×n is taken from Table 2.

Step 3. The weights of the criteria/attributes are unknown. So the entropy principle 6.1 has
been used to calculate the following weights of criteria/attributes.

ð1 = 0.9242+ 0.1193j,ð2= 0.2403− 0.0083j,ð3=−0.1081− 0.0143j,ð4=−0.0564− 0.0967j

Step 4. From the normalized decision matrix M∗, i.e., Table 2 and the criteria weight vector
(ðj), the fused information of each alternative are obtained obtained using ST-WAAO-CNN
(Eq. (10)) and given in Table 3.

Step 5. The score values of each alternative are given below:

Ł1 = 0.964− 0.824j, Ł2 = 0.311+ 0.077j, Ł3 =−0.175− 1.412j,
Ł4 =−0.029− 0.627j, Ł5 =−0.798− 0.427j

Step 6. The ranking order of the alternatives according to their amplitude values is listed as
follows:

Ł1 = 1.2682,Ł2= 0.3204,Ł3= 1.4228,Ł4= 0.6277,Ł5= 0.9051

Therefore, Ł3 �Ł1 �Ł5 �Ł4 �Ł2.
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Similarly, Using ST-WGAO-CNN (Eq. (12)) operator, the aggregated complex neutrosophic
decision matrix is obtained and is shown in Table 4;

Table 1: Complex neutrosophic decision matrix

M B1 B2 B3 B4

Ł1

⎛⎝0.5ej2π(0.7),
0.6ej2π(0.5),
0.5ej2π(0.4)

⎞⎠ ⎛⎝0.4ej2π(0.8),
0.5ej2π(0.3),
0.7ej2π(0.2)

⎞⎠ ⎛⎝0.7ej2π(0.3),
0.4ej2π(0.3),
0.5ej2π(0.7)

⎞⎠ ⎛⎝0.6ej2π(0.5),
0.5ej2π(0.8),
0.4ej2π(0.5)

⎞⎠
Ł2

⎛⎝0.2ej2π(0.5),
0.7ej2π(0.6),
0.5ej2π(0.8)

⎞⎠ ⎛⎝0.6ej2π(0.5),
0.4ej2π(0.3),
0.4ej2π(0.6)

⎞⎠ ⎛⎝0.8ej2π(0.2),
0.6ej2π(0.3),
0.4ej2π(0.6)

⎞⎠ ⎛⎝0.5ej2π(0.6),
0.5ej2π(0.4),
0.6ej2π(0.3)

⎞⎠
Ł3

⎛⎝0.4ej2π(0.5),
0.7ej2π(0.4),
0.6ej2π(0.4)

⎞⎠ ⎛⎝0.5ej2π(0.4),
0.8ej2π(0.3),
0.9ej2π(0.2)

⎞⎠ ⎛⎝0.6ej2π(0.7),
0.8ej2π(0.3),
0.5ej2π(0.2)

⎞⎠ ⎛⎝0.8ej2π(0.2),
0.6ej2π(0.3),
0.4ej2π(0.3)

⎞⎠
Ł4

⎛⎝0.6ej2π(0.7),
0.4ej2π(0.6),
0.7ej2π(0.2)

⎞⎠ ⎛⎝0.6ej2π(0.3),
0.4ej2π(0.5),
0.5ej2π(0.6)

⎞⎠ ⎛⎝0.7ej2π(0.5),
0.6ej2π(0.2),
0.4ej2π(0.7)

⎞⎠ ⎛⎝0.2ej2π(0.8),
0.3ej2π(0.5),
0.8ej2π(0.3)

⎞⎠
Ł5

⎛⎝0.6ej2π(0.3),
0.4ej2π(0.8),
0.7ej2π(0.8)

⎞⎠ ⎛⎝0.7ej2π(0.8),
0.5ej2π(0.6),
0.5ej2π(0.8)

⎞⎠ ⎛⎝0.8ej2π(0.6),
0.2ej2π(0.7),
0.7ej2π(0.3)

⎞⎠ ⎛⎝0.6ej2π(0.3),
0.4ej2π(0.6),
0.8ej2π(0.2)

⎞⎠

The score value of each alternative are given below:

Ł1 = 1.2199− 0.8039j, Ł2 = 0.5097+ 0.3345j, Ł3 =−0.0203− 1.5088j,
Ł4 =−0.1867− 0.8343j, Ł5 =−1.0583+ 0.5679j

The ranking order of the alternatives according to their amplitude values is listed as follows:

Ł1 = 1.4610,Ł2 = 0.6097,Ł3= 1.5089,Ł4= 0.8549,Ł5= 1.2010

Then, the ranking order is Ł3 �Ł1 �Ł5 �Ł4 �Ł2.

7.1 Calculation of Entropy Based Criteria Weights
These are the following steps involved in the Shannon’s entropy method to calculate the

criteria weights;

Step (i). The initial complex neutrosophic decision matrix [M]′ is considered from Table 2.

Step (ii). Using score function to initial ST-Ols-CN decision matrix [M]′, we get the secondary
score decision matrix [M]

′′
where all elements (λ

′′
ij) are complex fuzzy numbers as mentioned in

Table 5.



1068 CMES, 2022, vol.130, no.2

Table 2: ST-OLs-complex neutrosophic decision matrix [M]

M B1 B2 B3 B4

Ł1

⎛⎝0.707ej2π(0.891),
0.655ej2π(0.500),
0.293ej2π(0.191)

⎞⎠ ⎛⎝0.588ej2π(0.951),
0.500ej2π(0.206),
0.546ej2π(0.049)

⎞⎠ ⎛⎝0.891ej2π(0.454),
0.345ej2π(0.206),
0.293ej2π(0.546)

⎞⎠ ⎛⎝0.809ej2π(0.707),
0.500ej2π(0.905),
0.191ej2π(0.293)

⎞⎠
Ł2

⎛⎝0.309ej2π(0.707),
0.794ej2π(0.655),
0.293ej2π(0.691)

⎞⎠ ⎛⎝0.809ej2π(0.707),
0.345ej2π(0.206),
0.191ej2π(0.412)

⎞⎠ ⎛⎝0.951ej2π(0.309),
0.655ej2π(0.206),
0.191ej2π(0.412)

⎞⎠ ⎛⎝0.707ej2π(0.809),
0.500ej2π(0.345),
0.412ej2π(0.109)

⎞⎠
Ł3

⎛⎝0.588ej2π(0.707),
0.794ej2π(0.345),
0.412ej2π(0.191)

⎞⎠ ⎛⎝0.707ej2π(0.588),
0.905ej2π(0.206),
0.844ej2π(0.049)

⎞⎠ ⎛⎝0.809ej2π(0.891),
0.905ej2π(0.206),
0.293ej2π(0.049)

⎞⎠ ⎛⎝0.951ej2π(0.309),
0.655ej2π(0.206),
0.191ej2π(0.109)

⎞⎠
Ł4

⎛⎝0.809ej2π(0.891),
0.345ej2π(0.655),
0.546ej2π(0.049)

⎞⎠ ⎛⎝0.809ej2π(0.454),
0.345ej2π(0.500),
0.293ej2π(0.412)

⎞⎠ ⎛⎝0.891ej2π(0.707),
0.655ej2π(0.095),
0.191ej2π(0.546)

⎞⎠ ⎛⎝0.309ej2π(0.951),
0.206ej2π(0.500),
0.691ej2π(0.109)

⎞⎠
Ł5

⎛⎝0.809ej2π(0.454),
0.345ej2π(0.905),
0.546ej2π(0.691)

⎞⎠ ⎛⎝0.891ej2π(0.951),
0.500ej2π(0.655),
0.293ej2π(0.691)

⎞⎠ ⎛⎝0.951ej2π(0.809),
0.095ej2π(0.794),
0.546ej2π(0.109)

⎞⎠ ⎛⎝0.809ej2π(0.454),
0.345ej2π(0.655),
0.691ej2π(0.049)

⎞⎠

Table 3: The aggregated complex neutrosophic decision matrix (Mo)

Mo ST-OLs-CNNs

Ł1 〈0.539− 0.278j, −0.679+ 0.29j, 0.254+ 0.256j〉
Ł2 〈−0.143− 0.295j, −0.418− 0.262j, −0.036− 0.11j〉
Ł3 〈−0.317− 0.357j, −0.36+ 0.621j, 0.218+ 0.434j〉
Ł4 〈0.516− 0.678j, 0.037− 0.25j, 0.508+ 0.199j〉
Ł5 〈−0.482− 0.724j, 0.239− 0.265j, 0.077− 0.032j〉

Table 4: The aggregated ST-OLs-complex neutrosophic decision matrix (Mo)

Mo ST-OLs-CNNs

Ł1 〈0.5358− 0.0560j, −1.0176+ 0.5035j, 0.3335+ 0.2444j〉
Ł2 〈0.0016− 0.3310j, −0.4147− 0.4702j, −0.0934− 0.1953j〉
Ł3 〈−0.1736− 0.3731j, −0.3858+ 0.6368j, 0.2325+ 0.4989j〉
Ł4 〈0.2007− 0.8101j, −0.1303− 0.2408j, 0.5177+ 0.2650j〉
Ł5 〈−0.8507− 0.0476j, 0.2383− 0.2203j, −0.0307− 0.3952j〉
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Step (iii). The normalization of the secondary decision matrix [M∗] is given in Table 6.

Step (iv). The entropy of each criterion is given as follows:

E1 = 1.0423+ 2.0489j,E2= 1.0966+ 0.5198j,E3= 0.9958− 0.2397j,E4= 1.1919− 0.1543j

where, K = 1
ln5 = 0.6213

Step (v). The variation coefficient of each criterion (Cj) is calculated by Θj = (1−Ej). The
values are

Θ1 =−0.0423− 2.0489j,Θ2=−0.0966− 0.5198j,Θ3=−0.0042+ 0.2397j,Θ4=−0.1919+ 0.1543j

Step (vi). Finally, the weight of each criterion Cj are calculated using Eq. (13)

ð1 = 0.9242+ 0.1193j,ð2= 0.2403− 0.0083j,ð3=−0.1081− 0.0143j,ð4=−0.0564− 0.0967j.

Table 5: ST-OLs-complex neutrosophic secondary score decision matrix [M ′]

M B1 B2 B3 B4

Ł1
(
1.096− 0.72j

) (−0.096− 0.825j
) (−0.667+ 0.006j

) (−0.578− 0.683j
)

Ł2
(
0.47+ 0.632j

) (−0.148− 1.212j
) (−0.361+ 0.156j

) (
0.218− 1.333j

)
Ł3

(
0.14− 1.607j

) (−1.653− 1.498j
) (

0.1− 1.471j
) (−0.067+ 0.164j

)
Ł4

(
0.3− 0.392j

) (−0.181+ 0.077j
) (−0.596− 1.172j

) (−0.035− 0.531j
)

Ł5
(−0.863+ 0.933j

) (
1.236+ 0.417j

) (−0.104− 1.14j
) (−1.24+ 0.307j

)
Note: The result satisfies the property that the sum of all complex weights is equal to one.

That means

(0.9242+ 0.1193j)+ (0.2403− 0.0083j)+ (−0.1081− 0.0143j)+ (−0.0564− 0.0967j)= 1.0000
+0.0000j

Table 6: The normalized decision matrix [M∗]

M B1 B2 B3 B4

Ł1
(
0.7898+ 0.1675j

) (
0.2601+ 0.0404j

) (
0.0675− 0.1538j

) (
0.3333− 0.0052j

)
Ł2

(−0.0728+ 0.4794j
) (

0.3827+ 0.0573j
) (

0.0014− 0.0990j
) (

0.3325+ 0.3776j
)

Ł3
(
0.7636− 0.6350j

) (
0.5973− 0.3782j

) (
0.3276+ 0.1749j

) (−0.0314− 0.0580j
)

Ł4
(
0.3014− 0.0386j

) (−0.0082− 0.0618j
) (

0.3308− 0.0159j
) (

0.1612+ 0.1153j
)

Ł5
(−0.7820+ 0.0267j

) (−0.2319+ 0.3422j
) (

0.2726+ 0.0939j
) (

0.2044− 0.4297j
)

8 Validation of the Proposed Method

The proposed concept of sine trigonometry operational laws of complex neutrosophic decision
making approach is verified with entropy based combinative distance-based assessment (CODAS)
method. A decision matrix, i.e., Table 2 has been taken for entropy-CODAS method. In the initial
process, criteria weights are derived using the steps given in Section 6.1. And the weight values
are calculated and given as follows; ð1 = 0.9242+ 0.1193j,ð2 = 0.2403− 0.0083j,ð3 = −0.1081−
0.0143j,ð4=−0.0564− 0.0967j. The steps of entropy based CODAS method as mentioned in the
literature by Ghorabaee et al. [48] is demonstrated numerically for ST-OLs-CNNs as follows:
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Step 1. The ST-OLs-CN decision-making matrix is considered as in Table 2
Step 2. Each element in ST-OLs-CN decision matrix is normalized by the following linear
normalization Eq. (14)

M∗ =

⎛⎜⎜⎜⎝
λij

max
i
λij
, if j is benefit type crieria

min
i
λij

λij
, if j is cost type crieria

(14)

Step 3. The ST-OLs-CN weighted normalized decision matrix is calculated by λ∗ij.ðj, where
ðj denotes the complex weights of each criterion such that 0≤ ðj ≤ 1.0000+ 0.0000j.
Step 4. The ST-OLs-CN negative-ideal solution of the weighted normalized decision matrix
N−
j = [min

i
λ∗ij]1×m is given in Table 7.

Step 5. The Euclidean and Taxicab distances of alternatives from the ST-OLs-CN negative-
ideal solution are calculated by Eqs. (15) and (16)

Ei =
√√√√ m∑

j=1

(λ∗ij−N−
j )

2
(15)

Ti =
m∑
j=1

|λ∗ij −N−
j | (16)

The values are shown in Tables 8 and 9.

Step 6. The relative assessment of ST-OLs-CN matrix is derived from Eq. (17), and shown
as in Table 10.

rA= [hik]n×n∀k= (1, 2, 3, . . . ,n)
hik = (Ei−Ek)+ (ψ(Ei −Ek)× (Ti−Tk))

(17)

where ψ denotes a threshold function used to recognize the equality of the Euclidean distances
of two alternatives, and is defined as follows:

ψ(x)
(
1, if|x| ≥ τ
0, if|x|< τ (18)

τ is the threshold parameter that can be set by decision-maker. It is better that this parameter
be a value between 0.01 and 0.05. Here, the τ value is 0.01.

Table 7: N−
j (ST-OLs-CN negative-ideal solution)

N−
1 〈−0.0522+ 0.3521j, −0.3543− 0.1960j, −0.2615− 0.4263j〉

N−
2 〈0.1586− 0.0055j, −0.0219+ 0.0890j, −0.0340+ 0.0425j〉

N−
3 〈0.0740+ 0.0559j, 0.0089+ 0.0072j, 0.0171− 0.0341j〉

N−
4 〈−0.0130+ 0.0340j, 0.0341− 0.0088j, 0.0182− 0.0250j〉
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Table 8: Euclidean distances from N−
j

E−
1 〈0.7414+ 0.1602j, 0.6928+ 0.8634j, 0.5251+ 0.8333j〉

E−
2 〈0.2311+ 0.2097j, 0.1056− 1.0091j, 0.0518+ 0.0326j〉

E−
3 〈0.1174+ 0.2512j, 1.3027+ 0.2980j, 0.6339+ 0.9905j〉

E−
4 〈0.9192+ 0.0921j, 0.1549+ 0.5453j, 1.1875+ 0.5494j〉

E−
5 〈0.9751− 0.2409j, 0.0955+ 0.0511j, 0.2430+ 0.3601j〉

Table 9: Taxicab distances from N−
j

T−
1 〈1.0377, 1.4756, 1.2392〉

T−
2 〈0.5268, 1.3230, 0.0612〉

T−
3 〈0.7770, 1.8417, 1.6043〉

T−
4 〈1.3369, 0.6559, 1.4689〉

T−
5 〈1.271, 0.1600, 0.7811〉

Step 7. The assessment value of each alternative is obtained by Eq. (19)

Hi =
n∑

k=1

hik (19)

The values obtained are shown in Table 11.

Step 8. Using ST-OLs-CN score function, the score of each Hi is calculated as follows:

Ł1 =−2.2613− 7.3637i, Ł2 =−0.1610+ 6.4493i, Ł3 =−11.5005− 5.1971i,
Ł4 =−3.1753− 2.1815i, Ł5 = 2.1245− 2.4657i

Then, the absolute values of the above mentioned ST-OLs-CN score values are given
as

Ł1 = 7.7031,Ł2= 6.4513,Ł3= 12.6203,Ł4= 3.8524,Ł5= 3.2547.

Step 9. Rank the alternatives according to the absolute values

Ł3>Ł1 >Ł2>Ł4 >Ł5
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Table 11: The assessment value of each alternative Hi

H1 〈1.2538+ 0.1657j, 2.6524+ 4.9768j, 0.8627+ 2.5526j〉
H2 〈−0.4854+ 0.1307j, −1.1341− 7.1003j, 0.8627+ 0.7817j〉
H3 〈−1.3905+ 0.4383j, 8.3972+ 1.3343j, 1.7128+ 4.3011j〉
H4 〈2.6676− 0.1949j, 0.2215+ 1.1534j, 5.6214+ 0.8332j〉
H5 〈2.9195− 2.3267j, 0.9832+ 0.0028j, −0.1882+ 0.1362j〉

8.1 Discussion and Comparison Analysis
The outcomes of the new and existing techniques are compared in Table 12 to demonstrate

the validity of the proposed approach. It is transparent that the optimal alternative is the same for
all techniques. As a result, the proposed concept of sine trigonometric operational laws of complex
neutrosophic sets performs better in complex decision-making procedures. But, this operator can
handle only the particular types of uncertainty which have periodicity in the form of amplitude
and phase terms to the three membership functions such as truth, indeterminacy and falsity where
amplitude represents the real valued membership functions and an additional term called phase
represents periodicity. In this research, the execution of multi-criteria decision making approach
their results in complex numbers. So, in order to select the best among them we have to consider
the absolute values.

Table 12: The ranking order of each alternatives

Methods Ranking order

ST-WAAO-CNN (Eq. (10)) Ł3 �Ł1 �Ł5 �Ł4 �Ł2
ST-WGAO-CNN (Eq. (12)) Ł3 �Ł1 �Ł5 �Ł4 �Ł2
Entropy-CODAS Ł3 �Ł1 �Ł2 �Ł4 �Ł5

9 Conclusion

In this study, a decision making method with sine trigonometric operational laws for complex
neutrosophic fuzzy sets have been proposed. The operations of ST-OLs-CNNs play a vital role
during the decision making process and with help of these operations some of the ST-OLs-CN
aggregation operators have been developed in order to make decision over complex vague informa-
tion. The description of ST-OLs have been given with CNNs in detailed graphical representation
and it shows the validity of the ST-OLs. The properties of the proposed sine trigonometric
weighted AOs are proved. Further, in the proposed MCDM method, the criteria weights are
computed by unsupervised techniques and by combining these methods a new approach called
Entropy-ST-OLs-CNDM method has been introduced. Then the functionality of the proposed
method is applied to a material selection problem and, feasibility and validity of the approach
are investigated in detail with comparative analysis.

In future research, advanced study of the similarity measures of complex neutrosophic sets
and complex neutrosophic critic-based approach for handling MCDM problems with unknown
weights can be carried out. The recommended approach can also be applied to other fields, such
as medical nutrition diagnostics, sustainable supplier selection, and so on.
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