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ABSTRACT

Generally, the field of fixed point theory has attracted the attention of researchers in different fields of science and
engineering due to its use in proving the existence and uniqueness of solutions of real-world dynamic models. C"-
algebra is being continually used to explain a physical system in quantum field theory and statistical mechanics
and has subsequently become an important area of research. The concept of a C*-algebra-valued metric space was
introduced in 2014 to generalize the concept of metric space. In fact, It is a generalization by replacing the set of real
numbers with a C*-algebra. After that, this line of research continued, where several fixed point results have been
obtained in the framework of C"-algebra valued metric, as well as (more general) C"-algebra-valued b-metric spaces
and C"-algebra-valued extended b-metric spaces. Very recently, based on the concept and properties of C*-algebras,
we have studied the quasi-case of such spaces to give a more general notion of relaxing the triangular inequality in
the asymmetric case. In this paper, we first introduce the concept of C"-algebra-valued quasi-controlled .# -metric
spaces and prove some fixed point theorems that remain valid in this setting. To support our main results, we also
furnish some examples which demonstrate the utility of our main result. Finally, as an application, we use our results
to prove the existence and uniqueness of the solution to a nonlinear stochastic integral equation.
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1 Introduction

One of the most relevant theories marking the passage from classical to modern analysis is the
fixed point theory which was implemented by Banach [1]. Several mathematicians have created diverse
generalizations of Banach fixed point theory. Wilson, on the other hand, introduced the quasi-metric
space that is one of the abstractions of the metric spaces [2]. This theory, however, does not include the
commutative condition. Numerous mathematicians have adopted this concept to demonstrate some
fixed point outcomes, see [3].
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The b-metric spaces concept was first set up by Bakhtin [4] and Czerwik [5]. Besides, numerous
authors obtained a lot of fixed point results. For example, see [6—10]. The extended h-metric spaces
idea was elaborated by Kamran et al. [1 1] and generalized by Abdeljawad et al. [12] by imposing the
control or the double control of the s-relaxed inequality by one or two functions. Mudasir et al. [13]
stated new results in the context of dislocated h-metric spaces and presented an application related to
electrical engineering and extended the notion of Kannan maps in view of the F-contraction in this
framework, see [14].

In [15,16], Ma et al. introduced C*-algebra valued h-metric spaces by considering metrics that
take values in the set of positive elements of a unitary C*-algebra. Lately, Asim et al. [17] enlarged
this class by defining C*-algebra-valued extended h-metric spaces. Very recently, Kabbaj et al. [1§]
have investigated the quasi case of such a metric and they give a more general notion of relaxing the
triangular inequality in the asymmetric case [19]. Recently, for some work on fixed point theory in the
mentioned area, we refer to some published work as [20-34].

In this work, we introduce the notion of C*-algebra-valued quasi controlled % -metric spaces.
We give basic definitions and then employ them to demonstrate fixed point results in such spaces.
Examples are also provided to verify the usefulness of our main results. Finally, as an application, we
verify the existence of the solution for a nonlinear stochastic integral equation in this setting.

2 Preliminaries

Throughout this paper, 2 will be a unitary C*-algebra with Iy, and o () is the spectrum of § € 2.
We set

W, ={eA:6=8}, A ={8eU,:0() C[0,+00[};
A, ={0eZ,:6>=1), Z ={eA: 8y =y5;Vy e }.

Note that 2" is a cone [20], which induces a partial order < on I, by

y <8 d—yed.

To prove our main results, it will be useful to introduce the following lemma.
Lemma 2.1. [20] Suppose that 2( is a unital C*-algebra with a unit /.

1. ify,8 € A, and y <4, then foreach & € A, £*y& < £%5¢;

2. ify,8 €A, ¥,8 > 0y and y8 = 8y, then Y& > Oy;

3. forally,§ €U, 00 =y <8 < Iyl = 1I51I;

4 0=xy=2Lislyii=L

Definition 2.1. [1 7] Let Q # @ and A : Q x Q@ — 2,. A C*-algebra-valued extended b-metric is a
mapping A: Q x Q — 2 such that

1. A(w,w) = 0y if and only if v = w;

2. Alw,w) = AN, w);

3. Alw,w) < AMw, m)[A(w,v) + Ay, @)].

The triplet (2,2, A) is called a C*-algebra valued extended b-metric space.
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3 Main Results

In this section, by omitting the symmetry condition, we introduce the notion of C*-algebra-valued
quasi controlled .# -metric spaces, where % is a control function.

Definition 3.1. A C*-algebra-valued quasi controlled .7 -metric space is the triplet (2,21, A) where
Q is a non empty set, Z : Q2 x Q@ — 2, is a C*-control function and A : 2 x Q — 2(is a mapping
that

l. Alw,w) =0y if and only if w = w;

2. AMw, @) < I (0, m)[A(w,v) + A(v, )] forall w,m, 9 € Q.

Remark 3.1. In particular, by taking 7 (w, w) = § = Iy, (2,2, A) is a C*-algebra-valued quasi
b-metric space [19].

Example 3.1. Let @ = [0,1] and A = M,(R). We know that 2 is a C*-algebra where partial
ordering on M, (R) is given as

(a{)lgi,/gz = (/3{)1@;;52 < Olf = ﬂf fori=1,2.

Define a C*-algebra-valued quasi controlled .# -metric A : Q x Q@ — R? by:

A(p,m:[g 8} it p = o
1
- 0
Ap.0)=A0.p)=|" ||, ifp#0
- 0 _
0
1
+w 0
A(p,w) = IO;U 1+, | ifwp #0.
ow
Given the C*-control function 7 : Q x Q — 2, as
1
l—i——l
H(poy=| PHTF !
0 1+ —
p+o+1

Then, (2,%2(, A) is a C*-algebra-valued quasi controlled .#"-metric space.
Example 3.2. Let Q@ = [0, 1] and & = M,(C). Define a mapping A : 2 x Q — 2l as

A+ 2lpl+lwmDlp — | 0
A(p,ZU)—[ 0 (1+2|p|+|w|)|p—w|2]'

Let the C*-control function % : Q x 2 — 2 be defined by (for all p, w € Q)

AT 2|p + || 0
Jf/(p,w)—2|: 0 1+2|p|+|w|]'
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Example 3.3. Consider Q = C (., C) the space of all continuous functions where .7 is compact.
Let 2l = L*(.%) the usual unital C*-algebra with the sup norm and given A : Q x Q — 2" for each
o, ¥ € Qas

0, ifo =1y
1

l—————,  ifp#0y =0

1
rop=1 T

l——, ifp=0, 0
Crppor eS0T

o] + 20 @1, if oy #0

We take
K, 0)(0) = YO+ 2|0 + 2.

Thus, (2, A, L>*(¥)) is a C*-algebra-valued quasi controlled .2 -metric space.

Next, we introduce some topological concepts on C*-algebra-valued quasi controlled .# -metric
spaces.

Definition 3.2. Let (£2,2(, A) be a C*-algebra-valued quasi controlled ¢ -metric space. The open
ball B(w, r) of center w € Q and radius r > 0y is given by

B(w,r)={w € Q: ANw,w) < r}.

Example 3.4. Let us define a C*-algebra-valued quasi controlled .7 -metric A : C* x C* — R? as

(0,0), if3=3
AG.y)=1 1 1 1 )
(5’5) _/ _3_/+_/9 lfé #3/
l33'l 131 1331 113
with the C*-controlled function % : C* x C* —]1, 400[x]1, +00[ given by
, L+13'1 1T+ 13l
K (3,3) = (—— :
13'] 13
Then, it is evident that
AG,3) X AGAG )+ AG3)]1.Y5.5.5" € C.
The open ball B is given by

%(30”/-11%) == B(305 (V,}"))
={3e€C :AG3) < (r,n}

1 11 1
={50}U{56@:3#5oand( + —, +—)<(r,r)}
1303 130] " 13031 K]

ki1 < (3]
I3+ 1 1413l 0
(3 el -1 RS B L+ 1a

7|30l
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if rl3,] < 1, then

B (30, 7.14) = {30}
if r3,] > 1, then

1 14+
BGorly) = ) U L3 eC 1 e]max( + "”°'),+oo[].

"3l =1 130

Remark 3.2. We can also define the closed ball by
B(w,r)={w eQ:A(w, ) <r}.

Definition 3.3. Let (2, 2(, A) be a C*-algebra-valued quasi controlled J# -metric space and let {z,}
be a sequence in 2.

1.

{w,} is called left-converges to @ € 2 with respect to 2, if and only if Ve > 0,3k € N such
that

n>k= A(w, o) <¢.

{w,} 1s called right-converges to @w € Q with respect to 2, if and only if Ve > 043k € N such
that

n>k= A(w,w,) <¢.

. {w,} is called converges to w € 2 with respect to 2, if and only if

lim A (w, w,) = lim A (w,, w) = 0q4.

n—o00

Definition 3.4. Let (X, 2, A) be a C*-algebra-valued quasi controlled .# -metric space. Then

1.

{w,} is called right-Cauchy with respect to L, if for each ¢ > 0, there exists £ € N such that
Vp € N,

n>k= A (wn, w,,+,,) < e.

. {w,} is called left-Cauchy with respect to 2, if for each ¢ > 0, there exists £ € N such that

Vp e N,
n>k= A(w,, ) <e¢.
{w,} 1s called Cauchy sequence with respect to 2 if and only if Vp € N,

lim A (w,, @,;,) = lim A (@,,.,, ®,) = Oq.

n—o00

If every Cauchy sequence {z,} in 2 converges to some point @ in €2, then, the triplet (2,2, A)
is said to be a complete C*-algebra-valued quasi controlled .# -metric space.
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Example 3.5. Take 2 = R* and 2 = R?

(0,0), ifn=v
U U :
(—5—> lfn#():v:o
)

INCADES R
_ ifn=0,v%#0
(1+v,1+v), ifn=0,v#
[ +2v,n+2v), ifqv#0,n#v

Let 7 : Q x Q@ — 2, be the mapping defined by
K (mv)=C2n+2v+2,2n+2v+2).

Then, (2,2, A) is a complete C*-algebra-valued quasi controlled % -metric space.

Example 3.6. Let . be a compact Hausdorff space and 2{ = C (.¥) be the set of complex valued
continuous functions on .. Note that C (%) is a unitary commutative C*-algebra with the usual
sup norm such that the involution is defined by ¥* (x) = ¥ (x)forallx € S. Setting @ = L._(E)
where F is a Lebesgue mensurable set and let us define a C*-algebra-valued quasi controlled .# -metric
A:QxQ— 2Aby

A@, )0 =+ 9l +21¥ 1)1 — Ve forallg, ¥ € Q; 1 €]0,1].
Let us define the C*-control operator by
(P, ) = (L + 1@l + 21 ) Lo

The condition (i) of Definition 3.1 is clearly satisfied by A. Now we check the condition (ii). We
take ¢, ¥ € Q as arbitrary. Then

A, ¥)(0) = L+ 1Pl + 21 1) ¢ — VI’
< T+ 1@l + 20¥ )l — @l + Il — Yllw)e’
< X (@, 9) [AD, ¥) () + Alg, ¥)(D]forall £ € [0, 1].

Therefore,

Alp, V) = A (9, V) (AD, 9) + Alg, V) forallp, ¥ ¢ € Q.

This prove that A is a C*-algebra-valued quasi controlled .# -metric. Now we want to verify that
(X,2, A) is a complete C*-algebra-valued quasi controlled .# -metric space. Let {¢,} -, be a Cauchy
sequence in 2 with respect to . Then

lim A (¢ns ¢n+p) = ,llg?o A (¢n+ﬁ’ ¢”) = 091

We deduce lim ||¢,,,—¢.]l. = 0,50 {¢,} - is a Cauchy sequence in the space 2. Since €2 is complete,
{#,} has a limit ¢ that is also in 2. Hence it follows that
A (G @) = e(1+ Bl + 20l) Dy — PulloTa

and

A(p,¢,) < e (14 1Bl + 21bull) I pnsy — Gull o
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We conclude that the sequence {¢,} - converges to the function ¢ in  respecting 2.

We will fix the notion of a continuous metric in the context presented in this paper since in the
literature during the proof of the results in fixed point certain problems arise due to the possible
discontinuity of the b-metric with respect to the topology it generates.

Definition 3.5. Let A be a C*-algebra-valued quasi controlled . -metric. A is said to be continuous
at (w, w) if the sequence {w,} -, converges to w and {w,} ., converges to = then

A (w,, @,) > Alw,m)and A (@,,w,) > AT, ).
Lemma 3.1. Let (©2,2(, A) be a C*-algebra-valued quasi controlled # -metric space. Such A is
continuous in each variable. If a sequence {w,} -, has a limit, then this limit is unique.

Proof. Fix ¢ > 0,. By assumption, @, converges to w so there exists K, € N such that d (v, w,) <
for all m > K,. We also assume that @, converges to @, so there exists K, € N such that d (w,, w) <
foralln > k,. Then for all n > K := max {K|, K.}

A(w,w) X ¥ (o,0)A(o,o,) + A, w0)] X H(o,w0)e.

[SYLEY AL

As ¢ was arbitrary, we deduce that A (w, w) = 0, which implies @ = w.
Our main result runs as follows.

Theorem 3.1. Let (2, 2(, A) be complete C*-algebra-valued quasi controlled # -metric space such
that A is a continuous and I' : 2 —  satisfies the following:

ATw,Tp) x 0°A(w,p)d, Yo,pe (1)
where 6 € 2l with ||0||y < 1 and lim ||.# (w,, w,) ||«ll@|la < Iy such that w, = T'w,_, = I"w, for an
arbitrary @,. Then I" has a uniqlig?io:(ed point w € Q.

Proof. Let the sequence {w,} be defined by w, = I'w,., = I"w,. From Eq. (1), we obtain by

QUGN |\ _ A (P, . Tem) < 0°A (4, 7,) 6
—\< (9*)2 A (w—n—Za w—n—l) 92

< (0" A (wy, @) 0".
Now we prove that {w,} is a right-Cauchy sequence. For any n, p € N, we have
A (@, @) < H (@0 Day) [A (@, D) + A (B, D) |
< H (0 @) A (@ @) + H (@0, i) K (it Boiy) A (@1, D12

H (w,l, w,HP) H (w,,+1, zzrnﬂ,) R 4 (w,w,_z, w,,+p) H (wn+,,_1, zzrn+,,)
A (@it Dosy)

A (v, w,,) 0 X (0, 0,)0"
+ K (@ @) K (@1, D) @) H (0, 1) 0"
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Ji/ (wna wnﬂ?) % (wn+la wrz+p) e </4i/ (wner 25 wnﬂ?)
+ <%/ ( n+p 1s w_ner) (9 )"+P : A (w—Oa wl) 9n+p :

= A (@, m,.,) 0 (A (o, wl)f) 6"

2
+ <%/ ( n+p) Ji/ (wn+la wnﬂ?) (9*)"+1 (A (w_Oa w_l)%) 0n+1

+ f%/ (w-n: ZD-n+17) L%/ (le—la le—p) e *%/ (wn+p—2> ZD-n+p) 1%/ (ZD-IH—]}—] 5 wlz+p)
Oy (A @ o)) 00

=X (o, ,.,) (A (@0, ) Qn)* (A (o)} Qn) "

<%/ (wna wn+p) ‘ji/ (ZD—rHrlv ZD_ner) s ‘%/ (wn+pfl: wn+p) (A (w_O) wl)% 9n+ﬂ_l)*

(& @it o)

2

= <%/ (wna w_ner) A (w07 w—l)% 9'1 A (w_Oa wl)% 9n+1

+ Ji/( w,, n+p) % (wn+1>wn+p)

'%/ (wna ZU,,+,)) i%/ (wn+la wn+p) e Jgf (wlz+17—25 wlz+p) ji/ (wn+p—la w-n+p)

2
)A (5, wl)% ot

n+p—1

= Z ‘A (zzro,zzr)z ot

| | L%/ n+p+/, n+p

n+p—1

Z NG

Hn% veis Dy llal
9 j=0
n+p—1

Z 1A (@0, ) [la| 6"

‘ H”‘%/ n+/9 n+p ”Qllll

n+p—1

<A @)l 2 ||0] ], H 1A (@12 Dy Nlala

i=0 Jj=0
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Since lim ||# (w,, @,) |2ll0llx < 1 so that the series >~ 6" |lo [, |-# (&, @,,) [l converges

by ratio test for each m € N. Let

#=> |01 T11# (@. @) laand 7 = > ||'|[- [ 1# (. @) lla
i=0 Jj=0 i=0 J=0
Thus, the above inequality implies
A (wm ZD-n+11) < ”A (ZD-()a ZD-1) ||Ql ||92"| A [%4—1)—1 - %] .

Letting n — oo, we conclude that {w,} is a right-Cauchy sequence. Similarly, we prove that {z,}
is a left-Cauchy sequence. The fact that Q2 is complete involves dw € €2 such that

Iim A (@, w,) = lim A (w,, @) = 0q.

Remains to see that o is a fixed point of I'. Indeed for any n € N, we have
ATw,o)x X To,o) AT, m,,)+ A(@,,o0)]

=X To,0)[ATw,T'w,) + A(@,, )]
XA (To,0)0A@m,)0 + A (w,,,,0)]
— 0, asn — oo.

Therefore, w is a fixed point of I". To prove uniqueness, we can assume 'o = @ and l'w* = w*
such that w, w* € Q. Then by employing Eq. (1), we have
A,0)=ATo,Tw) x0°A (0,w)0,
so that
1A (@, )|y = I|A (To, Tw)|ly

< 10"A (@, ") Olly
< 1e"[111A (@, @) 10l
= 1015 1A (@, 0")|lq

< 1A (@, )]y -

Then, we get a contradiction, as a result w = w*.

Dynamic programming is a powerful technique for solving some complex problems in computer
sciences. We illustrate Theorem 3.2 by studying the existence and uniqueness of the solutions of the
functional equation presented in the following example.

Example 3.7. Let X and Y be Banach spaces. S C X is the state space and D C Y is the decision
space. Letn : Sx D — S,t:SxD— Rand 7 : S x D x R — R. Denote by B(S) the set of all
real-valued bounded functions on S. Let 2 = L>(.%) the usual unital C*-algebra with the sup norm
and given A : B(S) x B(S) — 2" for each ¢, ¥ € Q as

L+ llell + Iyl

Ap, ) = WWP — Yl Iy



2658 CMES, 2023, vol.135, no.3

(B(S), A, L™ (%)) is a complete C*-algebra-valued quasi controlled .2 -metric space. We consider
the functional equation

@ (x) =sup[t (x,») + T (x,y, @ (n (x,»))](x € 5) (2)
yeD
such that r and .7 are bounded and
o
|7 (x,y,2:) — T (x,),2,)] < T+ 2m |z) — 2]

for all (x,y,z)),(x,y,2,) in S x D x R, where ) < o« < | and m = ||.7|. We define a mapping
I': B(S) — B(S) byI'w = 0§, where

b(x) =sup[t (x,)) + 7 (x,y,@ (X, )] (x € 5).

yeD
It is easy to get A(Tp,Cw) < 0*A(p, w)0 satisfies with 6 = /aly.
Therefore, the Eq. (1) possesses unique bounded solution on S.

Example 3.8. Let @ = R and 2 = M,(C). For any A € 2, we define its norm as |4y =
max, ;- |a;|. Define a mapping A : Q x 2 — 2 such that for all p and @ € Q,

_|A+2pl+l@Dlp—@) 0
A(’”w)‘[ 0 1+ 2ol + 1w p— o]
Let the C*-control function % : @ x 2 — 2 by:
A 142l + || 0
%(p,w)_Z[ 0 14+ 2lp+ o |

We define a mapping I' : @ — Q by
'p = g, forall p € Q.

Itiseasy to get A(Tp,Tw) <X 0*A(p, @ )b

NI V3o
Whel‘69:|:3 ]ei’landll@” =—=—<1.
0 2 33

Definition 3.6. Let Q@ # ¢ and O (w,) = {I"w,|n € N} for an arbitrary @, € Q. A function
d : Q@ — Ais said to be I'-orbitally lower semi continuous at z with respect to 2 if the sequence {w, }
in O (w,) is such that lim @, = @ with respect to 2 implies

n—oo

[P (@)]ly < liminf [[® (@,)]]y -

Definition 3.7. Let (2, %l, A) be a C*-algebra valued quasi controlled J# -metric space. I' : Q@ — Q
is a C*-left-contractive (respectively C*-right-contractive mapping) if there exists p € Q and an§ €
such that

ATw,Iw) 2 §"A(w,Tw)s (respectively A (Tw, o) < 8"A(T, w)3) (3)
with ||§]| < 1 forevery @w € O-(p).

Theorem 3.2. Let (2,2, A) be a complete C*-algebra valued quasi controlled % -metric space
such that A is continuous. Suppose that I' : 2 — Q is C*-left-contractive for some § € A, w, € Q
and lim 7 (w,, w,) exists for every {w,} € Oq(w,) such that lim |7 (w,,®,) ||« < —. Then

n,m—00 18191
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IMw, > @ € Qasn — oo. Besides w is a fixed point of " if and only if @ — A(w,'w) is I'-orbitally
l.s.c at .

Proof. Similar to Theorem 3.1, we prove that {w,} is a Cauchy sequence. Since 2 is complete then
w, —> ® € Q. Assume that @ — A(w,['w) is '-orbitally l.s.c at w, we obtain

IA (@, T®) |l < liminf || A (M@, D" ey
< lim inf[|§"[|all A (T, ey [lall Sl
< liminf|$12 1A (e, @) s — 0
We find A (w, T'w) = 0. It follows that 'w = . Conversely, let w = 'w and {w,} a sequence in

Or(w,) with w, — ®@. Then

IA (@, Tolly) =0 < liminf||A (@,, T'@,[lx),

and this completes the proof.

4 Application

By applying the previous results and involving the C*-algebra valued quasi controlled % -metric
space, we prove the existence and uniqueness of a solution of a nonlinear stochastic integral equation
given by

%(T;w)=A(T;w)+/®(T;S;w)l9($;%($;w))d5 TeR, weX, “4)

where
1. X is the support of a complete probability space;
2. (3,4, ), A(t, w) is the continuous stochastic free where [|A(;.) [l 1,5 0.2 < 00;
3. O(t, &, w) is the stochastic kernel where ©(z, s;.) belongs to L. (X, <7, ) such that

sup/ 1O (1:&; @) ll1no(z.r. 0 dE < 00;
R

teR

4. x(t,w) is the unknown continuous real-valued stochastic process such that
17 (T3 I Lysp9 < 0.

Let & be the space of all continuous functions from R into the space L,(X, <7, ) such that g(z,.) €
Ly(2, .4, 2), 18(t; I,c.w. < o0and T — g(t,.) is continuous from R into L,(X, &7, &) for every
geé.

We consider &5 = [% € C(R, L, (Z,B,P)) : 1 (r, E) sy = suplix (1, 5) 1y, < 00}-

TeR

Now, we define the integral operator ¥ on & by

(Won) (T3 ) = / O (15 0)e(s; 0)d(5)

R
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We now claim (W) (7; w)) is bounded and continuous in mean-square. Indeed

[ (¥20) (T3 )| 1y 5,00, 22) 5/II®(T;S;w)%(é,w)lle(z,m,(@)dS

< Suplx (¢, ) ll1yw.0r. / 10 (136;0) 1 o oo dE
R

£€R
=< IIX(S,w)IIg@/||®(f;§;w)||Loo<>:,@¢,g:>d§

S M (E,0) ey
where .Z = sup fR 1O (58 ) || 1o (5.00.2)dS. This proves (V) (7; w)) € &, that means W is an operator
TeR

from &4 into &4.

Assume now the function A(t;w) is a bounded continuous function from R into L,(Z, o/, &)
and the function 9 (&, »(£; w)) is in the C (R, L,(2, 8,B)) satisfying the condition

19§, %(&;0) — (€, nE; ) liy0.m.2) < Blx(E;0) =€ 0)liy5.m.2), V2,1 € 6, (5

where p and 8 are constants with 8.4 < ﬁ and &, is defined as

&, = {x €ECR,L(E,,2) : |2 (§,0) ||s, = suplix &, 0) .. < ,0} :

£eR

Define the operator I" from &, into & by

(Tr)(t;0) = A(T; 0) +/®(T;§;w)l9(§,%($;a)))d§-
R
Moreover, under the conditions [|A(7; )|l 1,5 w2 + AN (T, 0| y5.0.00 < p(1 = BA), we get

1(To) (75 ) | Ly z.or.0) < AT D) Ly5.00. ) + ANV (1, 2x(T; ) Lys.00.2)
< AT o). + ANV (z,0) Ly ) + M Bllx(z; ) ysw.2y =P

Hence, (I'x)(7; ) € &, so I is self mapping on &,.

We prove the existence of solutions to problem 4 utilising our deduced fixed point theorems. Now,
let @ = &, and 7 = L*(R). We denote the set of all bounded linear operators on Hilbert space .7
by 2 = B(). Note that B(5) is a unitary C*-algebra. We define a C*-algebra quasi controlled
4 -metric A : Q x Q — A by:
A(}fa 77) = T[(HH%I\Lz(z,W,y)+2\ln\lL2(z,d,@))H%*nI\LZ();,W,g)'

Similar to the Example 6, one can easily verify the completeness of (2,21, A). Then, we get by
using our assumptions

A, Ty = sup <ﬂ( ¢>,¢>>
=1

1+||F>fI\Lz(z,d,gﬂ)+2||F77\|L2(>:,g¢,9)) ITx=TnllLy(z,e0,22)

¢ (v) |2dt
Ly(Z,4,P)

< (1+3p) sup /
R

/@(r,s;w) [0, 2(E; ) — D&, n(E; )] de
llpll=1 R
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< BA (1+3p) HZIHJEI /R 16 (0) % (&:0) — 1§ 0) g, dt

<BA (A +3p)supllx (&;0) —n & 0) |l (s,,2)

teR

<BA(1+3p) s
= P (1+3p) |¢L|l£1<n(1+|>f|L2(n,@¢,92>+2lln||L2<z,g¢,zw))IIK17|L2<2,.Q¢,z>>

b, ¢>

< BA (1 +3p) [1AG, Mg ) -

Since 8.7 (1 4+ 3p) < 1, I satisfies the inequality (1). Therefore, the integral Eq. (4) has a unique
solution by Theorem 3.1.

Example 4.1. Let £ =]0, [ and « €]0, :[. We consider
O:RxRxX—>R

|T|ow
(?+ 4+ D&+ 1)
Note that for all £ € R, the function t —— W(zt, &;.) is continuous from R into L. (X, 8, ).

(r.§,0) —

(W50 (13 ) 5000, < / 10(2 £ 0)(E, ) 1ym.0r. o dE

<— su ||‘t (S,CL) ||L Qo , P /” ||L :@ag
2 ] %_2 2 ] oo (3e, &,
p ) ( ) ( )( ) (Q, a7 )

<allx & )| / i de
= s (et D(ET )
< anlxE )ls,

< M|xE, 0)lls,-

Assume that A(t,w) = 0 and we take ¢ (&, x (§;w)) = WM Then, we can check that
condition 5 is satisfied with g = —¢

8(e—1) "
Now let

& = {x ECR,L(E,4,2)) : |lx(§,0) lls, = supllx (§,®) | 1y5.0.2) < 2} :

EeR

We see that .7 (1 4+ 3p) = 4;2’1"1) < 1, so all the assumptions mentioned in the application section

are well insured. Hence, there exists unique solution of the nonlinear integral equation given by

aTwe’

Hme) = / 8@+ e+ DET+ D@ O + 8+ kEa)

£.

5 Conclusion

The results obtained are supported by non-trivial examples and complement and extend some of
the most recent results from the literature. We have made a contribution by establishing some basic
fixed-point problems considering a C*-algebra valued quasi controlled # -metric. We have proved
some existence results for maps satisfying a new class of contractive conditions. The fixed point
theorems are essential notions in the theory of integral equations. We have proved that the solution of



2662 CMES, 2023, vol.135, no.3

a nonlinear stochastic integral equation of the Hammerstein type of a more general context using a
C*-algebra quasi controlled % -metric spaces.

Future study is to investigate the sufficient conditions to guarantee the existence of a unique
positive definite solution of the nonlinear matrix equations in the setting of C*-algebra-valued quasi
controlled # -metric spaces. The conditions of Theorem 3.1 will be verified numerically by giving
various values for the given matrices, and the convergence analysis of nonlinear matrix equations will
be shown through graphical representations.
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