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ABSTRACT

In this paper, we present the existence and uniqueness of fixed points and common fixed points for Reich and
Chatterjea pairs of self-maps in complete metric spaces. Furthermore, we study fixed point theorems for Reich and
Chatterjea nonexpansive mappings in a Banach space using the Krasnoselskii-Ishikawa iteration method associated
with .#, and consider some applications of our results to prove the existence of solutions for nonlinear integral and
nonlinear fractional differential equations. We also establish certain interesting examples to illustrate the usability
of our results.
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1 Introduction

Fixed point theory plays an important role in various branches of mathematics as well as in
nonlinear functional analysis, and is very useful for solving many existence problems in nonlinear
differential and integral equations with applications in engineering and behavioural sciences. Recently,
many authors have provided the extended fixed point theorems for the different classes of contraction
type mappings, such as Kannan, Reich, Chatterjea and Ciri¢-Reich-Rus mappings (see [1—10]).

Let (A, d) be a metric space. A mapping . is said to be a contraction if there exists & € [0, 1) such
that

d(Sn, S o) < ad(u, o), (1)

for each u,w € A. A self-mapping .# on A is nonexpansive if « = 1. A point v € A is said to be a
fixed point of . if . (v) = v. We denote the set of all fixed points of . as Fix(.¥).

Kannan [1 1] established a fixed point theorem for mapping satisfying:

d(Sn, Sw) < afd(p, 1) + d(o, L)}, 2
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1 . : .
for each u,w € A where o« € |0, 7 ) We know that if A is complete, then every contraction and

every Kannan mapping has a unique fixed point. A mapping . is called Kannan nonexpansive if
o = 1/2 in (2). Nonexpansive mappings are always continuous but Kannan nonexpansive mappings
are discontinuous (see [12]).

In 1980, Gregus [13] combined nonexpansive and Kannan nonexpansive mappings as follows:
d(Sn, S o) < ad(u, ) + d(n, ) +yd(o, o), n,o € A, 3)

where «, B, y are non-negative numbers. If « + 8 + y < 1, then the mapping .# is known as a Reich
contraction. A mapping satisfying (3) is said to be a Reich type nonexpansive mapping, ifa+8+y = 1
(see [14,15]).

In [15], the authors considered the Rhoades mapping satisfying the following condition:
d(Fn, Sw) < ad(p, w) + pd(w, L) + yd(p, Sw), )

for each u,w € A where «, 8,y are non-negative numbers such that « + § + y < 1. A mapping
satisfying (4) is said to be Chatterjea type nonexpansive mapping if « + 8 + y = 1. Reich [16] showed
the generalized Banach’s theorem and observed that Kannan’s theorem is a particular case of it with a
suitable selection of the constant. Reich type mappings and generalized nonexpansive mappings have
been important research area on their own for many authors which has been applied in various spaces
such as metric space, Banach space, and partially ordered Banach spaces (see [5,8,9,17-19]).

In 1971, Ciri¢ [20] introduced the notion of orbital continuity. Sastry et al. [21] defined the notion
of orbital continuity for a pair of mappings. We now recall some relevant definitions.

Definition 1.1. [20] If .¥ is a self-mapping on metric space (A, d), then the set
O, u,n) = {u, S, ..., " u}, n >0,

is said to be an orbit of . at u. A metric space A is said to be .#-orbital complete if every Cauchy
sequence contained in the set

O(S 1, 0) = {u, L1, S, .. .},
for some u € A converges in A.

In addition, . is said to be orbital continuous at a point v € A, if for any sequence {u,} C
O(, u,n), then, lim,_ ., u, = v implies lim,_, . .7 u, = #v. Every continuous mapping . is orbital
continuity, but the converse is not true, see [20].

Definition 1.2. [21] Let . and .7 be two self-mappings of a metric space (A, d), and {u,} be a
sequence in A such that .. = T oy, onpr = L tonr, 1 > 0. Then, the set
O(y: gaMOan) = {Mna n= 1727 .. '}7

is called the (7, 9)-orbit at w,. The mapping 7 (or .¥¥) is called (¥, 9)-orbital continuous if
lim,_ ., . w, = v implies lim,_ ., %, = Jv or (lim,_ ., ., = v implies lim,_ ., .S, = ).
The mappings . and .7 are said to be orbital continuous if . is (., Z)-orbital continuous and .7
is (., 7)-orbital continuous.

Ciri¢ in [22] proved that continuity of .# implies orbital continuity but the converse is not true.

Definition 1.3. [23] A mapping . : A — A of metric space A is said to be k-continuous, if
lim,_ .. .“'u, = v, then lim,_, .. .*u, = .#v such that « > 1.
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Note that, 1-continuity is equivalent to continuity and for any k = 1,2, ..., k-continuity implies
k + 1-continuity while the converse is not true. Further, continuity of the mapping .%’* and k-continuity
of . are independent conditions when « > 1, for more detail and examples (see [23]).

On the other hand, the concept of asymptotic regularity has been introduced by Browder et al. [24]
in connection with the study of fixed points of nonexpansive mappings. Asymptotic regularity is a
fundamentally important concept in metric fixed point theory. A self-mapping . of a metric space
(A, d) is called asymptotically regular if lim, . d (%"u, ') = 0 for all x € A. A mapping .
is called asymptotically regular with respect to .7 at u, € A if there exists a sequence wu, € A such
that T, = L, n > 0and lim,_ . d (T 1, 7 ) = 0. The mapping . has an approximate
fixed point sequence if there exists a sequence u, C A, such that d(u,,.-”u,) — 0asn — oco. The
self-mappings . and .7 are called compatible [0] if lim,_, . d (¥ T w,,, 7S w,,) = 0, whenever {u,} is
a sequence in A such that lim,_, ., .“u, = lim,, T, = vforsomev € A. C(¥,7) = {u € A :
= 7 u} denotes the set of coincidence points of . and 7.

In [25], Gornicki proved the following fixed point theorem:

Theorem 1.1. Let (A, d) be a complete metric space and . : A — A be a continuous asymptoti-
cally regular mapping satisfying

d(Sn, Sw) < ad(u, o) + Bld(n, L) + d(w, S w)}, Q)

forall u,w € A wherea € [0, 1) and 8 € [0, 00). Then . has a unique fixed pointv € A and .¥"u — v
forany u € A.

Recently, Bisht [26] showed that the continuity assumption considered in Theorem 1.1 can be
weakened by the notion of orbital continuity or x-continuity.

Theorem 1.2. Let (A, d) be a complete metric space and . : A — A be an asymptotically regular
mapping. Assume that there exist « € [0,1) and 8 € [0, co) satisfying (5) for all u,w € A. Then .
has a unique fixed point v € A, provided that . is either k-continuous for some x > 1 or orbitally
continuous. Moreover, .9 — v for any u € A.

This paper is organised as follows: First, we establish some fixed point theorems for Reich and
Chatterjea nonexpansive mappings to include asymptotically regular or continuous mappings in
complete metric spaces. After that, we prove some fixed point theorems and common fixed points
for Reich and Chatterjea type nonexpansive mappings in Banach space using the Krasnoselskii-
Ishikawa method associated with .. In addition, several examples are provided to illustrate our
results. Further, we study the existence of solutions for nonlinear integral equations and nonlinear
fractional differential equations. Our work generalizes and complements the comparable results in the
current literature.

2 Asymptotic Behaviour of Mappings in Complete Metric Spaces

In this section, we study fixed point and common fixed point theorems for Reich and Chatterjea
type nonexpansive mappings in complete metric space.

To start with the following lemma, which is useful to prove the results of this section:
Lemma 2.1. [27] Let {A,} be a sequence of non-negative real numbers satisfying
hn+1 S (1 - l)[/n)hn + 1/,111%1: n Z 05

where {y,},{9,} are sequences of real numbers such that:
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(i) ¥, C[0,1]and > 7 ¥, = oo,
(i) limsup,. 9, <0,or
(i) D, |¥,0,l is convergent.
Then, lim,_, ., 4, = 0.

Theorem 2.1. Let (A, d) be a complete metric space and ., 7 : A — A be asymptotically regular.
Assume that there exist non-negative numbers «, 8, ¥ where a + 8 + y = 1, satisfying

d(Sn, Tw) < ad(p, o)+ Bd(n, S 1) + ydo, 7o), (6)

for all u,w € A and o € [0,1). Further, . and .7 are either «-continuous for some ¥« > 1 or
orbitally continuous. Then . and .7 have a unique common fixed point v. Moreover, for any 1 € A,
lim, . ."u=v=1lm,. . 9"u.

Proof. The proof of the theorem is organized in three steps:

Step 1: We shall prove that lim,_ . d (¥"u, 7"u) = 0, for any u € A. The result is trivial if
& = 7. Suppose that . # 7 and o« = 0. Then (6) becomes

d(Sn, Tw) < pd(u, ) + ydw, 7 w),
for all u,w € A. Defining u, = ."u and w, = 9", for any u € A, we get
d(yn+luj yn-%—lu) S ,Bd(y”,bb, yn-%—lﬂ) + yd(ynlla, y’H—lM)-

As n — 0o, the asymptotic regularity of . and .7, implies that
limd (&', 7' ) = 0.

Using triangle inequality and asymptotic regularity of . and .7, obtain
A" w, 7'uw) <d(S"w, " 'w) +d( S w, T ) +d( T, T'u) — 0. as n— oo.

Thereafter, suppose that . # 7 and « # 0. Define u, = %" and w, = Z"u. Then, (6) becomes
A" w, T ) < ad(S"w, T'u) 4 (" w, S ) + yd( T, T ).

Leth, =d("u, 7"nw), ¥,=1—aand 9, = lid (Y"u,&””“,u) + %d (ﬂ”u, 9”+'M).By
—a —a

asymptotically regularity of . and .7, we have lim, ., ¥, = 0. Furthermore, >_” v, = co. Hence, by
Lemma 2.1, we get that lim,_, .. d (%", 7"u) = 0 for any u € A.

Step 2: Let 1, = "u for any u € A. Now, we show that {u,} is a Cauchy sequence converging
tov € A. Moreover, {71} — v € A. Suppose on contrary that {u,} is not a Cauchy sequence. Then
there exists an ¢ > 0 and two subsequences of integers {m,} and {n.} such that for every m, > n, > «,
we have

(s, S"™) > e, (7)
where k =1,2,....
Choosing m,, the smallest number exceeding , for which (7) holds. In addition, we assume that

d(L"e=vp, " u) < e.
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Thus, we have
e<d(S™p, S ) <d( S, S p) +d(S D, S
< d(ylﬂ)(/j/, y”l(,(il) /_L) + 8,

As Kk — o0, it follows by asymptotic regularity of . that
limd (™ u, ™ u) =e. ®)

Further, by asymptotic regularity of .% and the following inequality
A" p, Sy < d( SO p, S ) +d( S, S ) +d( S, SO ),
the implication is that

lim d ("6, S0 p) = ¢ )

k—o00
Now, using (6) we get
A u, S ) < d( L™ u, T ) +d( T, S )
=d(T™p, S ) + ald(S" p, S ) + d(S D, T )]
+ Bd(S" e, S ) + yd(T D, T ).

Taking limit as k — oo, on the both sides of the above inequality, and using (8), (9) and asymptotic
regularity of . and .77, we obtain that, ¢ < ae, which is a contradiction. Hence, {u,} is a Cauchy
sequence in complete space A, there exists a point v in A such that u, — v. Moreover,

d(T"u,v) <d(T"w, L") +d( ", v),
from Step 1 and u, — v, we get that 7"u converges to v € A.
Step 3: We will prove that p is the unique common fixed point of .% and 7. Assume that . is

k-continuous. Since lim,_, ., .“'u, = v, Kk —continuity of . implies that

lim . u, = L.

For the uniqueness of the limit, we get .”v = v.

Similarly, let . be orbitally continuous. Since lim,_, ., i, = v, orbital continuity of . implies

im ., = v,

n—oQ
we obtain .#v = v.

In addition, since lim,_., "u = v, this gives 7 v = v whenever .7 is k-continuous or orbitally
continuous. Hence, v € Fix(%) N Fix(.7). Now, we prove the uniqueness of the common fixed point,
suppose that there is v # v* in Fix(%’) N Fix(7). Let u = v and w = v*. Then, (6) implies d(v, v*) <
ad(v,v*), which is a contradiction. We have v = v*. In the other words, the point v is the unique
common fixed point of . and 7.
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Example 2.2. Consider A = [0, 1], equipped with the metric d defined by d(u, w) = |u — w|. Let
. and .7 be such that

3u .
7
— ifpelo,1), — ifpnel01),
yuzl7 el g 70 =17
0 ifp=1, - ifp=1.

7
1
Clearly, the two mappings . and .7 are asymptotically regular. For p = 3 € A we have

lim,_ . d (5”” w, S" 1,u) = 0. Similarly, we can show that .7 is asymptotically regular. The mappings .
and .7 are orbitally continuous at 0 and discontinuous at 1. Now, we show that . and .7 satisfy the

1 1 3 :
condition (6) with o = o B = 3 and y = 7 In fact, we have the following four cases:
Case 1: Let u,w € [0, 1), such that o < . We get
d () + Bd (0, F1) + yd (@, Tw) = —| |+1\ ﬂ+3 .
ad (p, w) + Bd (u, S 1 vd(o, Jo)=plp—ol+op=Z|+ 30—z
= 1| |+1| |+3| |
T pHtTelTgikT e
> 1| |+1| + 3w
=t el ginToe
1
Zim—3M=d@7mﬁb%
Case 2: Let u € [0,1) and w = 1. We have
d +Bd (1, S + yd @, To) = =l — 1+~ — 4 21 = L
ad (1, w) + Bd (n, 1) + yd (o, ®) = 5ln g —=Zl+3 7
1 w9
=plomtTty
61 5 1
— + — —lu—1=d )
284+84M>7|M I (Fu, T w)

Case 3: Let w € [0,1) and u = 1. We obtain
1

1 3 3
ad (pn, ) + Bd (1, S 1) + yd (0, Tw) = Ell —w|+g+1|w— 7w|

D
TRV YT

>%w=d(§”,u,9w).
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Case 4:1f p = w = 1. We get

1 3 1
Otd(u,w)Jrﬁd(M,YM)+Vd(w,<7w)=€+Z|1—7|
_1,
6 14
2 1
>ﬁ=§=d(§”,u,9w)

Therefore, in all the cases, . and .7 satisfy the condition (6) for all 4, w € A. Moreover, all the
assumptions of Theorem 2.1 hold, hence, the mappings . and .7 have a unique common fixed point
at 0. Further, lim,_,, ."u = 0 =lim,_,., "u for any u € A.

In the special case of our result, we can generate the Theorem 1.4 of Gornicki [28].

Corollary 2.1. Let (A, d) be a complete metric space and . and .7 are self-mappings on A which
7 and .7 are asymptotically regular for some positive integers p and g, respectively. Assume that
there exist non-negative numbers «, 8, ¥ where « + 8+ 7y = 1, such that, the following condition holds

A", T'w) < ad(p, w) + Bd(u, S n) + yd(w, 7'w), (10)
for all u,w € A. Then, . and 7 have a unique common fixed point v € A, provided that both .77
and .77 are either x-continuous for some « > 1 or orbitally continuous.

Proof. Take f = .#” and g = .7%. From (10) obtain

d(f,gw) < ad(p, w) + Bd(n.f1) + yd(w, go), (11
for all u,w € A. By Theorem 2.1, we obtain f and g have a unique common fixed point v. Then,
f(Lv) = S(Sv) =Sy = S (S) =L (fv) =S,

which implies that .%v is a fixed point of /. Similarly, we derive that Zv is a fixed point of g. By (1 1),
we obtain

d(f S n,gT7w) =d(n, Tw) < ad(Lu, Tw) + Bd(S . f 1) +yd(Tw, 8T w)

=ad(Ln, Tw) <d(Lu, Tw),
which implies that 7 v = .#v. From the uniqueness of the common fixed point of /" and g, it follows
that v = Jv = v. Assuming that v* # v are two common fixed points of . and .7 such that

fv* = gv* = v*. The uniqueness of the common fixed point of f and g implies that v = v*. Hence, the
common fixed point of . and .7 is unique.

Example 2.3. Let A = ¢, = {v=(,), :lim,_ v, =0} be the space of all real sequences
convergent to zero, endowed with the usual metric d,, defined by d,, (n,w) = sup|u, — w,| for all
w = (u,), and w = (w,), € A. Then (A, d..) is a complete metric space. Let . andnﬂ be such that

R
Fw= w7
(2}1 + 1

if there is atleast one w,with | u,| > 1,

0,0,... ) otherwise,
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and
(%, %, %, .. ) if there is atleast one w, with | u,| > 1,
T (W) =T () = i, .
,0,0,... otherwise.
4n + 1

Choosing 1 = (1,1, 1,...) we have lim,_.d (&"w, ') = 0 and lim, .. d (7", 7"' 1) = 0.
Clearly, ¥ and 7 are asymptotically regular, and orbitally continuous. There are non-negative
numbers «, 8,y such thate + 8+ y = 1, we get

A" (W), 7(w)) < ad(pu, ®) + Bd(p, (W) + yd(w, 7(w)),
for some p, ¢ € N.

Obviously, as all the assumptions of Corollary 2.1 hold, . and .7 have u = (0,0,0,...) € A, as
their unique common fixed point. Also, lim, .. .”u = 0 = lim,_, . 7“u for any u € A.

Theorem 2.4. Let (A, d) be a complete metric space and . : A — A be an asymptotically regular
mapping. Assume that there exist non-negative numbers «, 8,y suchthata + 8+ y = l,and a < 1,
satisfying
A, L) < ad(u, ) + Bdn, 1) + yd(w, S w), (12)
for all u,w € A. The one of the following conditions hold:

(1) The mapping .¥ is continuous. Further, .¥"u — v foreach u € A, asn — oc.

(i1)) For « > 1, . is xk-continuous or orbitally continuous.

Then, .# has a unique fixed point v € A.

Proof. First, we shall prove condition (i). Let u, € A be arbitrary and define a sequence {u,} by
o1 = L1, foralln > 0.

Using the triangle inequality and asymptotic regularity in (12) we get for any n and « > 0,
d(Wnrs n) < d(Wniics Bonrist) + dWoieirs Wonsr) + d (s [4)
< AW Pnsic) + 0l (Wi () + BA(Mrics Wi
+ v d (i, 1) + d (s ).

Thus,
(1 - a)d(l’(/n+xa I‘Ln) S (1 + ﬂ)d(:u“n+x7 I’Ln+K+l) + (1 + y)d(una I’Ln+l) - Oa

asn — oo and @ < 1. This shows that {u,} is a Cauchy sequence in complete metric space A. There
exists v € A such that u, — v. The continuity of % and u,,, = - u,, implies that v = .v. Let v* £ v
be another fixed point of .. Then

0 < d(v,v') =d(Lv,. SV <adv,v) + Bd(v, V) + yd(v*, Sv")
= ad(v,v") < d(v,v),
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which is a contradiction. Hence, .% has a unique fixed point v € A. Now, we show that .%"u — v.
From (12) we have

d(y”u, V) — d(ynu’yn+lv) < d(ynM, y:ﬁlu) + d(yrz+lu’yn+lv)
<d(S"w, S W) +ad( S, ) + Bd (S, S )
+ yd(S", S ).

Hence,
(I —a)d(" u,v) <A+ Bd(S"w, S "'n) — 0,as n — oo.

This shows that .#"u — v forany u € Aasa < 1.

Next, we will consider condition (ii). Choose i, as an arbitrary point in A. We consider a sequence
{u,} € A given by u,., = “u, for any n > 0. Then, from (i) we have proven that {u,} is a Cauchy
sequence in a complete metric space. There exists a point v € A such that u, — v asn — oo. and
<, — v. Moreover, for all «k > 1 we have .“u, — v as n — oo. Suppose that . is k-continuous.
Since . ', — v, we get lim,_, . .“u, = .#v. This implies v = %, that is v is a fixed point of
.. Finally, we assume that . is orbitally continuous. Since u, — v, orbital continuity implies that
lim,_ ., L, = -Zv. This yields .%v = v, that is . has a fixed point at v.

Theorem 2.5. Let (A, d) be a complete metric space and . : A — A be a continuous mapping
satisfying (12). Assume that .% has an approximate fixed point sequence. Then, .% has a unique fixed
point v. In particular, u, — v asn — oo.

Proof. Suppose that there exist m,n € N such that m > n. Then, by triangle inequality and (12),
we obtain

d(fhns ) < d(py, L 10,) + d(FL oy, L ) + A s )
<d(,, S ) +ad(,, ) + Bd(in,, ) + (v + Dd (o, & 1),
which implies

(l - a)d(un’ lu/m) = (1 + ﬂ)d(:u“n: L5ﬂ//l“n) + (1 + y)d(:u“m’ L§ﬂ:u“m)'

As n,m — oo, we have lim,,,_.. d(u,, n,) = 0. Since A is a complete metric space, then {u,} is a
Cauchy sequence. Hence, the sequence {u,} converges to v € A. Since lim,_,  d (i,,, & 1,) = 0, from
the continuity of . we get that v is a fixed point of .. The uniqueness of the fixed point follows from
(12).

Theorem 2.6. Let (A, d) be a complete metric space and ., .7 : A — A. Suppose that .7 is

asymptotically regular with respect to .7. Assume that there exist non-negative numbers «, 3, y such
thato + 8+ y =1, as o < 1, satisfying

A, Sw) <ad(Tn, Tw)+ Bd(Tu, 1) +yd( T o, Sw), (13)

for each u, w € A. Further, suppose that . and .7 are (., 7 )-orbitally continuous and compatible.
Then C(.¥,.7) # ¢ and . and .7 have a unique common fixed point.

Proof. Since . is asymptotically regular with respect to .7 at u, € A, so, there exists a sequence
{w,} € A such that w, = u, = Tu,, foreach n > 0, and lim,_ . d (T 1, T hyss) =
lim,_ . d (w,, w,.) = 0. We show that {w,} is a Cauchy sequence. From (13) and triangle inequality, for
any n and any « > 0, we have
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A(S ser L ) = Ad( @i, ©,) < A0 Oppeir) + (@it Onir) + d( @1, @)
S d(Oni> Opiet) + @d(@ 1, @) + BA(Wpper 1)
+ yd(w,, ©,41) + d(@,41, 0,
= (14 Bd (@, Opiest) + 0d(@,4, @,) + (¥ + Dd(w,, w,11).

Thus,
(1 - a)d(wﬂ+K3le) 5 (1 + IB)d(a)n+m wn+x+1) + (1 + y)d(wnJrla a)n)-

Since . is asymptotically regular with respect to .7, then lim,_, . d (w,.., ,) = 0. Therefore, {w,}
is a Cauchy sequence in a complete metric space. There exists a point v € A such that w, — v as
n — oo0. Moreover, w, = L, = Tty —> V.

Suppose that . and .7 are compatible mappings. By the orbital continuity of . and .7,
Iim.%u, =lim.%Ju, =.%v,

n—00 n—o0o

further
Iim.7%u, =lim 7. u,=v.

The compatibility of . and .7 implies lim,_, . d (¥ T u,, 7.7 u,) = 0. Taking limit as n — oo
we have v = Jv, which means, C(.¥/,.7) # ¢. Since v is a coincidence point, the compatibility of
. and .7 implies the commutativity of v. Hence, .7.v = .. %v = .7 Zv. Using (13), we obtain

d(Sv, S Sv) <ad(Tv, TSLv)+ Bd(Tv, V) + yd(T Ly, S Sv)=ad S v, S S),
which is a contradiction, thence, .”v = .¥.%v. Hence .¥v = .. %v = .7.%v and .¥v is a common
fixed point of . and .7. The uniqueness of the common fixed point follows from (13).

In the next theorem, we establish a common fixed point result on Chatterjea nonexpansive
mapping.

Theorem 2.7. Let (A, d) be a complete metric space and ., .7 be asymptotically regular self-
mapping on A. Assume that there exist non-negative numbers «, 8, y such that 2a + 8 + 2y = 1,
satisfying
A, Tw) < ad(u,w) + pd(o, 1) +yd(p, 7 w), (14)
for each w,w € A. Suppose further that . and . are either «-continuous for some « > 1 or

orbitally continuous. Then, . and .7 have a unique common fixed point v. Moreover, for any u € A,
lim,_ . ."uw=v=1lm,_ ., 7"u.

Proof. We follow the lines of Theorem 2.1 to prove this theorem. The proof is divided into three
steps as follow:

Step 1: We shall prove that lim,_ .. d (¥"u, 7"'u) = 0, for any u € A. The result is trivial if
< = 7. Suppose .¥ # .7 and « = 0, from (14) we obtain

d(Sn, Tw) < pd(w, 1) +yd(u, 7 w),
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for each u,w € A. Define u, = " and w, = 9", for any u € A. Then
A", T ) < BA(T" 1, S ) + yd (S, T )
< Bld(T"w, 7" W) +d(T" 1, 7" )}
+ y{d(S" w, S ) + d( S, T ),

which implies

d (ynHM’ gnHM) < d (gnM’ ynﬂlu) + 14 v d (ynM’ ynﬂlu) .

T 2a+y 2o +
As n — o0, since . and 7 are asymptotic regularity, we have
limd ("', 7' u) = 0. (15)

By the asymptotic regularity of .’ and .7 and triangle inequality, we have
A", T"w) < d( ", S ) +d( S, T ) +d( T, T') — 0, as n— oo.

Next, suppose that . # 7 and o # 0. Let u, = %" and w, = J"u, for any u € A. Then, by
(14) we obtain
A", T < ad(Sw, T ) + BA(T ", S ) + yd (S, T )

<ad(S"w, T"w) + Bld(T"w, 7" 1) +d(T" p, S )}
+y{d(S" 1, S +d( S, T )Y,

obtain
(1 =B —py)d( ', 7" w) < ad(S"u, T"w) + Bd(T" 1, 7" ) + yd (", L' 1)
which implies

o

n+1 n+1 n n n n+1 n n+1
d (S, T ) < 2a+yd(y u,ﬂu)+2a+yd(9 w, 7 /L)—I—za_i_yd(y TS Za
Let h, = d(F"s T, b = 1 — =% and 9, = L (7, 7 ) + L (7, 77 11). By
200+ y o o

the asymptotically regularity of .# and .7, we have lim, ., ¥, = 0. Furthermore, > v, = co. Hence,
by Lemma 2.1, we get that lim,_, .. d (%"u, ") = 0 for any u € A.

Step 2: Let u, = .%"u for any p in A and n > 0. Then, we show that {u,} is a Cauchy sequence
which is convergent to v € A. Moreover, {7"u} — v € A.

Assume that {.¥"1} is not a Cauchy sequence. Then, there exists an ¢ > 0 and sequences of integers
{m.} and {n,} such that m, > n, > «,forx =1,2,..., we have

d(Sm, .S > ¢, (16)

Choosing m,, the smallest number exceeding n, for which (16) holds, we also assume that

A", ™) < e.
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Now, we have that
£ < d(S U, SR < AS T, S ) + d( S, S )
<d(L"™w, L") + €.

As k — o0, it follows by asymptotic regularity of .# that
limd (™, ™ u) = ¢. (17)

Furthermore, by asymptotic regularity of .# and the above inequality, we obtain
d(S"e O p, SO p) < d( S, L) + d( S, S ) + d( S, LD ),
implying that
limd (S"ebpu, L") = e. (18)

Then, using (14), we have
A u, S pn) <d( ™, T u) +d(T"™ w, S )
Sd(T"™u, S u) +ad( SO, T p) + Bd( T, S )
+yd(S"e D, T )
<d(T™u, " u) +al{d(S" O p, S0 p) + d( LD, TED p) )
+ Bld(T"e D, S ) +d (LD, SO ) +d (LD, S )}
+y{d( SO, LD ) +d( SO, S ) + d( S e, T ),
as k — oo, From (17), (18) and the asymptotic regularity of .¥ and .7, we have, ¢ < (¢ + 8 + y)e.

This is a contradiction. Hence, {u,} is a Cauchy sequence in complete space A. There exists v in A
such that 4, — v. Moreover

d(T"w,v) =d(T"u, ") +d(S"w, v),
from (15) and u, — v implies 7" converges to v € A.
Step 3: We prove the uniqueness of the common fixed point of . and 7.

Let . be «k-continuous. Since lim,_, ., .¥*~'u,, = v, we have that

lim.“u, = Sv.

Since the limit is unique, it implies /v = v.
Similarly, suppose that . is orbitally continuous. Since lim,_, ., 4, = v, we have that
Iim.%u, = Su,

n—00

implies that .v = v. Furthermore, since lim,_ ., 7" = v, we have that v = v whenever .7 is «-
continuous or orbitally continuous. Hence, v € Fix(.%) N Fix(7). For the uniqueness of fixed point,
suppose that v # v* are two common fixed points of . and .7. Let u = v and w = v*. Then, (14)
implies d(v,v*) < (¢ + B + y)d(v,v*). Hence, this is a contradiction. We must have, v as the unique
common fixed point of .% and ..
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Example 2.8. Let A = C°([0, 1] x [0, 1]) be the space of all continuous functions on [0, 1]. Defined
d:AxA— Rfby

d((ﬂ’ﬁ), (glagZ)) = ”fl - gl”oc + |mFl - g2G1||:><>~
where Fi(t) =1+ fotf. Wduand G, (1) =1+ fof g1(u)du for each ¢ € [0, 1]. Let ¥ and .7 be such that

Fam! . 1

(ga g) lf (ﬂ’fZ) # (_30)9
SR =101 2y !
L(351_5) lf (fl’f2)= (550 5

)
9)
)

and

(11
TR =101 3y
(55) won =

11
If we choose f = (f,,/,) = (2 2) we have lim,_. d (&"f,."'f) = lim,_.d (7"f, 7"'f) = 0.

,0

| — | —

Then, . and .7 are asymptotically regular, orbitally continuous at (g, g) and discontinuous at
1 1 1 1
(g, O). Now, we show that . and .7 satisfy the condition (14). We choose o = s B = 3 andy = 3
In fact, we have the following four cases:

Case I: Let (f, (t) , 1> (1)) # (%, O) ,and (g, (1), g, (1) # (%, 0), we have

1 1 11 11
ad (9) + 5 .S D)+ (. T @) = 1od (0 + 3@ (5.5) ) + 30 (5:5))
> 0= d( (), 7).

Case2: If (f; (t) .2 (1)) # (%,0) and (g, () ,2, (1)) = (% ) implies

11 1 3

1 1 1 "l 3 3 /1
f5-sl. H ‘

‘25 75

15 15/, 5

o0

Therefore,

1 1 1
> 0=d(7(f), 7).
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Case 3: If (f; () ,.f> () = (%,O), and (g, (1),g, (1) # (%,O), we obtain

1 2 11
d( (), 7 @) =d ((g 1—5) , (5, g))

1 1
- =~ cdu---< zd
SRS R TR T

.=

o0

Thus,

1 1 1
ad(f,g) + Bd (g, () +vd(f, T (g) = Ed(f,g)+§d(g,=7(f))+§d(f, 7(9)

1 1 : 1 1 11
— 5l 00+ 5d s 0 +34((5.0)(55))

1
d(f O+ 5d& 7 N+ H H

1
= —d(/ 2+ 5al(g,ﬁﬂ(f))+— >d(7 (), T ().

Case 4: 1f (f, (), £> (1)) = (l ) and (g, (1), g, (1) = (%,0), we obtain

1 2 1 3
47 ). T (@) =d ((g 1—5) , (3, E))

R 3 3/11d
I sM- 15715 ) 5

=H—ﬁH:ﬁ-

o0

However,

1 1 1 1 1 1 2
wd (1,9) + Bd (. 7 (D) + yd(f, 7 () = ~<d ((5 o) , (g,o)) + gd((g,o) , (g,g))
1 1 1 3
+34((50)(57%))
H 5|15
31175(].

125+75
6 4
_7—5>7—5_d(<7(f) T (9)).
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Therefore, in all cases, . and .7 satisfy the condition (14) for all u,® € A. Moreover, all the
11
assumptions of Theorem 2.7 hold. Point (§ §) is the unique common fixed point of .% and 7.

Moreover, lim,_, . .#"u = 0 = lim,_, ., " for any u € A.

Corollary 2.2. Let (A, d) be a complete metric space and . and 7 be self-mappings on A where
7 and .7 are asymptotically regular for some positive integers p and g, respectively. Assume that
there exist non-negative numbers «, 8, y with 2« + B8+ 2y = 1 such that the following condition holds

A", T'w) < ad(p, w) + Bd(w, S w) + yd(u, 7o), (19)
for all u,w € A. Then, . and 7 have a unique common fixed point v € A, provided that both .77
and .71 are either x-continuous for some « > 1 or orbitally continuous.

Proof. Take f = .7 and g = 7. Then, for each u,w € A, the (19) becomes

d(fu,gw) < ad(u, ®) + d(w,f 1) + yd(n, gw) (20)
< ad(p, ) + Bld(@, p) + d(p,f )} + y{d(p, o) + (o, go)}
< (@+B+y)do,p +pdp,f1v) + ydw, go)
<d(o,pn) + pd(u,frn) + yd(w,gw).

According to Theorem 2.7, f and g have a unique common fixed point v. Now, we show that .”v
is a fixed point of f, obtain

f(Fv) = (Fv) =Sy = L (fv) =S,

implies that .%v is a fixed point of f. Similarly, we can prove that .7 v is also a fixed point of g. Using
(20), given that .v = v, since f and g have a unique common fixed point, it follows that v =
Jv = v. Suppose that v* is another common fixed point of . and .7 such that v* # v. we have,
fv* = gv* = v*. The uniqueness of the common fixed point of / and g implies v* = v. Then v is a
unique common fixed point of .¥ and 7.

Theorem 2.9. Let (A, d) be a complete metric space. The mapping . : A — A is asymptotically
regular. Assume that there exist non-negative numbers «, 8 and y with 2a 4+ 8 4+ 2y = 1 such that

d(Zn, Sw) < ad(p, w) + Bd(w, L) + yd(p, Sw), (21)
for all u,w € A, provided that one of the following conditions hold:

(1) The mapping . is a continuous. Further .””u — v foreach u € A, asn — 0.
(i) For x > 1, .# is k-continuous or orbitally continuous.

Then .7 has a unique fixed point © € A

Proof. First, we will proof the condition (i) holds. Let u, € A be arbitrary. Then define a sequence
{w,} by oy = L, foralln > 0.



2632 CMES, 2023, vol.135, no.3

Using the triangle inequality and asymptotic regularity in (21) we obtain for any » and « > 0,
d(Wnres n) < Ay Bonrist) + d(Woirrs Wnsr) + d (s 11)
< d(Wonies Ponser) + 0d (e 1) + BA (s Misr)
+ Y d (s Wnsr) + d (i1 1)
< AW Ponses) + 00l (e () + B (s i) + d (i, W) }
+ v{dWss ) + d (s )} + d (s 1)
= (1 4+ Bd (s> Bnver) + (@ + B+ ¥)d (e, ) + (14 y)d (i, ).

Then,

1+ 8 1+y
d (:u“n+»r’ /’Ln) = —d (,u’n+m /’Ln+»(+1) + —d (:un’ ,u*n+1) - O’
a+y oa+y

asn — oo. This shows that {u,} is a Cauchy sequence in a complete metric space A, there exists v € A
such that u, — v. As . is continuous and u,,, = . u,, we obtain that v = .v. Suppose that v* £ v
is another fixed point of .. Then, we have

0<dw,v) =d(Lv, SV <ad,v) + Bd", Lv) + yd(v, Sv")
=(@+pB+y)dv,v) <d,v),

which is a contradiction. Hence, . has a unique fixed point v € A. Now, we show that .” — v. From
(21), we have

(", v) =d(S"w, S"v) <d(S"w, S ) +d( S, S )
<d(S"w, L") + ad(S"w, L) + Bd(S M, S )
+yd(S"w, L)
<d(S"u, L") + ad( S, v) + pldw, S ) + d( S, S )
+ yd(S"u,v)
= (14 B)d(S" w, ') + (@ + B+ y)d(" i, v).

Hence,

1
d(S"u,v) < +'Bd(§”",u,y”“,u) — 0,as n — oo.
oty

This shows that .” — v forany u € A.

We next prove the condition (ii) holds. Suppose that ., is any point in A. The sequence {u,} € A is
given by u,,, = S, = ", for each n > 0. Then, in the proof condition (i) we have shown that {u,}
is a Cauchy sequence in complete space A. There exists a point v € A such that u, — v asn — oo,
in addition, . u, — v. Moreover, for each ¥ > 1 we have .“u, — v as n — oco. Suppose that . is
k-continuous, and .“'u, — v, implies lim,_, ., . u, = . v. Hence, v is a fixed point of .7

Finally, we show that v as a fixed point of .. Assume that .¥ is orbitally continuous. Since @, — v,
orbital continuity implies that lim,_, , . u, = #v. Then v is a fixed point of .¥.
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Theorem 2.10. Let (A, d) be a complete metric space and .:A — A be a continuous mapping
satisfying (21). Suppose that .# has an approximate fixed point sequence. Then, .# has a unique fixed
point v. In particular, u, — v as n — oo.

Proof. Let m > n for all n,m € N. Then, using triangle inequality and (21), we obtain
d(tns ) < d(pn, L ) + d(SF W, S ) + d(S s o)
< d(p, S ) + ad (o, ) + B, & 1) + yd(hn, & 1) + d(F s )
< d(n, L 1) + ad (s, ) + BLA s 1) + d (s 7 1)}
+ y{d e, ) + d(pn, & )y + d( s 1)
< (I +B)d(w,, L ) + (@ + B+ y)d(w, i) + (1 + y)d (o, S ).

This implies
(o +y)d (o, ) < (1 4+ Bd (i, 7 11) + (1 + y)d (i, & ).

As n,m — oo, we have lim,,_. d (u,, u,) = 0. Hence, {u,} is a Cauchy sequence in A. By
completeness of A, this sequence {u,} converges to v € A. Since lim,_. . d (i, -7 1,) = 0, continuity of
- implies that v is a fixed point of .. The uniqueness of the fixed point follows from the inequality
(21).

Theorem 2.11. Let (A, d) be a complete metric space and ., 7:A — A. Suppose that . is
asymptotically regular with respect to .7. Assume that there exist non-negative numbers «, 3, y such
that 2 + B + 2y = 1, satisfying

d(Sn, S w) <ad(Tn, To)+ Bd(Tw, 1) +yd(Tn, Sw), (22)

for each u,w € A. Furthermore, suppose that . and 7 are (%, 9)-orbitally continuous and
compatible. Then C(7, 7) # ¢ and . and .7 have a unique common fixed point.

Proof. Since . is asymptotically regularity with respect to .7 at u, € A. So, there exists a
sequence {w,} € A such that w, = Su, = T, foreachn > 0, and lim,_ .. d(T W1, T fhnyr) =
lim,_, . d (w,, ®,,,) = 0. We show that {w,} is a Cauchy sequence. By triangle inequality and (22), for
each n and k¥ > 0, we obtain

A s S 1) = A @10, @) < A(Opper Opiesr) + A(@pisr; Wpit) + d(Wy1, @)
< Ad(Opis Opiert) + (@0, 0,) + BA(@y, W) + YV A(@pies W1) + d(@11, @)
< d(@pies Opier) + 0d (@i @) + BlA (@4, 041) + d(@1, Onici1)}
+ v{d@ue, ©,) + d(w,, 0,1)} + d(w,41, @)
< (1 + B d(@pics Wniert) + (@ + B+ ¥)d (@41, @) + (1 + v)d(@,, @,11).

Thus,

1+ 8 l1+y
d ntx s Pnti —d n+1s Yn)
a+B (@ w++l)+a+ﬁ (@1, 0,)

Since .7 is asymptotically regularity with respect to .7, it implies that d(w,,,, w,) — 0asn — oo.
Therefore, {w,} is a Cauchy sequence. Since A is complete, there exists a point v € A such that w, — v
asn — oo, and w, = LU, = Tty — V.

d (wn+K ’ a)n) S
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Assuming that . and 7 are compatible mappings, orbital continuity of . and .7 implies that
lim.Su, =lim .7 u, =.Sv,

n—o00 n—o00

further,
Iim.9n, =lim.Su, =.%v,

n—o00 n—o00

Then, compatibility of . and 7 yields lim,_, .. d (¥ T wu,, 7% u,) = 0. Taking limit as n — oo
we have v = Jv, which implies, C(#,.7) # ¢. Again the compatibility of . and .7 implies
commutativity at a coincidence point v. Hence .7 .%v = % v = .7 Jv. Using (22), we have

d(Sv, S Sv) <ad(Tv, TSLv)+ Bd(T v, Sv)+yd(Tv,.SSv) <d( S v, S SV),

that is, .v = .¢.%v. Then v = S Fv = J.%v and v are common fixed points of .% and 7.
The uniqueness of the common fixed point follows from (22).

Example 2.12. Let A = [2,20] and d be the usual metric. Define ., 7 : A — A by

2 ifl,l,=2, 2 lf[,L=2,
FSu=13 if2<p<5 and Tu={I11 | if2 < pu <5,
2 s, L ituss.

1 1 1
Then . and 7 satisfy all the conditions of Theorem 2.11 for o = 5 B = 3 andy = 3 In fact,

if £ =2, w > 5, we have
1 1 1
ad (T 11, T0) + pd (T 0,710 + yd (T 7o) = 7 ‘2 - ﬂ ‘ﬂ - 2‘ Z12-2)
—%Iw—5|+ |w—5|>0 d(Su, Lw).
Similarly, if take 2 < u < 5 and w > 5 we obtain

1 1
ad (T, Tw)+ Bd(Tw, 1) +yd(Tu, L w) = ©r ‘a)+

11—— —— =3+ 11 -2
5 REEE

1
:%|32—w|+ |w—8|+—

8

>§>1=d(yu,<5”w).
If w > 5and w > 5, we get

1 1 1 1 1
ad(ﬂu,%)+ﬁd<9w,w>+yd<9u,ﬂw>=1—5‘%—%‘ “"* '

1 1 1
75|M C0|-|r15|60 |+9|M |

>0=d(SLu, Sw).
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Otherwise, if 4 = landw = 2o0r2 < w < 5(or2 < u,w < 95), it is easy to verify that the
mappings .’ and .7 satisfy the conditions of Theorem 2.11. The mappings . and .7 have a unique
common fixed point u = 2.

3 Fixed Point and Common Fixed Point Results in Banach Spaces

In this section, we present some fixed point and common fixed point theorems for Reich and
Chatterjea nonexpansive mappings in a Banach space.

Consider a fixed point iteration, which is given by
M1 = Ly = "y, n €N, (23)
with an arbitrary u, € A. The iterative method (23) is also known as Picard iteration. For the Banach
contraction mapping theorem [1], the Picard iteration converges to the unique fixed point of .&”.
Define .#° = I (the identity map on A) and .¥" = .¥"'o.#, called the n" iterate of . for n € N.
The Krasnoselskii-Ishikawa iteration method associated with .7 is the sequence {u,} -, defined by

Mnr1 = (1 - )")/'Ln + )‘yuﬁn (24)

o0

for each n > 0, and A € [0, 1]. The Krasnoselskii-Ishikawa sequence {u,} -,

iteration corresponding to an averaged operator:

= (1= + 17, (25)

is exactly the Picard

However, if A = 1, the Krasnoselskii-Ishikawa iteration given by (24) is reduced to the Picard
iteration. Moreover, Fix(’) = Fix(.%,), for each A € (0, 1].

In the following, we prove basic lemmas for the Reich nonexpansive mapping which in turn are
useful to proving the results of this section.

Lemma 3.1. Let (A, ||.||) be a normed space. Assume that there exist non-negative numbers «, 3
and y with 2a+28+y = 1, where 2o < 1 and the Reich nonexpansive mapping.” : A — A satisfying
the following inequality

d(Sn, S o) < ad(p, ) + Bd(pn, 1) + yd(w, S w), (26)

for all u, w € A. Then for any positive integer n, there exists A € (0, 1) such that for all © € A and for
each p, g in N, we have

1771 — il < nd[O(S, 1, m)], 27
where n = max{2a, 8, y} and 8[A4] = sup{||lu — | : u,w € A}.

Proof. Let us choose A = 11__—2;, where 2o < 1, clearly, 0 < A < 1. Considering the operator
given by (25), we have
Mu =L pll = lln = Zull, (28)
and

Mo —Zo| = llo—Zol, (29)
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for all 4, w € A. Moreover, we obtain
S — Lol = (1 =) (n — o) + (S — S o)
ST =Mlu -l +ArLu - o, (30)

Since . is a Reich nonexpansive mapping, from (26), we have

MIpn—Foll <arllp — ol + Brlln — L pull + Ay o — Fol. (31
Using (28), (29) and (31), we obtain

M — ol < arllp — ol + Bllu — Zpll + ylle — Foll. (32)
Now, (30) and (32) imply that

[-7in — Foll = (1 =Dllp —oll +arln —oll + Blu — ZLul +ylo — Lol

<A=r+aM)lp -l + Blu — Fiull +ylle — Lol. (33)
1-2
Since A = « and 2o < 1, we assume that 1 — A + @A = 2o < 1. Then (33) becomes
— o
S — Sl < 2allpn — ol + Blu — Sinll +yllo — Lol (34)

Let 1 € A be arbitrary and fixed positive integer n. Therefore, using (34), we have
17w — Ll = 147 = L |
< 20|77 = Ll + IS = Sl + YIS = Sl
which implies that
177w — Ll < nd[O(F, m, )],
such that n = max{2a, 8,y}.

Remark 3.1. It follows from Lemma 3.1 that if . is a Reich nonexpansive mapping given by (26)
and p € A, then for any n € N, there exists a positive integer x < n, such that

I — Zfull = 8[0(F, w, ).

Lemma 3.2. Let (A, |.|)) be a normed space. Suppose that . is a Reich nonexpansive mapping
give by (20), such that 2a + 28 + ¥ = 1, and 2« < 1. Then, there exists A € (0, 1) such that

S0 u11.00) £ 2l = il (35)
holds for each u € ., and n = max{2«a, 8, y}.
Proof. Let © € A be arbitrary and A € (0, 1). Since
§[O(F, u, D] = 8[0(F, 1, D] =< .. .,
we see that
8[O(F, u, 00)] = sup{s[O(F}, u,m)] : n € N}.
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Then, (35) implies that
1

Let n be any positive integer. From Remark 3.1, there exists . € O(.%;, u,n) where 1 <k < n,
such that

lw =l = 8[0(S, u, m)].

Applying a triangle inequality and Lemma 3.1, we obtain
In = Lul <l = Apll + 150 — Sl
< llu = Zull + nd[O(Z, w, m)]
= llu =l +nllw = 1l

Therefore,
1
S[0(Fm,m)] = lIln— Sl < mllu — ol

Since n was arbitrary, the proof is completed.
Now, we state and prove our main results of this section:

Theorem 3.2. Let (A, ||.||) be a Banach space and a self-mapping . be a Reich nonexpansive given
by (26), with 2a +28 +y = 1 and 2« < 1. Then, the Krasnoselskii-Ishikawa iteration {u,} defined by
Mot = (I = My + A oy, 121,
converges to a unique fixed point v for any u, € A, provided that A is .%;-orbitally complete.

Proof. Following a similar lines of the proof of Lemma 3.1, we have

“in — Lol < 2aln — ol + Blu — Fnl + ylo — Lol (36)
-2

where A = « and 2o < 1.
—

Let u, be an arbitrary point of A. Given the iteration (23), the Krasnoselskii-Ishikawa sequence
{i,} 1s exactly the Picard iteration associated with .¥,, that is

l‘l’n = *’%»Mn—l = %nM07 n Z O (37)

We shall show that the sequence of iterates {u,} given by (37) is a Cauchy sequence. Let n and m
(n < m) be any positive integers. From Lemma 3.1, we obtain

it = tanll = 1177 100 — " 110 (38)
= LS o — LS ol
= S ibts = 7"
< né[O(S, tyor,m — 1+ 1)],
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where n = max{2a, B, y}. According to Remark 3.1, there exists an integer «, 1| <« <m—n+1, such
that

8[0(%3 /’Lnflam —n + 1)] = ||I’Ln71 - MII‘FK*I ”

Again, by Lemma 3.1, we have
s = st |l = 1502 — L s
< né[O(F, w2,k + D],
which implies that
i1 = M | < M8[OCF, pyay m — n+ 2)].

Moreover, by (38) we get

ltn — el < 0[O, sy m — 0+ D] < 0*8[O(S,, 2y — 0+ 2)].

Continuing this process, we obtain
||Mn - I‘Lm” S 775[0(%, Mn—l:m —n + 1)] S oee S }7"8[0(%7 /’LO:m)]:

and it follows from Lemma 3.2 that

n

U
[0 = il = mlluo — Sittoll-

Taking limit as » — oo, we find that {u,} is a Cauchy sequence. Since A is .%,-orbital complete,
there exists v € A such that lim,_,, #, = v. Next, we prove that v is a fixed point of .%,. In (36), we
consider the following inequalities:

v =l < v = ol + I ptwsr — Z50l
= v = tpr | + 1750 — 30l
< v =t I + 2ell e, — il + Bllstw =t + v llv = Fv ]l

Hence,

1
v — vl < =y (v = Il + 2l i, — VIl + Bllsty — sl -

Since lim,_, , i, = v, we have ||v — ., v|| = 0, that is .} has a fixed point. We claim that there is a
unique common fixed point of .%,. Assume on the contrary that, .”,v = v and ., v* = v* but v # v*.
By supposition, we obtain

v =Vl = Iy = Z7| < 2aflv — vl + Blv' — vl + y v — F07
< 2aflv — vl < flv =7,

which is a contradiction, hence, v = v*. Since Fix(.%,) = Fix(.¥), we get that . has a unique fixed
point.

In the next theorem, we present a common fixed point result for Reich mappings.
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Theorem 3.3. Let (A, |.||) be a Banach space and . and .7 be self-mappings on A. Assume that
there exist non-negative numbers «, 8, y such that 2o + 28 4+ y = 1 and 2o < 1, satisfying

11— Toll <alpn —oll+ Bln —Zul+ylo - Toll, (39)

for all u,w € A. Then, the iteration sequence {iu,} -, defined by (24) converges to a unique common
fixed point v for any u, € A, provided that A is (., 7;)-orbitally complete.

Proof. Suppose that , is an arbitrary point in A. Consider the iterative process {1, } -, defined by
(24), which is, in fact, the Picard iteration associated with .%,, that is

I/Ln+l = ‘%»Mn' (40)
Now, using the operator defined by (25), we obtain

%M2n+l = (1 - )")M2n+l + )"yMZrHl = Man+2, (41)
Titoy = (1 = Moy + AT oy = Ui -

From (39) and (41), we get the following:
-7 tnr = Tl = N oz — Mol (42)
< (1= Ml poner — tanll + @r o — ol + Blltonss — Ftboni |l
+ Vo = Tt
= (I = A+ aM) o — pall + Bllttan — taniall + ¥ lik2s — B2t Il
such that 1 — A + aX = 2a < 1, A € (0, 1). This implies
(I = Bl sanss = ol < Qo + y) k2 — Mol

200+ y
= ”/’L2n+2 — Manti ” = ”lu/2n+l - /-’LZn”
1-p
1-2
=< ﬂa[O(Xa %:M2n92n+ 1)]

< 778[0(‘%#%»: /’L2r152n + 1)]3

— 25 <land g < 1.

where n = i
Similarly,

”/’L2n+3 - :u'2n+2|| S 77”:“’2n+2 - lL2n+1 || = '78[0(%7 f%& /1'2n+1,2n + 2)] S 7725[0(&%\) Z: MZna 27’1 + 1)]

Continuing the process, we get the following:
”/’Lerl - Mm” < 7)8[0(%, za Mmfl: m)] < 7725[0(‘%»: i%:a l’Lm—Za m — 1)] <... (43)
< 77"18[0(%, %5 Mo, M + 1)]5 me N
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Now, we show that {u,} is a Cauchy sequence converging to v € A. Then there exists m € N such
that n < m, from (43), and Lemma 3.2, we obtain

||/’Lm - /’Ln” < 778[0(%5 %5 Mns N + 1)] <....< 77”5[0(%’ Z: Mo, m)]

n

=< o — Zitoll, n < m.

l1—n

n

Since lim,,_, . =0, so, {u,} is a Cauchy sequence on A. Since A is (%, 7, )-orbital complete,

l1—n
there exists v € A such that lim,_ ., u, = v. Now, we prove that v is a fixed point of .%,. From (41) and
(42), we consider the following inequalities:

[0 = vl < 1700 = pani | + T2 — VI
= L = Tl + 2 = VI

< 2alpan — vl + Bllv — Zvll + v k2 — Fipall
20 y
< m”#zn v+ q“#zn — Monirlls
where we have |[v — #v|| = 0, as n — oo, that is ., has a fixed point. Similarly, the mapping .7, has
a fixed point. We claim that there is a unique common fixed point of .%, and .7,. We assume on the
contrary, such that Z,v = .%,v = v and Zv* = %, v* = v* but v # v*. By supposition, we can replace
Uansr DY v and p,, by v* in (42) to obtain

v — vl = 1.7 = Tl < 2allv —v*]| 4+ Bllv — Zwll + v v — Z07|
< 2aflv — vl < flv =7,

this is a contradiction, hence v = v*. Since Fix(.%,) = Fix(.), we get that .¥ and .7 have a unique
common fixed point.

Theorem 3.4. Let (A, |.|)) be a Banach space and ., 7 : A — A. Assume that there exist non-
negative numbers «, 8, y such that 2« + 38 + 2y = 1, satisfying

11— Toll alp —oll + Blo—Lul+yin— Toll, (44)

for all u,w € A. Then, the iteration sequence {iu,} -, defined by (24) converges to a unique common
fixed point v for any u, € A, provided that A is (., 7;)-orbitally complete.

Proof. Let u, be arbitrary. Since (., Z;)-orbitally complete in A, we define the operators ., and
Z, such that

FiMan = a1, (45)
T Moani1 = Monsa-
Following similar lines of the proof of Theorem 3.2, we obtain
-7 tanir = Fitanll = Hanss — Mo |
< (I = Mllponsr = vaull + A + B+ V)l tanis — ol + Bllitoiss — Fitbaa |
+ v llkon — Tt
< Qo+ B+ Y)lansn — w2l + Blltansr = ozl + ¥ 120 = ana - (46)
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Letuschoose 1 —A+A(a+B8+y) < 2a+pB+y.Since 2a+38+2y = 1,wehave 2(ae+y) = 1—-38.
This implies that
(I = Bl tani> — Mol < Qo + 2y + B) o — Mol
1-28
= o2 — Hownr | = 1—||M2n+1 — Mol
- B
775[0(&%9 za 1u'2n: 2n + 1)]5

A

-2
'Bandﬂ<1.

where n =

Similarly, we obtain
||I‘L2n+3 - I’L2n+2” S n||/’L2n+2 - /’L2n+l || = 775[0(%: t%s /’L2n+1>2n + 2)] S 7726[0(%»’ 17);9 MZm 2” + 1)]'

Continuing the process, we get the following:
| tmsr — Mol < NS[O(Ty, iy oy, M)] < 0°8[O(T, Sy, oy — D] < ...
< nn18[0(TA, So, o, M+ 1)], m e N. (47)

Next, we show that {u,} is a Cauchy sequence converging to v € A. There exists m € N such that
n < m, by Lemma 3.2, and (47), we have

”/’Lm - /'Ln” < 776[0(%7 t%:a My 1 + 1)] <....< 77”3[0(%5 %o Mo, m)]

n

<

Sllpo — Fipnoll, n < m.

—_— r] .,
Since lim,,_, . ln—

-1
there exists v € A such that lim,_ ., u, = v. We prove now that v is a fixed point of .. From (45) and
(46), we consider the following inequalities:

=0, so, {u,} is a Cauchy sequence in A. Since A is (., Z;)-orbital complete,

v — vl < 15y — panar | + 122000 — V|
= |7V — Tl + | oner — V|
< (@+ B+ Yo — vl + Bllta — vl + v v = Tipeanll + | tans — v
< (¢ + B+ Yy — v+ Bllunw —vii+ v —Fwl) + (v + DIV — sl
a+28+y y+1
< T vl +
1-8 1-8
Since @,, — vasn — oo we have ||[v—.%v| = 0,asn — oo, that is .#, has a fixed point. Similarly,
the mapping .7, has a fixed point. We claim that there is a unique common fixed point of ., and 7.
We assume the contrary that Z,v = ., v = v and Zv* = %, v* = v* but v # v* with supposition, we
can replace [, by v and w,,,, by v*in (41) to obtain

v =il =Ly = T = Qa+ B+ p)llv—vll + Bllv — Zwll + yiv — T
< Qa+B+y)lv—vi <lv—vi,

v — tzn -

which is a contradiction, hence v = v*. Since Fix(.%,) = Fix(.¥), we obtain that . and .7 have a
unique common fixed point.
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Example 3.5. Let A = [0, 1] be equipped with the usual metric d defined by d(u, w) = |u — w|.
Consider the following self-mappings defined by

1 1 1 1

— if0o<p<=, = f0<pu=<z,

_ ]2 2 ]2 2
TE=11 1 TH=1T4 1

— — if = — f-<u<

2M+4 lfzfufl. 3 1f2_,u_1.

2
Take uy = 3, then O3, 7,y m) C {2/(2r37"),p,q € N}.

1 | 1
Leta = 9 B = 77 and y = 3 Now, we show that . and .7 satisfy the condition (39). We
consider the following cases:

1 1
Case I: Let u € |:O, E}, and w € |:O, 5}, such that © < w. We have

ad(u,w)+ﬁd(u,5’m+yd(w,9w):%Iu—w|+z—l7lu—%l+%lw—%l
>1(w—u)+L(l—u)+l(l—w)
-9 27 \2 31\2
5 2 4
=79 T ot
>d(Su, Tw).
1 1
Case 2: Let u € |:O, E}, w e |:§, 1i|, such that © < w. We get
ad(u,w)+ﬁd(u,5ﬂu)+yd(w,9w)=llu—w|+ilu—ll+llw—l—lwl
9 27 2 3 3 3

9 27

1 1
z—(w—u)+—(2

1 1
——M)+§(2w—1)

1 I 1
g 180 —8u =51 > |2 — sl =d (S u, Tw)

1 1
Case 3: Let u € |:§, 1i|, w € |:— 1i| and u < w. We obtain

29
ad(u,w)+ﬂd(uﬁﬂu)+yd(w9w)=llu—w|+ilu—E—l|+l|w—l——wl
’ ’ 9 27 2 4 3 3 3
>l(w—u)+i(2u—1)+l(2a)—l)
—9 108 9
1 5 13
=37 54" 108

1

1
= 108 [36w0 — 10 — 13] > E|6M—4w—1|=d(,§”u,,7w).
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Therefore, in all the cases, . and .7 satisfy the condition of (39) for all u, w € A. Moreover, as all

1
the assumptions of Theorem 3.3 hold, so . and .7 have u = 3 as their unique common fixed point.

4 Application to Nonlinear Integral Equations

Let A = C(J0, 1], R) be the set of real continuous functions defined on [0, 1]. Define the metric
d: AxA—[0,00) byd(u,w) =sup|u () —w(t)|, for each u,w € A. Then, (A,d) is a complete

1€[0,1]
metric space.

We consider the following integral equations formulated as a common fixed point problem of the
following nonlinear mappings:

Sty = apu(t) = [ K(tr, w(r), .7 u(r))dr, )
To(t) = aw(®) — [ K(t,r, o), Tw(r)dr,

such that 0 < o« < 1, where the investigation is essentially based on the properties of the kernel
K(.,.,.,.). The following assumptions apply:

1) K @r,u@),u@) = 0and K,(t,r,w(r), Zw(r)) = 0 for t,r € [0, 1] such that K(.,.,0,.) #
0, for i = 1,2. In addition, .(E), 7(E) C Ewhere E={ve A:0<v(r) <1}.

(i) The two mappings G and G* are defined by
Gu(t) = /OtKl(t, r,w(r), S n(r)dr,
and
G = [ Kit.row, Zomd,
0

satisfying Gu, G*w in E, for all u(¢), w(¢) € E and

[Gu@) — Co@)| <ald —a)|u@) —o@l,
for all u(t), w(¢) € E, such that u(¢) # w(¢) and ¢ € [0, 1].

Theorem 4.1. Under the assumption (i) and (ii), then the system of (48) has a common fixed
point in E.

Proof. We have
St = an(t) — / Ki(tor, (1), 7 () dr.
0
We also have,

Tw(t) =aw(t) — / Kt r,o@), Tow(r))dr.
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Suppose that i, w € E. Then, by using our assumptions, we obtain

‘YM(Z) — Jw(t) a(u(t) —w(t)) — / K (t,r, u(r), & u(r))dr +/ K (t,r,o®@), Tw(r))dr

<o ,bL(t) - C()(t)‘ + / [Kl(t, r, N«(”)ayﬂ(’”)) - KZ(ta r,a)(l"), yw(;"))]dl"

<a|lult) —w@) — Lult)+ Lul) — To(t) + ya)(l)' + 'G,u(t) — G'w(t)

<« |M(l) - YM(Z)H + ”w(t) — To()

u(t) — @],

+ HYM(Z) — ﬂa)(t)H +a(l —a)

which implies that
(I -a)|Zu() = To®l <allu@® — L n@®l +allo@) — To@| +a(l —a)|u@) —o@)|.

Therefore,

1—
1ia”“(f)_y“(f)ll+||w(z)_yw(,)”+¥

Now, since 0 <a < land 8 = IL <y, then
-«

IS — T @] < [ (D) — (D) ||

1L 1() = To®) < alln@) —oOll + Blun@) — Tl + yle®) — Lo @]l

By Theorem 2.1 there exists a common fixed point of .’ and .7 which is a common solution for
the system (48).

5 Application to Nonlinear Fractional Differential Equation

Fractional differential equations have applications in various fields of engineering and science
including diffusive transport, electrical networks, fluid flow and electricity. Many researchers have
studied this topic because it has many applications. Related to this matter, we suggest the recent
literature [29-35] and the references therein.

The classical Caputo fractional derivative is defined by

i

1 ! d”
3 . _ ym—§-1
Du(t) = —F(m 5 /0 (t—r) —drm,u(r)dr
where m — 1 < Re(§) <m, m € N,

Now, we consider the following fractional differential equation:

[@m(t) Fh(t,p) =0, O<p<1,1<&<2), @9)

w(0) = u(l) =0,

where Z¢ is the Caputo fractional derivative of order & and / : [0, 1] x R — R is a continuous function.
Suppose that A = CJ0, 1] be a Banach space of a continuous function endowed with the maximum
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norm and Green’s function associated with (49) 1s defined as

1
— -0 —(p-w)"), 0<o<p<l,

Goy=1"" (50)
@M(l—w)s_la 0<pu<ow=<l
Assume that
q

2
forallt €[0,1],q € (0, §) and u,w € R.

Theorem 5.1. Let A = CJ[0, 1] and the operators ., .7 : A — A be defined as

() =/ G, @)h(u (1), w(1))dt,

0

and
T (u(1)) =/ G, w)h(u(t), w(1))dt,

for all ¢ € [0, 1]. If condition (50) is satisfied then the system (49) has a common solution in A.

Proof. It is easy to see that i € A is a solution of (49) if and only if w is a solution of the following
integral equation:

(o) = / G(t, Ph(s, p(P)dr.

Let u,w € A and ¢ € [0, 1]. Then,

7)) — Tw ()] < / G(t,r)(h(r, u(r)) — h(r,w(r))dr

0

1
: /
< G (t,r) |u(r) — w(r)|dr
20—9) J, o
q
= [|1Lu @) — To@)| < —w
I 1 (7) o | 2(1_(])||M I
<l ol + 2 e T o— 7y
~2(1-9) (1-9 2(1—¢q) ’
1 2q q —3q
where ¢ < —. Take 20 = , = and B = such that 2o + 8 + 2y = 1.
<3 -9 T ™ T 1, P2y

By Theorem 2.7 there exists a common fixed point of . and .7 which is a common solution for the
system (49).

Example 5.2. Consider the following fractional differential equation:

Pu+=0, O<t<l,1<&<?2),

1(0) = pu(1) = 0. (D
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The exact solution of the above problem (51) is given by
1

1 ! 2 t 2

- l— #\E—1 _ #\E—1 *d*—i-— *1_ *E—ld*‘
() F(S)/o(t( 7] (t—w)y Hu du F(S),M( w) du

The operator .#, .7 : C[0, 1] — (][0, 1] are defined by

_ 1 ' o R\E-L o, w\E-l 2 * t : 2 el *

y“(”‘—ms)/o““ O = =) e+ s [ =
and
To(l) = %@)/O(t(l — ") —(t—w*)g')w*2dw*+Tt(g) , 0 (1 — ) do.

1 1 45 13
By taking & = 5 EER B = 30 and y = 560 with 2a + B8 4+ 2y = 1 and the initial value

wo(t) = t(1 — 1), t €[0,1]. We have

1 1 1 1
@) — To@ | < IIEM(I) - gw(t) I < §||M(t) —o@®|+ EIIM(I) I
On the other hand, we obtain that

au(@®) =0l + Blo@) = ZLudll +y lIn@ - To@ll

1 45 13
=33 Il () — Ol + 30 lo @) — 1Ol + 560 () — T @l

1 45
=ik —0Ol+ 55 {lo@® —pnOI+lln@® —Zr@®l}

13
+ ——{ln () -0l +llo@®) - T @}

660
(5 + 50+ geg) MO -0 @I+ 35 10 - 0] + 55 |00 = 300

—BII ) — l||+§|| l||+£|| 9l
=50 Ik () =0 O+ 2l O] + 555 e (1)

which implies that
1710 = To®l < alln@® — 0@l + Blo@ — Lndll +ylIn@ — To@l.

By Theorem 2.7 there exists a common fixed point of . and .7 which is a common solution for
the system (51).

6 Conclusion

This paper contains the study of Reich and Chatterjea nonexpansive mappings on complete metric
and Banach spaces. The existence of fixed points of these mappings which are asymptotically regular or
continuous mappings in complete metric space is discussed. Furthermore, we provide some fixed point
and common fixed point theorems for Reich and Chatterjea nonexpansive mappings by employing the
Krasnoselskii-Ishikawa iteration method associated with .#,. We have established application of our
results to nonlinear integral equations and nonlinear fractional differential equations.
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