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ABSTRACT

In this article, we construct the generating functions for new families of special polynomials including two
parametric kinds of Bell-based Bernoulli and Euler polynomials. Some fundamental properties of these functions
are given. By using these generating functions and some identities, relations among trigonometric functions and two
parametric kinds of Bell-based Bernoulli and Euler polynomials, Stirling numbers are presented. Computational
formulae for these polynomials are obtained. Applying a partial derivative operator to these generating functions,
some derivative formulae and finite combinatorial sums involving the aforementioned polynomials and numbers
are also obtained. In addition, some remarks and observations on these polynomials are given.
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1 Introduction

Special polynomials and numbers possess much importance in multifarious areas of sciences
such as physics, mathematics, applied sciences, engineering and other related research fields covering
differential equations, number theory, functional analysis, quantum mechanics, mathematical analysis,
mathematical physics and so on (see [1-22]) and see also each of the references cited therein. For
example, Bernoulli polynomials and numbers are closely related to the Riemann zeta function,
which possesses a connection with the distribution of prime numbers. Some of the most significant
polynomials in the theory of special polynomials are the Bell, Euler, Bernoulli, Hermite, and Genocchi
polynomials. Recently, the aforesaid polynomials and their diverse generalizations have been densely
considered and investigated by many physicists and mathematicians (see [1-18,22]) and see also
the references cited therein (see [6-9,14—17]). The class of Appell polynomial sequence is one of
the significant classes of polynomials sequence [1]. In applied mathematics, theoretical physics,
approximation theory, and several other mathematics branches. The set of Appell polynomial sequence

This work is licensed under a Creative Commons Attribution 4.0 International License,
@ @ which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.


https://www.techscience.com/journal/CMES
https://www.techscience.com/
http://dx.doi.org/10.32604/cmes.2022.021418
https://www.techscience.com/doi/10.32604/cmes.2022.021418
mailto:wkhan1@pmu.edu.sa

188 CMES, 2023, vol.135, no.1

is closed under the operation of umbral composition of polynomial sequences. The Appell polynomial
sequence can be given by the following generating function:

AED =A@ =D 4 <s>]i,.

The power series A4 (z) given by

2

V4 Z
A(Z) =A0+A1_+A2_

z =  Z
. 2!+---+Ajj—!+---=ZA,-J.—!,(Aoaff50), (1)

Jj=0
where 4, {i = 1,2, 3, - - -} are real coffiecients. It is easy to see that for any 4 (z), the derivative of 4 (2)
satisfies

d , :
EAj (Z) :.]Aj—l (Z) ] = 0’ 1’29 39' .

The Bell-based Bernoulli and Bell-based Bernoulli polynomials of the first kind are the special
cases of Appell polynomials (see [2,18]).

The generalized Bernoulli and Euler polynomials of order « are defined by (see [2-5])

z a ) =9 } Z/
(e_,_l) ef~=;13;>(s)ﬁ,|z|<2n, k)
=
and
2 aesz=iEf“’(§)ij |z |<m 3)
e+ 1 e J ’
respectively.

At the point £ = 0, B = B (0) and E” = E (0) are the Bernoulli and Euler numbers of
order «.

For j > 0, Stirling numbers of the first kind are defined by

&)= S (.rE, (see[7-9]), )
where (§), =1,and (§), =& (& —1)---(§ —j+1),( > 1). From (4), we see that

1 PN L7

o (log (1 42) = 35 k)]z,—!, (k > 0), (see[10-17]). (5)

Jj=k

The Stirling numbers of the second kind are defined by

=78, ®),, (see[12,14,15]). ©)

r=0

By (5), we note that

i

1 . i
5 (€ —1) = Z S, (j, ) L (see[2-22]). (7)
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The generating function of Bell polynomials Be/; (§) are defined by (see [7])
Z - Zj
) =" Bel; €) i 8)
j=0

In the special case & = 1, Bel, = Bel (1), (j > 0) are the Bell numbers. From (1.7) and (1.8),
we have

j
Bel,(£) =D S, (., E.(=0). ©)
r=0
Recently, Duran et al. [2] introduced the generalized Bell-based Bernoulli polynomials are
defined by

2\ - 7
(-5) e =2 umrEn (10)

Jj=0

Atthe point & = n =1, 5B = B (1; 1) are the generalized Bell-based Bernoulli numbers.

Kim et al. [13] and Jamei et al. [4,5] introduced the Bernoulli and Euler polynomials of complex
variable are defined by

: B EFMFBE - o 7
- leé‘cosnzzz i €+ in 5 - .—'ZZBJ(-)@:U).—', (11)
e — = 5 !
2 g B+ B G- < ?
e sinnz = 4 , —= D B¢, ., (12)
e —1 ; 2i J! ; / J!
and
i CECG+H+EE-—n? o z
e cosnz = ! —= > E9¢,n) -, (13)
e+ 1 ,-Zo 2 7! J_ZO / J!
2 . —EE+ip)—EE—in? < Z
e sinnz = - — — =) EY(,n —, (14)
+1 ; 2i J! ; ! J!
respectively.

Also they have prove that (see [4,5,8,9,19,20,21])

o0 Zr
£z — C —_ 15
¢ cos nz Z & (15)
and

o0 Zr
£z o _ .
e smnz—zos,(s,n) - (16)
where

5
C.em =3 1 (5) e (17)
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and
7]

S, &,n) = Z (2]: 1) (—1Y E2-1 4, (18)

J=0

Motivated by the importance and potential applications in certain problems in number theory,
combinatorics, classical and numerical analysis and physics, several families of Bernoulli and Euler
polynomials and special polynomials have been recently studied by many authors, see [8,9,19—
21]. Recently, Kim et al. [13,16] have introduced the degenerate Bernoulli and degenerate Euler
polynomials of a complex variable. By separating the real and imaginary parts, they introduced
the parametric kinds of these degenerate polynomials. The manuscript of this paper is arranged as
follows. In Section 2, we introduce parametric kinds of Bell-based Bernoulli polynomials and prove
several identities of Bell-based Bernoulli polynomials by using different analytical means and applying
generating functions. In Section 3, we establish parametric kinds of Bell-based Euler polynomials and
investigate some identities of these polynomials.

2 Bell-Based Bernoulli Polynomials of Complex Variable

In this section, we consider the Bell-based Bernoulli polynomials of complex variable and deduce
some identities of these polynomials. First, we present the following definition as

z \" = _ Z
( ) &timzpt@ = Z BdBj(_a)(g + in; ;)J_' (19)

er—1 .
Jj=0

On the other hand, we suppose that
et = e = ¢ (cosnz + isinnz) . (20)

Thus, by (19) and (20), we have
z ’ e(§+ln> et(e =D

e —

-(= 1)

( 1)

From (21) and (22), we get

z “ - o7 > Be/B;a) (E + lns {) +Bel B/('u) (S - ”7’ ;) Zj
( 1) ¢ cosnzet(“7) = Z( )]—', (23)

e — . 2
Jj=0

00 J

> B + in; c)—

=0

e (cos nz + isinnz)ef Y, (21)

and

00

> sBYE — in; 4)—

Jj=0

(cos nz — isinnz)ef Y, (22)
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and

2\ i) =N (2B E+in,8) = B <s—in;¢>)gf
(eZ—l) e sinnze Z( T I (24)

J=0

Definition 2.1. Let j > 0. We define two parametric kinds of cosine Bell-based Bernoulli
polynomials 4, B (£, n; ¢) and sine Bell-based Bernoulli polynomials 4,B,"" (&, n; ¢), for non negative
integer j are defined by

(e—' Z_ 1)“ e cosnzet ) = i} 5B (8,13 {)JZT;, (25)
=

and

(ez Z_ l)d ¢ sinnzet@ ) = io BHIB%;"“") &, n; ;)JZ,—;, (26)
=

respectively.

Note that z,B"" (£,0;0) = B (£), s.B;"" (0,0;0) =0, (j > 0).
From (23)—(26), we have
sB (€ +in;0) +5a B (6 —in; 0)

Be/Bj(‘a,() (Sa 775 C) = 2 (27)
B ;&) —pg B (£ — in;
WB ) = M BT Sy 2D (28)
Remark 2.1. For £ = ¢ = 01in (25) and (26), we get
7 o 0o . Zj
(ez_l) coanZZIB%;”(n)ﬁ, (29)
Jj=0
and
Z o ) oo - Zj
(755) sinne- e (30)
respectively.
It is clear that

B (0) = B, B (0) =0, (= 0).
Remark 2.2. Letting ¢ = 0in (25) and (26), we obtain

z “ = 7z
( 1) ¢“cosnz = > B (é;n)j—!, G

e’ — -
j=0
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and
z \° = 7
esinnz= )Y B (&;n) =,
(5) esimn > e
respectively.

Remark 2.3. On setting & =0in (25) and (26), we acquire

z z
{C - z (ou) .
(e_. 1 ) COS nze Bel j (n’ ;)]' ’

and
Z o
sin nzet“ " = B —,
(ez—l) nz ZBI (n; é-) !
j=0
respectively.

Now, we start some basic properties of these polynomials.
Theorem 2.1. Let j > 0. Then
5],
5B (13 ¢) = Z ( ) (=1 n” 5B, (0),

y=0
and

S
Mme=ZQHJewwmmxn

v=0

Proof. By (33) and (34), we can derive the following equations:

o0 / o B
Z B (1 C)JZ.—, (—ez Z_ 1) cosnzet“
Jj=0 )
}}wwm Zey%

~ (3], .
v, 2v (o) Z
=35 2( )(D WBO@O) | .
j=0 =0 J:
and
EOC (a,s) . Zj z ’ : c(ef=1)
Be/]Bj (77: é‘)_' = ~ sSm 7723
. ! e—1
J=0
/7
2

> ZXM+J(WE%M%£)%

j=0 V=0
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(32)

(33)

(34)

(35)

(36)

(37)

(38)
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Therefore, by (37) and (38), we get (35). Similarly, we can easily obtain (36).
Theorem 2.2. Let j > 0. Then

wBE+ini0) =] ( / ) (& + iy ™5 ()

=3 (4 )i @0, (39)

and
WBOE — i) = ( ’ ) (& — i) 5 B (¢)
u=0

J

=3 (4, ) v B o, (40)

u=0
Proof. By using (21) and (22), we obtain (39) and (40). So we omit the proof.
Theorem 2.3. Let j > 0. Then

wB €)= 3 (1) Bl © Coten, @)
and
wB €)= 2 (1) w05, €. “2)

Proof. Consider

00 . oo v 00 Ji )
ET)E0) S )
j=0 v=0 =0\ v=0

Now

i “ .
DB ) 5 = () ¢ cosnze D
J! e—1

_ (Z 5B (£) ]Z—,) (Z G & m JZ")

j=0 y=0

J

=> (Z ({,) B () C €, n)) ]Z—,

which proves (41). The proof of (42) is similar.
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Theorem 2.4. For every j € Z*, we have

sBEO (E.m:0) = D B (5:1) Bl (7)., (3)
k=0

5B (€03 0) = D B (1) Bel ., (£), (44)
k=0

BelB,(-a’C) E.m0) = Z BelBL""” m;¢) gjika (45)
k=0

and

BL)IIBJ(.a,s) (é:’ n; é‘) — Z BKIBI(:X-,S) (n, é-) %-j—k‘ (46)
k=0

Proof. Using (25) and (26), we obtain (43)—(46). Here, we omit the proof of the theorem.
Theorem 2.5. Let j > 0. Then

J )

B E s = (i) WBE 0, D)5 (47)
u=0

and
J .

WB 650 = 3 (1) Bl €05 (@8)
u=0

Proof. By changing & with & + sin (25), we have

- z z “ ; . hod ) =z i Z
D sB s 05 = (ez - 1) ¢ cos pzee () = (Z paB (8, m; é)ﬁ)(z s“a)

j=0 Jj=0 u=0

J

= Z(Z( ) wBE G0 0) 5 )]Z

which complete the proof (47). The result (48) can be similarly proved.
Theorem 2.6. Let j > 1. Then

8&'&[ /(M) é&.n:0) JBA[B(QL) é.n0), (49)
d

%BMB;%” Em:8) = —jpaBY 6,150, (50)
and

0

aé&/B(“) E.m:8) = jpaBY (6,150, (51)
0

B (5, 150) = B €03 0. (52)

an
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Proof. Eq. (25) yields

J+1

= 3 z \° . - z
B®O £ s(f-1) — (@) .
asm 06, ;“) (e2+ 1) ze” cosnze = ,Eo 5B (5,15 0) 7

=2331B(af (&, m; 5) Z]BelB(alc &.m é‘)

proving (49). Other (50), (51) and (52) can be similarly derlved.
Theorem 2.7. Let j > 1. Then

ad

ac™ B (£,1;¢) = 5B (.15 0), (53)
and

ad

a§ Be/B(a ) (S 77 ;) - BBIIB(iIl’S) (5: 77, C) . (54)

Proof. By (25), we have

) ~— d
B €. 0% =5 (

95 < oz : 1) ¢ cos nze (1)

e —

I
N
o,
—_

) e cosnzag_ e (e

I
/\

) ¢ cosnz (e — 1) (e

=

=S LB E o) JZ—, (55)

) & cosnzet (“)z

The complete proof of (53). The proof of (54) is similar.
Theorem 2.8. For j > 0. Then
BE[B]('[) (E + 1’ n; g) - Be/B/('() (5: n, é‘)

() . —
Bel? (.n:¢) = B (56)
and
() (s)
Belj(s) (g’ n’ ;) — BE/IB] (g + 1 )7 {) Bel]B (E 77 ;) (57)

j+1
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Proof. By (25), we have

e —1

=
> wB En:0) 7

J=0

¢ cosnzet(“) =

I ) z ind ‘ i
=- [Z B (€ + 10 6) 5 = > 5B (éf,n;;)j—!}
j=0

Jj=0
_ i B 6+ 1,0,8) — 5B (€, 130 7
< j+1 J!

On the other hand, we have
. = z
£z e —1) __ (©) .
¢ cosnzet“) =" Bel (537754“)].—!-
j=0

In view of (58) and (59), we get (56). Similarly, we can easily obtain (57).
Theorem 2.9. Let j > 0. Then

Jra m

C . ']‘ (X' ] + (04 o,cC .
Belj() (s, T],{) = (]+a)‘ ZZ( m ) SZ (m,O() - BelBj(ura),m (San’é‘)a
m=0 «a=0
and
, Jla! S (ji+a ‘
Bel® (&,7;¢) = G > ( . ) Sy (m, o) — B (E,1:0).
m=0 o=0
Proof. In definition 2.1, we have
. 1) o /
¢ cosnze' (“7) = a! - z sB (6,1:0) Z—
al = ]!
=

0 ZM i Zj
= el D Sime) S0 D B Gomid)

a=m : Jj=0
00 m Zm o0 Zj
— ] S B(a.r) .
=z Z(maa)_ Bel'D; (é’ UaC)—
m f 7
m=0 a=0 Jj=0

o jta m

=al> > > (’m+ “) S (m, )5 B, (€038 fa) z

j=0 m=0 a=0

On the other hand, we have

> J
¢ cosnzet () = E Bel? (£,7;¢) i,
J!

Jj=0

Therefore, by (62) and (63), we obtain (60). Similarly, we can easily obtain (61).

(58)

(59)

(60)

(61)

(62)

(63)
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Theorem 2.10. Let j > 0. Then

BeIBj(ﬂa’C) (éa 775 ;) = Z Z (‘i{) BGIB/('TMO (77: g) (%‘)k SZ (ua k) s (64)
and
WB E =3 ({,) B 07:0) (6, 51 0, ). (65)

u=0 k=0

Proof. Using (7) and (25), we find

00

J o ;
> B Emo) o= () cosnze D (@ — 14 1y
J! e —1

j=0

e’ —

z * - > z
:(e-" 1) cos nze'( >§<s>kzsz<u,k)a

u=k

= > 5lB“ (n; C)]Zf; 2.2 ES: k) 3

j=0 u=0 k=0

=222 ( / ) wBEO (1:0) (), s (1, k) JZ—, 66)

j=0 u=0 k=0

z \ ) e (e — 1D
=(; 1) cos nze'( >§<s>k -

In view of (25) and (66), we get (64). Similarly, we can easily obtain (65).

3 Bell-Based Euler Polynomials of Complex Variable

In this section, we define Bell-based Euler polynomials of complex variable and derive some
explicit expressions of these polynomials. Now we start with the following definition as

2 < . > /
(ez 2 1) ) = 3 LB 6 in6) 5 (67)
J=0 ’

By using (67) and (20), we have

C . Zj 2 ‘ in)z ef—
ZBelEj(' "€+ lU;C)J.—! (ei n 1) €=t (1)

Jj=0

2 “ .
= ( - ) ¢ (cos nz + isinnz) & (“1), (68)
e+1
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and

1) e+ 1

TG

From (68) and (69), we get

) ¢ (cosnz — isinnz) &),

e+ 1 2

o 00 (@) @) ) ;
( 2 ) ¢ cos nzef (7! Z (Bf’IE E+in;0) + " (6 — ”7,5)) Z._,
pan J!

and

2\ .. o — (5B (€ +in;8) — puBY (E —ini0) 7

J=0

CMES, 2023, vol.135, no.1

(69)

(70)

(71)

Definition 3.1. Let j > 0. We define two parametric kinds of cosine Bell-based Euler polynomials
5B (§,m;¢) and sine Bell-based Euler polynomials »,E” (£, 7;¢), for non negative integer j are

defined by

(ez i 1) ¢ cos nze (") = Z saBI0 (6,13 0) ]Z—,
and

(ez i 1) ¢ sinnzet (") = 2 saB (8,13 8) JZ—;
respectively.

From (70)—(73), we have
sl (€ + 5 0) + uE" (6 — in; )

B (5,130) = :
E (& +in0) — B (6 — in; )
.S . _ Bel™ s Bel*~ 5
BelE](- ' (ga 7): ;) - . 21 . .
Note that

sl (€,0,0) = E (§), B (,0,0) = 0,( > 0).

Remark 3.1. For £ = 0in (72) and (73), we get

2\ i > 7
(ez " 1) cosnze () =" L B0 (:0) 5.

j=0

and

2 [(e l) _ (a,s) -
(e—’-i—l) sin nze Z AR (s ;)

Jj=0

(72)

(73)

(74)

(75)
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respectively.
Remark 3.2. Letting ¢ = 0in (72) and (73), we obtain
2\ = Z
o = > E“9m;¢) =, 76
(e—”+1) ¢ cosnz %: ;0 §)j! (76)
and
2 ¢ sin iE“‘ 20y 2 (77)
€ z= P 5 R
e:+1 77 " i n é' ]'
respectively.
Remark 3.3. On taking £ = ¢ = 01in (72) and (73), we acquire
2\ > Z
= E*9 (n) =, 78
(e-'—l—l) cosnz ; ; (n)j! (78)
and
2 Y singz = ST E o 2 79
1 SlnﬂZ—jZO : (77)].—!, (79)
respectively.
Theorem 3.1. Let j > 0. Then
(4] ;
WBE 050 = 3 (5,) DL, ©, (80)
m=0
and
=], .
WBE 050 = 3 (] 1) GO LB . 81)
m=0

Proof. From (78) and (79), we can derive the following equations:

2 ¢ .

(a,¢) - _ m om =
j§0 w0 (©) 5 j§0( e

e8] [ ] . J
3 z(fzm) DB, 0 | 5 (82)

Jj=0 m=0

oo

=
D B (n:0) i

J=0

[T
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and

o0 ] 2 o }
DB (10 S =( : ) sin nze (<)
= : J! e+1

Ny
- m 2m+1 o
- Z Z ( 2m + 1 ) (_1) 7] - Bel]E/('—)Zm—l (C) J_'
Jj=0 m=0
Therefore, by (82) and (83), we get (80). Similarly, we can easily obtain (81).
Theorem 3.2. Let j > 0. Then
j

B (€ +in;0) =D ( J, ) &+ i) B ()

1=0

=2 ( ) ) (i)™ W (6.0).

and

J

w7 (€ = in:0) = 3 ( ) ) (& — iy wE Q)

1=0

=> ( / ) (=D iy B (€,0).

Proof. By using (68) and (69), we can easily get (84) and (85). So we omit the proof.

Theorem 3.3. Let j > 0. Then

J

BelEj('a‘C) (57 77; C) = Z (;/l) BelEj('izn (;) Cﬂ (S) 77) H

m=0
and
BelE]('a‘S) (S’ 777 ;) = Z (] ) Bel]Ej(‘i)m (é‘) Sm (‘é,-:’ 77) .

m

m=0

Proof. Consider the identity, we have

o0 J o0 m 0 j J
() ) 2
j=0 m=0 j=0  \ m=0

(83)

(84)

(85)

(86)

(87)

(88)
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Now

oo

zZ 2 \° ]
Z plB (§,130) j! N (e: + 1) ¢ cos nzet (1)

= (Z 5B (0) ]Z—,) (Z C, (&) %)

j=0

- Z(Z( / ) WES () C, (€, n)) ]Z—,

m=0 '

which proves (86). The proof of (87) is similar.
Theorem 3.4. Letj > 0. Then

saB0 (Em30) = DB (0:¢) Bel oy (£),

k=0

5B (E,m30) = D B (n50) Bely (),
k=0

J

Bel]E/('mC) (S’ na g) = Z Be/]E;ca,C) (na é‘) sjik:

k=0
and
J
s B (E 03 0) = D s B (3 0) €7,

k=0

Proof. Using (72) and (73), we obtain (88)—(90). Here, we omit the proof of the theorem.

Theorem 3.5. Let j > 0. Then

J

B0 E+8,m0) = (;ﬁa) s (6,m,8) 87",

m=0
and
J .
B E+r ) =D (f ) sBY (€,m50) 27

m

m=0

201

(88)

(89)

(89)

(90)

o1

92)
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Proof. By changing & with & 4+ sin (72), we have

00 Zj
DB E 5,0 5 = (
!

J=0

¢ cos nze“et (¢71)
e+ 1) "

- (Z w0 €03 0) Z.—,)(Z“ Z-—;)
Jj=0 J: o

= Z(Z ( ) salBy (&, 15 é)ﬂ"”);—;,

m=0
which proves (91). The result (92) can be similarly proved.
Theorem 3.6. Let j > 1. Then

&»/E(”) E. ;) =jsaEY (€15 0)

9§

9 (@.c) . (@)

%BNE,’ (Sa naé‘) ]BdE 1 (S '7 ;):
and

85&[ /(0“) &, n¢)= jBel]E’(a\) &.n:0),

d
%BHE}@J) (55 n, ;) :]BLIE(a 7 (%- n, g)

Proof. Eq. (72) yields
— 5B (E,1m50) 7 2\ . . ac
Z J 7 A=l zé* cos nzet( 1)—2 B0 (&, m; C)

J=1 Jj=0

f+1

—ZM 1 En0 1), ZJME D& ¢>

-
proving (93). Other (94)—(96 ) can be similarly derived.
Theorem 3.7. Let j > 0. Then
0 , , :
Se B €0 = B € L) — B €m0,
and

0
o™ EfY €m0 = pB* (6 4+ Lns &) — B (6,150)

93)

94)

95)

(96)

o7

(98)
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Proof. By definition (72), we have

) < 9
BE/E“"” (&, m; s“)— = —( —

ag booag

= £ — 1 esE-D)
(eZ—i—l) e“cosnz(e—1)e

= Z [2E (6 + 1,03 8) — B (5,3 c)]—. (99)

j=0

) ¢ cos nze (“)

) e’ cosnz ‘(“ 1)

The complete proof of the result (97). The proof of (98) is similar.
Theorem 3.8. Let j > 0. Then

1
Bel}"(&,1:¢) = 5 [aB" & + 1,10 +5 B 0] (100)
and

1
Bel)" (&, 1:¢) = 5 [} (€ +1.0,0) +5 B €, 03 0)] (101)

Proof. Using definition 3.1, we have

e+ 1w . z
5 dezE,“(&,n;{)j—!

J=0

[ZMW(&H n, ;) +ZME £ 05 }

Jj=0 Jj=0

G V.

e cosnze

N —

= —Z 5B+ 1,03 8) 450 B8, s ;)]—, (102)

Jj=0
On the other hand, we have
¢ cosnzet (“7) = ZBel(‘) &, n; g“) - (103)
Jj=0

In view of (102) and (103), we get (100). Similarly, we can easily obtain (101).
Theorem 3.9. Let j > 0. Then

B0 E i) =D (],) sl (150) (6), S5 (1K) (104)

1=0 k=0
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and

Jo
VB E =S (fl) WD (0:0) (€, 52 (1K) (105)
=0 k=0
Proof. Using (7) and (72), we find

- 7 2 \° .
ZME,(-“’C) &,n0) i = (m) cosnzet ) (¢ — 1 + 1)f
j=0 '

2\ P (e — 1D
— (#-1) 2 A
(e: _|_ 1 ) COos 7723[ o (‘S;:)k k'

2 * . 0 ~
= ("A’I) —_
(ez — 1) cosnze' ) > (), > S (LK) 5

k=0 1=k

00 j X ! !
=S L E" (n; ;)]Z.—, PIPRCEAROE
Jj=0 )

T =0 k=0

=222 (’, )E ;) €), 5> (1, k) JZ—, (106)

j=0 =0 k=0

In view of (72) and (106), we get (104). Similarly, we can easily obtain (105).

4 Computational Values and Graphical Representations of Bell-Based Bernoulli Polynomials of Com-
plex Variable

In this section, certain zeros of the Bell-based Bernoulli polynomials of complex variable
5B (§,1;¢) and 5,B*” (£, n; ¢) and beautifully graphical representations are shown.

The first few of them are
BBI]B(()Q’() (é’ n,; {) = 13

. o
Bel]Bga‘() (5: n, g) = _5 + ; + 5:
. a2 1 2 2
5B (E,150) = i (—: —&- E)“ -+ C+E +¢,
1
sBEOE, 0 0) = — g@- 20+ &) — (4L + 4+ Do+ 4L + ) + 12(¢ — nY)),

saBEOE ML) = $FH AL + 607 + 68707 4+ 12607 4+ T¢P + 4870 + 657 — 20¢ + 45¢ — da (¢ + §)¢

bt E ﬁa@a(z(a a4 1) +2) - %(a C et + ) + %aea D@48 +0)

1
=22 +E(C+E+ )+ 5772(—3012 +12(¢ + &) +a — 12(C +6)* + 1)),
and Bel]B(()a‘S) (%.7 719 ;) = 07
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BelIBgiaJ) (5’ 779 ;) = 77,

BB (E,0:0) = 2n (—% to+E

).

1 ) .
waBS (€ 1:0) = 7 (30 = 120 (C+8) —a +12((C +8) +£) —4n),

1
saBYY (6,1m:0) = 4¢n — 7@ =2 +8) (@ —a (@ +4E+ D) +4C+6)+ 120 —4n).

205

Table 1 shows some numerical values of Bell-based Bernoulli polynomials of a complex variable.

Table 1: Numerical values of Bell-based Bernoulli polynomials of a complex variable BE,IB%/‘-“"') &, 0

and 5B (€, 1;¢)

B(‘/]:Bj('a)(‘) (5: 65 2)

Be/IB/('a)X) (59 69 2)

O 0 2 N W A W= O

—_
(==

1.0

6.0

1.83333
—397.0
—5123.9
—38622.3
—158258
505053
1.81135 x 107
2.29789 x 10°
2.19881 x 10°

0

6.0

72.0

465.0

840.0
—21381.0
—341508
318760 x 10!
—2.1281 x 10’
—8.71221 x 10°
2.12412 x 10°

Fig. | shows the plot for the Bell-based Bernoulli polynomial ,,B“ (§,7;¢) with (§,7;¢) =

(5,6;2). Fig. 2 shows the plot for 3D Bell-based Bernoulli polynomials Be,IB%}“") (&,n;0).

BelBigr)

Figure 1: Bell-based Bernoulli polynomials ,,B\"" (&, n; ¢)

/
a —H‘.-CHGIOOHOI-..—..'.‘.

50

Re(a)

o
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Figure 2: 3D Bell-based Bernoulli polynomials 4B (§,1;¢)

5 Computational Values and Graphical Representations of Bell-Based Euler Polynomials of Complex
Variable

In this section, certain zeros of the Bell-based Bernoulli polynomials of complex variable
s B (€,1; ) and B (£, m; ¢) and beautifully graphical representations are shown.

The first few of them are
BBI]E(()O(’C) (55 na {) = 15

R0 ey ¥
Bel*~ (5:7734') 2 +§+§a
012

L1
s B0 (6,1m50) = 7 T¢ — 4+ + &) -z (1+40+48),

1
slBY0 (E,m50) = ¢ — g@—2@+8) (@ +12(C—7") +4(C +8)° —a(B+4, +48),

1
wlBS (€, 0) = —E(oﬂ —20°(3+4¢ +48) + 3’ (1 +827 — 8> + 160 (1 4+ 6) +85(14+6)) + 16(5* +
Nt —OonET+EHEO+4) + (1 +25)(1 — 60" +26(1+£) + (T —6n° + 652+ ) — 2a(—1 —
120 +4(48° + 3025+ 48)) + ¢(T — 120> + 66 (3 + 28)) + E(—12n* + £(3 + 4§))),
and BelE(()a’S) (“;:3 n’ é‘) = 0’
Bez]Eia'S) (’Sa n, ;) =n,
sl BSY (E,m50) =0 (—a +2(C +§)),

1
wBS (€ m;0) = g (120 —4n* +3 (@2 +4(C +6)’ —a (1 +4¢ +48))),

1
s (6,m30) = 31 (80— (@ =20 +&) (P + 120 —47") +4(C + &) —a (B +4L +48)).
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Table 2 shows some numerical values of Numerical values of Bell-based Euler polynomials of

complex variable.

Table 2: Numerical values of Bell-based Euler polynomials of a complex variable ,,E“ (¢, 7;¢) and

5B (§,158)

BelE]('a’() (55 69 2)

BelEj('a,S) (57 67 2)

— 000NN WN—=O |

(=]

1.0

6.0

1.5

—403.0
—5127.0
—37282.0
—132625
767443
1.93872 x 107
2.21045 x 10°
1.91065 x 10°

0

6.0

72.0

459.0

696.0
—22914.0
—345096
—302880 x 10!
—1.80647 x 10’
—5.04831 x 10’
4.90648 x 10°

Fig. 3 shows the plot for the Bell-based Euler polynomial »,E*” (&, n; ¢) with (§,1;¢) = (5,6;2).

{=5,n=6,{=2

0} “eoeseee0000000000?

=

Figure 3: Bell-based Euler polynomials B (¢, 1;¢)

6 Conclusions

In the present article, we have considered the parametric kinds of Bell-based Bernoulli and Euler
polynomials by making use of the exponential as well as trigonometric functions. We have also
derived some analytical properties of our newly introduced parametric polynomials by using the series
manipulation technique. Furthermore, it is noticed that, if we consider any Appell polynomials of a
complex variable (as discussed in the present article), then we can easily define its parametric kinds by
separating the complex variable into real and imaginary parts. Consequently, the results of this article
may potentially be used in mathematics, mathematical physics and engineering.
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