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ABSTRACT

This work proposes a Tensor Train Random Projection (TTRP) method for dimension reduction, where pairwise
distances can be approximately preserved. Our TTRP is systematically constructed through a Tensor Train (TT)
representation with TT-ranks equal to one. Based on the tensor train format, this random projection method can
speed up the dimension reduction procedure for high-dimensional datasets and requires fewer storage costs with
little loss in accuracy, compared with existing methods. We provide a theoretical analysis of the bias and the variance
of TTRP, which shows that this approach is an expected isometric projection with bounded variance, and we show
that the scaling Rademacher variable is an optimal choice for generating the corresponding TT-cores. Detailed
numerical experiments with synthetic datasets and the MNIST dataset are conducted to demonstrate the efficiency
of TTRP.
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1 Introduction

Dimension reduction is a fundamental concept in science and engineering for feature extraction
and data visualization. Exploring the low-dimensional structures of high-dimensional data attracts
broad attention. Popular dimension reduction methods include Principal Component Analysis (PCA)
[1,2], Non-negative Matrix Factorization (NMF) [3], and t-distributed Stochastic Neighbor Embed-
ding (t-SNE) [4]. A main procedure in dimension reduction is to build a linear or nonlinear mapping
from a high-dimensional space to a low-dimensional one, which keeps important properties of the
high-dimensional space, such as the distance between any two points [5].

The Random Projection (RP) is a widely used method for dimension reduction. It is well-known
that the Johnson-Lindenstrauss (JL) transformation [6,7] can nearly preserve the distance between two
points after a random projection f, which is typically called isometry property. The isometry property
can be used to achieve the nearest neighbor search in high-dimensional datasets [8,9]. It can also be
used to build the Restricted Isometry Property (RIP) in compressed sensing [10,11], where a sparse
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signal can be reconstructed under a linear random projection [12]. The JL lemma [6] tells us that there
exists a nearly isometry mapping f, which maps high-dimensional datasets into a lower dimensional
space. Typically, a choice for the mapping f is the linear random projection.

1

S (x) me, (1)
where x € RY, and R € RV is a matrix whose entries are drawn from the mean zero and variance
one Gaussian distribution, denoted by .47(0,1). We call it Gaussian random projection (Gaussian
RP). The storage of matrix R in Eq. (1) is O(MN) and the cost of computing Rx in Eq. (1) is
O(MN). However, with large M and N, this construction is computationally infeasible. To alleviate the
difficulty, the sparse random projection method [13] and the very sparse random projection method
[14] are proposed, where the random projection is constructed by a sparse random matrix. Thus the
storage and the computational cost can be reduced.

To be specific, Achlioptas [13] replaced the dense matrix R by a sparse matrix whose entries
follows:

1
+1, with probabilityz—,
s
1
R; = Vs-10,  with probabilityl — —, @
s
1
—1, with probability —.
2s

This means that the matrix is sampled at a rate of 1/s. Note that, if s = 1, the corresponding
distribution is called the Rademacher distribution. When s = 3, the cost of computing Rx in Eq. (1)
reduces down to a third of the original one but is still O(MN). When s = +/N > 3, Li et al. [14]
called this case as the very sparse random projection (Very Sparse RP), which significantly speeds
up the computation with little loss in accuracy. It is clear that the storage of very sparse random
projection is O(M+/N). However, the sparse random projection can typically distort a sparse vector [9].
To achieve a low-distortion embedding, Ailon et al. [9,15] proposed the Fast-Johnson-Lindenstrauss
Transform (FJLT), where the preconditioning of a sparse projection matrix with a randomized Fourier
transform is employed. To reduce randomness and storage requirements, Sun et al. [16] proposed the
following format: R = (R, ©® ... ® R,)", where © represents the Khatri-Rao product, R, € R"* and

d

N =[] n. Each R, is a random matrix whose entries are i.i.d. random variables drawn from .47(0, 1).
i=1
This transformation is called the Gaussian tensor random projection (Gaussian TRP) throughout

this paper. It is clear that the storage of the Gaussian TRP is O(M Z n;), which is less than that of the

Gaussian random projection (Gaussian RP). For example, when N = mn, = 40000, the storage of
Gaussian TRP is only 1/20 of Gaussian RP. Also, it has been shown that Gaussian TRP satisfies the
properties of expected isometry with vanishing variance [16].

Recently, using matrix or tensor decomposition to reduce the storage of projection matrices is
proposed in [17,18]. The main idea of these methods is to split the projection matrix into some
small scale matrices or tensors. In this work, we focus on the low rank tensor train representation
to construct the random projection f. Tensor decompositions are widely used for data compression
[5,19-24]. The Tensor Train (TT) decomposition, also called Matrix Product States (MPS) [25-28],
gives the following benefits—low rank TT-formats can provide compact representations of projection
matrices and efficient basic linear algebra operations of matrix-by-vector products [29]. Based on these
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benefits, we propose a Tensor Train Random Projection (TTRP) method, which requires significantly
smaller storage and computational costs compared with existing methods (e.g., Gaussian TRP [16],
Very Sparse RP [14] and Gaussian RP [30]). We note that constructing projection matrices using
Tensor Train (TT) and Canonical Polyadic (CP) decompositions based on Gaussian random variables
is proposed in [31]. The main contributions of our work are three-fold: first our TTRP is conducted
based on a rank-one TT-format, which significantly reduces the storage of projection matrices; second,
we provide a novel construction procedure for the rank-one TT-format in our TTRP based on i.i.d.
Rademacher random variables; third, we prove that our construction of TTRP is unbiased with
bounded variance.

The rest of the paper is organized as follows. The tensor train format is introduced in Section 2.
Details of our TTRP approach are introduced in Section 3, where we prove that the approach is an
expected isometric projection with bounded variance. In Section 4, we demonstrate the efficiency of
TTRP with datasets including synthetic, MNIST. Finally Section 5 concludes the paper.

2 Tensor Train Format

Let lowercase letters (x), boldface lowercase letters (x), boldface capital letters (X), calligraphy
letters (Z") be scalar, vector, matrix and tensor variables, respectively. x(i) represents the element i of
a vector x. X(i,j) means the element (7,j) of a matrix X. The i-th row and j-th column of a matrix
X is defined by X (i, :) and X(., ), respectively. For a given d-th order tensor 2", 2 (i, zz, ..., 1) 18 its

(i, by, . . ., i;)-th component. For a vector x € R", we denote its £” norm as ||x[|, = (Z |x(z)|")p for

any p > 1. The Kronecker product of matrices 4 € R™ and B € R*** is denoted by A ® B of which
the result is a matrix of size (/K) x (JL) and defined by

A1, 1H)B A(1,2)B --- A(1,J)B
A2, 1H)B AQ2,2)B --- AQ2,J)B
AQB=|. . ) .
;4(1, B ;4(1,2)3 ;4(I,J)B
The Kronecker product conforms the following laws [32]:
(AC) ® (BD) = (A® B)(C® D), 3)
A+BQRC+D)=AC+AD+BRC+BQD, 4)
kA)@B=A® (kB)=k(A® B). %)

2.1 Tensor Train Decomposition

Tensor Train (TT) decomposition [29] is a generalization of Singular Value Decomposition (SVD)
from matrices to tensors. TT decomposition provides a compact representation for tensors, and allows
for efficient application of linear algebra operations (discussed in Section 2.2 and Section 2.3).

Given a d-th order tensor 4 € R"*" and a vector g (vector format of ¢) , the tensor train
decomposition [29] is

g =90w0) =90, b,...,1) =9%0)%0) - - Yi(iy), (6)
where v:N — N is a bijection, ¥, € R’*-1*"%*x are called TT-cores, ¥4,(i,) € R'*-1*'« is a slice of ¥, for
k=12,...,d,i, = 1,...,n, and the “boundary condition” is r, = r, = 1. The tensor ¢ is said to

be in the TT-format if each element of ¢ can be represented by Eq. (6). The vector [ry, 71,72, ..., F4] 18
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referred to as TT-ranks. Let ¥ (o,_,, iy, o) represent the element of ¥, (i) in the position (o_;, ). In
the index form, the decomposition (6) is rewritten as the following TT-format:

AU A Z G (0, iy, o)D), By, @) - - Gy (i, s ).
aps g

To look more closely to Eq. (6), an element 4(i,, i, . . ., i,) 1s represented by a sequence of matrix-
by-vector products. Fig. | illustrates the tensor train decomposition. It can be seen that the key
ingredient in tensor train (TT) decomposition is the TT-ranks. The TT-format only uses O(ndr?)
memory to O(n?) elements, where n = max {n,,...,n,} and r = max {ry,r,...,r,}. Although the
storage reduction is efficient only if the TT-rank is small, tensors in data science and machine learning
typically have low TT-ranks. Moreover, one can apply the TT-format to basic linear algebra operations,
such as matrix-by-vector products, scalar multiplications, etc. In later section, it is shown that this can
reduce the computational cost significantly when the data have low rank structures (see [29] for details).

9 (i]) %z(iz) gd—](id—]) g461(1.41)

Figure 1: Tensor train format (TT-format): extract an element ¢ (i, i,, . . . , i;) via a sequence of matrix-
byvector product

2.2 Tensorizing Matrix-by-Vector Products

The tensor train format gives a compact representation of matrices and efficient computation for
matrix-by-vector products. We first review the TT-format of large matrices and vectors following [29].
Defining two bijections v:N — N¢ and p : N +— N’ a pair index (7, /) € N* is mapped to a multi-index
pair (v(@), w(7)) = (1.bas ...y igsfisfos---»js). Then a matrix R € R and a vector x € R" can be

d d

tensorized in the TT-format as follows. Letting M = [[m, and N = [] n;, an element (i, ) of R can be
i=1 j=1

written as Eq. (7) (see [29,33] for more details):

R(i,j) = %(V(i), M(/)) = ‘%(il: cees id;jla v 5jd) = %1(1.1,]'1) c '%d(idajd)a (7)

where (i, ..., i,) enumerate the rows of R, (ji,...,J,) enumerate the columns of R, and %, (i, j,) is an
ey X 1 matrix (and ry = r, = 1), 1.e., (i, ji) 1s treated as one “long index” fork =1, ..., d. An element
j of x can be written as Eq. (8):

x(]) = %(M(])) = %Ula' . ~5jd) - t%i(]l) Tt %l(jd)y (8)

where Z,(j,) isan 7, x 7, matrixand 7y =7, = 1 fork = 1,...,d. We consider the matrix-by-vector
product (y = Rx), and each element of y can be tensorized in the TT-format as Eq. (9):
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.V(l) = gz‘/(il:~~'sl.d) = Z%(ila'~~sidsjla~--ajd)%(ila~'~zjd)

J1sdd
= Z (%1 (ilzjl) o ’f%d(idajd))(% (]1) o %100/))
jl""Jd
= > (B j)) - Ruliaj) ® (ZGi) -+ ZaGa) )
jl""Jd
=D Gl ) ® ZG)) -+ Raliasjo) ® Zu(ja))
Jda OGror1fgh) OUg_1ratg—174)
== @](ll) te %(ld) )
—— ——
Onyroryfgiy) Ongrq_17gta—17a)
where (i) = > Z(ir,ji) ® Z:(i) € Rx=1k—1k for k = 1,...,d. The complexity of computing

I
each TT-core %, € R—1k—"xnidk | is O(mymry_ it 7y) for k = 1,...,d. Assuming that the TT-
cores of x are known, the total cost of the matrix-by-vector product (¢y = Rx) in the TT-format can
reduce significantly from the original complexity O(MN) to O(dmni*i?), m = max{m,,m,, ..., m,},
n = max{n,,n,,...,n,},r = max {ry,r,...,r,}, 7 = max {F,,..., 7}, where N is typically large and
ris small. When m,, = n,, r, = 7, for k = 1,...,d, the cost of such matrix-by-vector product in the
TT-format is O(dn*r*) [29]. Note that, in the case that r equals one, the cost of such matrix-by-vector
product in the TT-format is O(dmni?).

2.3 Basic Operations in the TT-Format

In Section 2.2, the product of matrix R and vector x which are both in the TT-format, is conducted
efficiently. In the TT-format, many important operations can be readily implemented. For instance,
computing the Euclidean distance between two vectors in the TT-format is more efficient with less
storage than directly computing the Euclidean distance in standard matrix and vector formats. In the
following Eqs. (10)—(15), some important operations in the TT-format are discussed.

The subtraction of tensor % € R™**"a and tensor % € R™***" in the TT-format is
Dy orli) =Yy sia) = D iy sl
= B(iVB5(i) -+ Hii) — T () Dain) - Do)
= 2 Z5(0) - - - Za(i), (10)

where

Yy 0 ) k=2,...,d—1,

%(’”:( 0 ()

and

20y = (H ) ~F @), %(id):(%(m),

7, (iy)
and TT-ranks of 2 equal the sum of TT-ranks of % and %' .
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The dot product of tensor " and tensor % in the TT-format [29] is
P D) = Y (iseesi) D (i)

= > BB ) - - D)) P (@)D (o) - - (i)

Il ey d

= D (F ) D (i) D) @ (F(i)H(hr) - D))

1oeees id

= <Z Y (i) ® @T(il)) (Z% (i) ® @?(5)) - (Z% (i) ® % (z‘»)

il d

v, (1)

where

Vi=D Z)®% (i), k=1,....d. (12)
Sinkce V\,V, are vectors and V,,..., V, , are matrices, we compute (¥, v) by a sequence of

matrix-by-vector products:

nw=V"V, (13)

= Vi X% ) @D () =2 p (), k=2.....d, (14)

i i

where

P () = vy () @ D (i) (15)

and we obtain

YD) =,

For simplify we assume that TT-ranks of % are the same as that of % In Eq. (15),let B: = %.(i,) €
R C: = %.(i,) € R, x: = v, € R‘X’2,y: =p, @) € R, fork = 2,...,d — 1, and we use the
reshaping Kronecker product expressions [34] for Eq. (15):

y=xB®C) & Y=C'XB,

where we reshape x,yinto X =[x, x, --- x,] e R, Y = [y, y, --- »,] € R, respectively. Note that
the cost of computing ¥ = C’ XBis O(r*) while the disregard of Kronecker structure of y = x(B® C)
leads to an O(r*) calculation. Hence the complexity of computing p, (;) in (15) is O(*), because of
the efficient Kronecker product computation. Then the cost of computing v, in (14) is O(mr?), and the
total cost of the dot product (%, %) is O(dmr?).

The Frobenius norm of a tensor # is defined by

12N, = V(¥ %).
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Computing the distance between tensor % and tensor % in the TT-format is computationally
efficient by applying the dot product Eqs. (11) and (12),

H@—@AHF:\/(@/—@A,@—@). (16)

The complexity of computing the distance is also O(dmr*). Algorithm 1 gives more details about
computing Eq. (16) based on Frobenius norm H@ - @HF

Algorithm 1: Distance based on Frobenius norm W: = ”?!/ — Y H P = v (Y -, % — %)
Input: TT-cores % of tensor % and TT-cores @; of tensor @\, fork=1,...,d.

1: Compute &: =% — % > O(mr) by (10)

2: Compute v;: = > 2 (i) @ 2, (i)). > O(mr?) by Eq.(13)
i

3: fork=2:d—1do

4: Compute p, (i) = v (Z2 (i) ® Z(ir)). > O(r*) by Eq. (15)

5 Compute v;: = > p, (ii). > O(mr?) by Eq. (14)

Ik

6: end for

7: Compute p, (i;) = vs1(Z5) @ 25 (iy)). > O(r?) by Eq. (15)

8: Compute v,: = > p,(i,). > O(mr?) by Eq. (14)

id

Output: Distance W: = \/(@ - Y —X) = /.

In summary, just merging the cores of two tensors in the TT-format can perform the subtraction
of two tensors instead of directly subtraction of two tensors in standard tensor format. A sequence of
matrix-by-vector products can achieve the dot product of two tensors in the TT-format. The cost of
computing the distance between two tensors in the TT-format, reduces from the original complexity

d
O(M) to O(dmr?), where M = [[m;, r € M, and m = max{m,,m,, ...,m,}.

i=1

3 Tensor Train Random Projection

Due to the computational efficiency of TT-format discussed above, we consider the TT-format to
construct projection matrices. Our tensor train random projection is defined as follows.

Definition 3.1. (Tensor Train Random Projection). For a data point x € R", our tensor train
random projection (TTRP) is

1
Srrre(X): = WRX, (17)
where the tensorized versions (through the TT-format) of R and x are denoted by &% and 2~ (see
Egs. (7) and (8)), the corresponding TT-cores are denoted by {%, € R*1ww}d and {Z; €
Riw-rmediyd respectively, we set r, = r, = ... =r, = 1, and y: = Rx is specified by Eq. (9).

In Section 2.2, it is shown that for any TT-rank, the computation cost of Rx in Eq. (17) is
O(dmnr*1?), and the storage cost is O(dmnr?), where m = max{m,, m,, ..., m,},n = max{n,, n,, ..., n,},
r = max {r,,7,...,r;} and ¥ = max{7,7,..., 7). Note that our TTRP is based on the tensorized
version of R with TT-ranks all equal to one, ie, r, = r, = ... = r, = 1, which significantly
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reduces the computational and storage costs. Therefore, our TTRP is constructed using a rank-one
TT tensor. The comparisons for TTRP with different TT-ranks are investigated in Section 4. It turns
out that the computational cost of computing Rx and the storage cost in Eq. (17) are O(dmni*) and
O(dmn), respectively. Moreover, from our analysis in the latter part of this section, we find that the
Rademacher distribution introduced in Section | is an optimal choice for generating the TT-cores of
R. In the following, we prove that TTRP established by Eq. (17) is an expected isometric projection
with bounded variance.
d

Theorem 3.1. Given a vector x € R/E‘ "Jif R in Eq. (17) is composed of d independent TT-
cores %, . .., %,, whose entries are independent and identically random variables with mean zero and
variance one, then the following equation holds

E frrer )1l = lIx]5 .

Proof. Denoting y = Rx gives

S IR ) o aorel B v
E e (01; = B Iyl = 7 E [Zy @} = E {Z D(is, .. .,z,,)} . (18)

1>eld

By the TT—fOrmat, @(ila ) ld) = @1(11) e %(id)a Where gk(lk) = Z%k(ikajk) ® %gk)7 for k =
Jk

1,...,d, it follows that
E [@2(1'1, cees l}z)] =E[(#Z 1) - 20 - - Zi)]

=E[(#G) - Z) @ (F(0) - - - Z(i)] (19)
=E[(Z0) @ #(i) - - (Z(ia) ® Z(in)] (20)
= E[Z(i) @ Zi(i)] - - - E[Z() @ Z(in)], 21

-~

where Eq. (20) is derived using Eqs. (3) and (19), and then combining Eq. (20) and using the
independence of TT-cores %, ..., %, give Eq. (21). The k-th term of the right hand side of Eq. (21),
fork=1,...,d, can be computed by

Jk

E[%G) ® %) =E | | D Zulicnjo) ® %(ﬁ)} ® [Z R i i) @ %(ﬁ)ﬂ (22)

Jk

=E Z%(ik,jk)%(m} ® [Z %(ik,jk)%wﬂ (23)

Jk Jk

= D E[ %, j0 %, ])] 232G © 200 (24)
= D E[# /0] 2:G0 ® 2:G) (25)
=D 200 ® 2. (26)

Jk

Here as we set the TT-ranks of Z to be one, %, (i, ji) is scalar, and Eq. (22) then leads to Eq. (23).
Using Egs. (4), (5) and (23) gives Eq. (24), and we derive Eq. (26) from Eq. (24) by the assumption that
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E[’%Z(Zkajk)] = 1 and E[%k(ikajk)%k(ikaj;()] = 0, fOI‘jk,j;c = 1, ey I’lk,jk #jl/c’ k = 1, ey d SubStltutlng
Eq. (26) into Eq. (21) gives

E[gz(ila cees ld)]

DIZG)®@ 2G| | DD 2l ® Zalia)

= D> 126D ZiG ®[2:G) -+ 2]
= Z ’%/'2(]'1,"'5jd)
= ||x|l>. (27)

Substituting Eq. (27) into Eq. (18), it concludes that

- .
EMWA%wf:ME[Ej@ohqu}

I :
= - X M |jxll
= Jlx[2.

d

Mn
Theorem 3.2. Given a vector x € R/=! j, if Rin Eq. (17) is composed of d independent TT-cores

X, ..., %, whose entries are independent and identically random variables with mean zero, variance
one, with the same fourth moment A and .# := max._, y |x()|,m = max{m,,m,,...,m;},n =
max{n,, n,,...,n,}, then

1
Var (Ifrrer()15) < 57 (A +nGm +2) = 3)'NA* — x|
Proof. By the property of the variance and using Theorem 3.1,

Var (”fTTRP(x)”;) =E [”fTTRP(x)”;] - [E[HfTTRP(x)Hz]]Z

L )
=E [H\/_ﬂy J — Ilxll;
=ﬁﬁWW—MG (28)
1 M
= [Zl Ely' ()] + ;E[vz(i)yz(i)]} — llxI, (29)

where note that E[y*()y*(j)] # E[*()]E[)*(j)] in general and a simple example can be found in
Appendix A.

We compute the first term of the right hand side of Eq. (29),
ED;4(I)] - E[@(Zh cee ld) ® @(l.la sy i(i) ® @(ila DY ld) ® @(ils R ld)] (30)
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=E[[Z () @ Z() @ % () @ Z(i)]- - - [Zi(i) @ Zi(iy) @ Y1) @ Zi(in)]] (31)
= E[Z1(i) ® Z(i) @ #1(i) @ Z1(i)] - - - E[Z(i) @ (i) @ (i) @ Z(ia)], (32)

where y(i) = # (i, ..., i), applying Eq. (3) to Eq. (30) obtains Eq. (31), and we derive Eq. (32) from
Eq. (31) by the independence of TT-cores {Z,}_,.

Considering the k-th term of the right hand side of Eq. (32), fork = 1,...,d, we obtain that
E (%) ® (i) @ %(i) @ %1.(i))]

Jk Jk

—E {Z i) ® %(ﬁ)} ® {Z Buic.ji) ® 2:G)

® | D Hulivsfi) ® %(h)} ® {Z K iisJi) © %(ﬁ)} (33)

Jk Jk

=B Zulicsj) 2001 ® [ Rilis i) 23]

Tk Tk

® [ Hilinj) (0] ® [ HulivsjO) 23 GO]] (34)

Jk Jk

Jk

=E [Z R} i, j) Z:G0) © Z3Gi) ®@ Zi(iy) ® %(ﬁ)}

+E | D B 00j) R in] ) Zii) ® 23(G) @ 23 ) ® Zi(f)
| Ji# k _

+E | D B 00j) R ] ) 22 ® 23() ® Zi() @ Zi(f)

|k k _
+ E z %/f(ikajk)%/f(ikaj/k)%c(].k) ® '%;((]./k) ® ‘%l.c(].,k) ® r%/.k(jk) (35)
| ik

=AD" 2500 ® 2:3) ® Z:(i) ® 2 + D Zili) ® Zi() ® Zi( ) ® 2

Jk I# ke
+ D 260 ® 2. © 2:() ® Zi() + D 2 ® 21 ® i) ® 21, (36)
Jc# & Tk ke

where we infer Eq. (34) from Eq. (33) by scalar property of Z,(i.,j.), Eq. (35) is obtained by Eq. (4)
and the independence of TT-cores {Z%,}{_,, and denoting the fourth moment A: = E[Z} (i, /i)], we
deduce Eq. (36) by the assumption E[Z}(i\, /)] = 1,fork=1,...,d.
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Substituting Eq. (36) into Eq. (32), it implies that
E[@“(il, o id)]

=[aD 260 @ 2160 ® 21G) ® 21G) + D 20 ® Z:G) ® 2G) ® 21

il N#)
+3 200 ® 210D ® 2 ® £ + > 210 ® 25D ® () ® £:G)]
N#h i1#h

(A 2000 ® 2060 © 2160 ® ) + D 24 ® 23 © 21 ® 2.7
Jd Jd #j:[
+ 3 2000 ® 20D ® 210 © ZiG) + D Zali) ® L) ® L) © 2.

Ja#iy Ja#iy

SNEZL%m®£wm&%m®£wﬂ~[%wwwww®£m»®%mﬂ

J1sdd

+ AT Cmax| [‘%(7') ® 210 ® 2100 @ ‘%(71)] o

T oedfc Pl dd

[%@@%@@%@@%@}[%@@%@@%@@%mﬂ

+atCmax|l DT [ 2160 ® 216D © 2160 ® 261 -+

Tk Elpeidd

[%w®%w®%w®%w}[%W®%@®%@®%wﬂ

+aricimax| > [2i0) @ 260 © 2160 @ 2160+

J ek rdd

(#1000 ® 26 © 26 © 21G0) -+ [ 2100 © 2160 © 2160 ® 7160 | + (7)
< A 20 nj) F3ATCImax] Y 2 G o) X G S J) T
T J1odkE o
(38)
<A |x|l} 4+ 3(n — DAT'CINA* + 33 (n— 1) A CNA* + -+ 3 (n— D'Na*
<(A+3(n—1)'N.a*, (39)

where denoting .#: = max._,_y |x(i)|,n = max{n,,n,,...,n,}, we derive Eq. (38) from Eq. (37) by
Eq. (3).

Similarly, the second term E[y*(i)y*(j)] of the right hand side of Eq. (29), for i # j,v(i) =
(i1, by ..y 0g) V() = (0,1, ...,1,),1s obtained by
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Ely*()y* ()]
=E[Z>) @ %) @ %) @ % ()] - E[%3G,) @ %) @ Z(i'y) & Z(i' )] (40)

If i, #i,fork =1,...,d, then the k-th term of the right hand side of Eq. (40) is computed by
E[%(i) ® % (i) @ %) @ Z(i'0)]

=E HZ %(z’k,m%m)} ® {Z %(z'k,ju%(fk)}

Jke Tk

® [Z%(im)%m)} ® {Z %(i/k,j,aﬂ(ik)ﬂ

Jk Jk

=E {Z R s J R (i) 23 Ge) ® 25G) © Zi(i) ® %(ﬁ)}

Jk

Jic# k

+E [Z BV 0] D XG0 ® 23() ® 2 ) ® %(ﬁ)}

= > 200 ® 2iG) ® 2iG) ® ZiG) + D Zi(i) ® Zi() ® Zi() ® Zi(f). (41)
k WKHk
Supposing that i, = 7,,...,i #1i,,...,i; = i, and substituting Eqs. (36) and (41) into Eq. (40), we
obtain

E[y()y'()]
=E[ %) ® (i) ® %) @ Z(1)| - B[ 2 © %) © %) ® %) ] -+
B[ 2400 ® %i(i) ® %i(i) ® %)

=[aD 260 @ 2160 ® 21G) ® 21G) + D 21 ® Z:G) ® 2G) ® 21

i 7,
£ 2060 @ L) ® 21G) © 230G + X 2100 ® L) ® Zi() ® 2G|
J1#1 Nn#

[ X 20 ® 260 ® 2i60 © 2160 + X 260 © 260 © 2iG) ® 2G|

Jk iy,
(A 2000 ® 2060 © 2160 ® G + D 210G @ ZiG) © 21 ® 247
Jd Ja#,

02000 ® 230 ® 230G ® ZiG) + D, 2l ® 24 ® 2i) © 2 |

Ja#ily Ja#iy
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<n(A+3mn—1)"'N.#*. (42)

Similarly, if fork € S € {1,...,d},|S| =1, i, # i, and for k € S, i, = i, then
E[y* )y’ (D] < n'(A +3(m— D)'N.#*. (43)

Hence, combining Eqs. (42) and (43) gives

SENVOY ()] < M[Cim—Dn(A+3n—1)""+-- + Cim — D)'n'(A+3(n— 1))
i#i (44)
+ -+ Clim — D)'nIN#*,
where m = max{m,, m,, ..., m,}.
Therefore, using Eqs. (39) and (44) deduces
Ellylil < M(A +3m— 1)) + Cim — DHn(A +3n— 1) + -+ Clm — 1)'n’IN.#*
=M(m—Dn+A+3n—-1)'Na* (45)
= M(A+n(m+2)—3)'Na*.
In summary, substituting Eq. (45) into Eq. (28) implies
M(A +n(m+2) —3)'N.a*
| M
< 7 (A+nom+2)— )N |Ix]| .

4
= =l

Var(”fTTRP(x) ||§) = (46)

One can see that the bound of the variance Eq. (46) is reduced as M increases, which is expected.
When M = m? and N = n“, we have

A+2n—3

Var(|frrp(0)115) < ( +n) Nt — |x|s. (47)

Note that as m increases, the upper bound in Eq. (47) tends to (N2.#*— || x||3) > 0, and this upper
bound vanishes as M increases if and only if x(1) = x(2) = ... = x(&V). Also, the upper bound in
Eq. (46) is affected by the fourth moment A = E[%Z} (i, )] = Var(Z, (i\, ji.)) + [E[Z; (ir, j)]]’- To keep
the expected isometry, we need E[%; (i, )] = 1. Note that when the TT-cores follow the Rademacher
distribution, i.e., Var(%; (is,ji)) = 0, the fourth moment A in Eq. (46) achieves the minimum. So, the
Rademacher distribution is an optimal choice for generating the TT-cores, and we set the Rademacher
distribution to be our default choice for constructing TTRP (Definition 3.1).

Proposition 3.1. (Hypercontractivity [35]) Consider a degree ¢ polynomial f(Y) = f (Y,,..., Y,)
of independent centered Gaussian or Rademacher random variables Y, ..., Y,. Then for any A > 0

)\'2 %
PAf(Y) —Ef (NI =2) <€ -exp [_(W[}‘(Y)]) } ’

where Var([f(Y)]) is the variance of the random variable f(Y) and K > 0 is an absolute constant.
Proposition 3.1 extends the Hanson-Wright inequality whose proof can be found in [35].

Proposition 3.2. Let f;z,: RY — RY be the tensor train random projection defined by Eq. (17).
Suppose that for i = 1,...,d, all entries of TT-cores %, are independent standard Gaussian or
Rademacher random variables, with the same fourth moment A and .#: = max._, _y |x(@)|,m =
max{m,,m,,...,m;},n = max{n,, n,,...,n,;}. For any x € R", there exist absolute constants C and
K > 0 such that the following claim holds
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L

2 2 2 M- “
P(1 WO = 16131 = & [1x]3) < Cexp —(K. [(A+n(m+;_3)dN_M])

Proof. According to Theorem 3.1, E ||f77zp(x) ||§ = ||x||§. Since ||f77zp(X) ||§ is a polynomial of degree
2d of independent standard Gaussian or Radamecher random variables, which are the entries of TT-
cores Z;, fori =1,...,d, we apply Proposition 3.1 and Theorem 3.2 to obtain

& x|
P( frrar ) — 1121 > & %12 < € - exp | —
B : K - Var (Ifrrer @)1

N‘,__
Y

82

< e -exp

1 M
K-|—=(A+nm+2)—3)'N —1i|
[M (B0

<e-exp| — M. e :
- P K-[(A+nm+2)—3)'N— M|

<Cexp| — M. & !
- P K-[(A+nm+2)—3)'N—M] ’

We note that the upper bound in Proposition 3.2 is not tight, as it involves the dimensionality of
datasets (V). To give a tight bound independent of the dimensionality of datasets for the corresponding
concentration inequality is our future work.

The procedure of TTRP is summarized in Algorithm 2. For the input of this algorithm, the TT-
ranks of Z (the tensorized version of the projection matrix R in Eq. (17)) are set to one, and from our
above analysis, we generate entries of the corresponding TT-cores {%,}{_, through the Rademacher
distribution. For a given data point x in the TT-format, Algorithm 2 gives the TT-cores of the
corresponding output, and each element of f;;x,(x) in Eq. (17) can be represented as

Srrre(X) (D) = frore(X) V(D) = frore(X) (i1, ..., 1) = \/LM%(ZI) (i),

where v is a bijection from N to N,

4 Numerical Experiments

We demonstrate the efficiency of TTRP using synthetic datasets and the MNIST dataset [36]. The
quality of isometry is a key factor to assess the performance of random projection methods, which in
our numerical studies is estimated by the ratio of the pairwise distance:

2 ||fTTRP(x(i)) — frrrr(x?) ”2
ny(ny — 1) Z (48)

lx® — x] ’

ny=i>j
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where 7, is the number of data points. Since the output of our TTRP procedure (see Algorithm 2)
is in the TT-format, it is efficient to apply TT-format operations to compute the pairwise distance
of Eq. (48) through Algorithm 1. In order to obtain the average performance of isometry, we repeat
numerical experiments 100 times (different realizations for TT-cores) and estimate the mean and the
variance for the ratio of the pairwise distance using these samples. The rest of this section is organized
as follows. First, through a synthetic dataset, the effect of different TT-ranks of the tensorized version
Z of R in Eq. (17) is shown, which leads to our motivation of setting the TT-ranks to be one. After
that, we focus on the situation with TT-ranks equal to one, and test the effect of different distributions
of TT-cores. Finally, based on both high-dimensional synthetic and MNIST datasets, our TTRP are
compared with related projection methods, including Gaussian TRP [16], Very Sparse RP [14] and
Gaussian RP [30]. All results reported below are obtained in MATLAB with TT-Toolbox 2.2.2 (https://
github.com/oseledets/TT-Toolbox).

Algorithm 2: Tensor train random projection
Input: TT-cores %, (ir,j.) of R, and TT-cores Z, of x,fork =1,...,d.
l: fork=1:ddo

2: fori, =1:m,do
3

3: Compute %, (i) = > (% (i, i) @ Zi (). > O(ni?) by Eq. (9)
Jk=1

4: end for

5: end for

Output: TT-cores %M@l L.

4.1 Effect of Different TT-Ranks

In Definition 3.1, we set the TT-ranks to be one. To explain our motivation of this settting, we
investigate the effect of different TT-ranks—we herein consider the situation that the TT-ranks take
ro=r1r,=1,r=r,k=1,...,d — 1, where the rank r € {1,2,...}, and we keep other settings in
Definition 3.1 unchanged. For comparison, two different distributions are considered to generate the
TT-cores in this part—the Rademacher distribution (our default optimal choice) and the Gaussian
distribution, and the corresponding tensor train projection is denoted by rank-r TTRP and Gaussian
TT, respectively. To keep the expected isometry of rank-r TTRP, the entries of TT-cores %, and %,
are drawn from 1/r'* or —1/r"* with equal probability, and each element of %,k = 2,..,d — 1 is
uniformly and independently drawn from 1/r"? or —1/r'2. For Gaussian TT, %, fork =2,...,d — 1
and k = 1, d are drawn from .#(0, 1) and .4(0, %), respectively.

Two synthetic datasets with dimension N = 1000 are generated (the size of the first one is n, = 10
and that of the second one is n, = 50), where each entry of vectors (each vector is a sample in the
synthetic dataset) is independently generated through .#7(0, 1). In this test problem, we set the reduced
dimension to be M = 24, and the dimensions of the corresponding tensor representations are set to
m =4,m =3, m =2andn =n =n, = 10 (M = mm,m, and N = n,n,n,;). Fig. 2 shows the
ratio of the pairwise distance of the two projection methods (computed through Eq. (48)). It can be
seen that the estimated mean of ratio of the pairwise distance of rank-r TTRP is typically more close
to one than that of Gaussian TT, i.e., rank-r TTRP has advantages for keeping the pairwise distances.
Clearly, for a given rank in Fig. 2, the estimated variance of the pairwise distance of rank-r TTRP is

t=

smaller than that of Gaussian TT. Moreover, focusing on rank-r TTRP, the results of both the mean
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and the variance are not significantly different for different TT-ranks. In order to reduce the storage,
we only focus on the rank-one case (as in Definition 3.1) in the rest of this paper.

_.
S

1.1

3
[0] < ]
8 aussia §
© 7]
kY] a
0 1.05 [
2 )
2 S
z s
£ &
o [0)
o 1 £
< s % S 402
z T o 5
° o
2 5
T o
T 095t 5
5 “é W
c
3 g
= 3
0.9 . : . = 403 . . .
0 5 10 15 20 0 5 10 15 20
rank r rank r
(a) Mean, ng = 10. (b) Variance, ng = 10.
1.1 1071

o 3
e s
% 1.05 A
o @
© @ 102
2 2
Z S
g ot &
) R g 2
2 S
:é S
S £ 102 <
T 0.95
g CE ‘\‘\*/’\‘\‘/"\‘\‘/,f
= o
5 o
= (0]
3 2
3 3
= 0.9 L L L g 104 L L L

0 5 10 15 20 0 5 10 15 20

rank r rank r
(c) Mean, ng = 50. (d) Variance, ny = 50.

Figure 2: Effect of different ranks based on synthetic data (M = 24, N = 1000, m, = 4,m, = 3,m; =
2,}’21 =n, = I’l3 - 10)

4.2 Effect of Different TT-Cores

Two synthetic datasets are tested to assess the effect of different distributions for TT-cores,
whose sizes are n, = 10 and n, = 50, respectively, with dimension N = 2500, whose elements are
sampled from the standard Gaussian distribution. The following three distributions are investigated to
construct TTRP (see Definition 3.1), which include the Rademacher distribution (our default choice),
the standard Gaussian distribution, and the 1/3-sparse distribution (i.e., s = 3 in Eq. (2)), while the
corresponding projection methods are denoted by TTRP-RD, TTRP-.47(0, 1), and TTRP-1/3-sparse,
respectively. For this test problem, three TT-cores are utilized for m, = M /2, m, = 2,m; = 1 and
n, = 25,n, = 10, n; = 10. Fig. 3 shows that the estimated mean of the ratio of the pairwise distance
for TTRP-RD is very close to one, and the estimated variance of TTRP-RD is at least one order of
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magnitude smaller than that of TTRP-.4#7(0, 1) and TTRP-1/3-sparse. These results are consist with
Theorem 3.2. In the rest of this paper, we focus on our default choice for TTRP—the TT-ranks are set
to one, and each element of TT-cores is independently sampled through the Rademacher distribution.
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Figure 3: Three test distributions for TT-cores based on synthetic data (N = 2500)

4.3 Comparison with Gaussian TRP, Very Sparse RP and Gaussian RP
The storage of the projection matrix and the cost of computing Rx (see Eq. (17)) of our TTRP (TT-
ranks equal one), Gaussian TRPJI 6], Very Sparse RP [14] and Gaussian RP [30], are shown in Table 1,

where R € RN M = Hm,,N Hn m = max{m,, m,, .. .,n,}. Note

i=1

that the matrix R in Eq. (17) is tensorlzed in the TT-format, and TTRP is efficiently achieved by the
matrix-by-vector products in the TT-format (see Eq. (9)). From Table 1, it is clear that our TTRP has
the smallest storage cost and requires the smallest computational cost for computing Rx.

.,my} and n = max{n,, n,,..
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Table 1: The comparison of the storage and the computational costs

Gaussian RP Very sparse RP Gaussian TRP TTRP
Storage cost O(MN) O(M~/N) O(dMn) O(dmn)
Computational cost O(MN) O(M~/N) O(MN) O(dmni?)

Two synthetic datasets with size n, = 10 are tested—the dimension of the first one is N = 2500
and that of the second one is N = 10*; each entry of the samples is independently generated through
A(0,1). For TTRP and Gaussian TRP, the dimensions of tensor representations are set to: for
N = 2500, we set n, = 25,n, = 10,n;, = 10,m, = M/2,m, = 2,my; = 1; for N = 10*, we
setn, = n, = 25 n, =n, = 4,m = M/2,m, = 2,m; = 1,my, = 1, where M is the reduced
dimension. We again focus on the ratio of the pairwise distance (putting the outputs of different
projection methods into Eq. (48)), and estimate the mean and the variance for the ratio of the pairwise
distance through repeating numerical experiments 100 times (different realizations for constructing the
random projections, e.g., different realizations of the Rademacher distribution for TTRP).

Fig. 4 shows that the performance of TTRP is very close to that of sparse RP and Gaussian
RP, while the variance for Gaussian TRP is larger than that for the other three projection methods.
Moreover, the variance for TTRP basically reduces as the dimension M increases, which is consistent
with Theorem 3.2. To be further, more details are given for the case with M = 24 and N = 10* in
Tables 2 and 3, where the value of storage is the number of nonzero entries that need to be stored.
It turns out that TTRP with fewer storage costs achieves a competitive performance compared with
Very Sparse RP and Gaussian RP. In addition, from Table 3, for d > 2, the variance of TTRP is
clearly smaller than that of Gaussian TRP, and the storage cost of TTRP is much smaller than that of
Gaussian TRP.
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Figure 4: Mean and variance for the ratio of the pairwise distance, synthetic data

Table 2: The comparison of mean and variance for the ratio of the pairwise distance, and storage, for
Gaussian RP and Very Sparse RP (M = 24 and N = 10%)

Gaussian RP Very Sparse RP
Mean Variance Storage Mean Variance Storage
0.9908 0.0032 240000 0.9963 0.0025 2400

Table 3: The comparison of mean and variance for the ratio of the pairwise distance, and storage, for
Gaussian TRP and TTRP (M =24 and N = 10%)

Dimensions for tensorization Gaussian TRP TTRP
[my,...,m,] [, ...,14] Mean Variance Storage Mean Variance Storage
[6, 4] [100, 100] 0.9908  0.0026 4800 0.9884  0.0026 1000
[4, 3, 2] [25, 20, 20] 0.9747  0.0062 1560 0.9846  0.0028 200
[3,2,2,2] [10, 10, 10, 10] 09811  0.0123 960 0.9851  0.0035 90

Next the CPU times for projecting a data point using the four methods (TTRP, Gaussian TRP,
Very Sparse RP and Gaussian RP) are assessed. Here, we set the reduced dimension M = 1000, and
test four cases with N = 10, N = 10°, N = 2 x 10° and N = 10°, respectively. The dimensions of the
tensorized output is set to m;, = m, = m; = 10 (such that M = m,m,m;), and the dimensions of the
corresponding tensor representations of the original data points are set to: for N = 10*, n, = 25, n, =
25,n; = 16; for N = 10°, n, = 50, n, = 50, n; = 40; for N = 2 x 10°, n, = 80, n, = 50, n; = 50; for
N = 10°% n, = n, = n; = 100. For each case, given a data point of which elements are sampled from
the standard Gaussian distribution, the simulation of projecting it to the reduced dimensional space is
repeated 100 times (different realizations for constructing the random projections), and the CPU time
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is defined to be the average time of these 100 simulations. Fig. 5 shows the CPU times, where the results
are obtained in MATLAB on a workstation with Intel(R) Xeon(R) Gold 6130 CPU. It is clear that
the computational cost of our TTRP is much smaller than those of Gaussian TRP and Gaussian RP
for different data dimension N. Note that as the data dimension A increases, the computational costs
of Gaussian TRP and Gaussian RP grow rapidly, while the computational cost of our TTRP grows
slowly. When the data dimension is large (e.g., N = 10° in Fig. 5), the CPU time of TTRP becomes
smaller than that of Very Sparse RP, which is consistent with the results in Table 1.
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Figure 5: A comparison of CPU time for different random projections (M = 1000)

Finally, we validate the performance of our TTRP approach using the MNIST dataset [30].

From MNIST, we randomly take n, = 50 data points, each of which is a vector with dimension
N = 784. We consider two cases for the dimensions of tensor representations: in the first case, we
setm, = M/2,m, = 2,n, = 196,n, = 4, and in the second case, we set m;, = M/2,m, = 2,

ms; = 1,n, = 49,n, = 4,n; = 4. Fig. 6 shows the properties of isometry and bounded variance of
different random projections on MNIST. It can be seen that TTRP satisfies the isometry property
with bounded variance. Although Gaussian RP has the smallest variance (note that it is not based
on the tensor format), its computational and storage costs are large (see Fig. 5). It is clear that as the
reduced dimension M increases, the variances of the four methods reduce, and the variance of our
TTRP is close to that of Very Sparse RP.
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5 Conclusion

Random projection plays a fundamental role in conducting dimension reduction for high-
dimensional datasets, where pairwise distances need to be approximately preserved. With a focus
on efficient tensorized computation, this paper develops a tensor train random projection (TTRP)
method. Based on our analysis for the bias and the variance, TTRP is proven to be an expected
isometric projection with bounded variance. From the analysis in Theorem 3.2, the Rademacher
distribution is shown to be an optimal choice to generate the TT-cores of TTRP. For computational
convenience, the TT-ranks of TTRP are set to one, while from our numerical results, we show that
different TT-ranks do not lead to significant results for the mean and the variance of the ratio of
the pairwise distance. Our detailed numerical studies show that, compared with standard projection
methods, our TTRP with the default setting (TT-ranks equal one and TT-cores are generated through
the Rademacher distribution), requires significantly smaller storage and computational costs to
achieve a competitive performance. From numerical results, we also find that our TTRP has smaller
variances than tensor train random projection methods based on Gaussian distributions. Even though
we have proven the properties of the mean and the variance of TTRP and the numerical results show
that TTRP is efficient, the upper bound in Proposition 3.2 involves the dimensionality of datasets
(N), and our future work is to give a tight bound independent of the dimensionality of datasets for the
concentration inequality.
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Appendix A
Example for E[y*()y*()] # E’)IED()]. i # .

If all TT-ranks of tensorized matrix R in Eq. (17) are equal to one, then R is represented as a
Kronecker product of d matrices [29],

R=R ®R,® --®R, (49)
where R, € R™*" fori=1,2,..,d, whose entries are i.i.d. mean zero and variance one.

Wesetd =2,m =m, =n, =n, =21in Eq. (49), then
y=Rx= (R, Q@ R,)x, (50)

where

_ a, a, _ G G
vl bl e-la il

Substituting x: = [x(1) x(2) x(3) x(4)]" and y: = [y(1) y(2) y(3) y(4)]" into Eq. (50), we obtain

y(D ajc;x(1) + a,e,x(2) + a,¢,x(3) + a,c,x(4)
Yy | _ ayd,x(1) + a,dr,x(2) + a,d, x(3) + a,d,x(4) 51
y3) | | bicix(1) 4+ bie;x(2) + by, x(3) + bye,x(4) | b

yé) bid,x(1) + b,drx(2) + brd, x(3) + b,d,x(4)
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Applying Eq. (51) to cov(p*(1),y*(3)) gives
cov(y*(1),»*(3))
= cov ((@e.x(1) + a,6,x(2) + a,¢,x(3) + a,6,x(4))’, (bie,x(1) + by 2x(2) + by, x(3) + brerx(4)))
= cov (a;c;x(1)’ + @;3x(2)" + &ix(3) + dcax(4), bieix (1) + b1ax(2)” + bieix(3)” + bicix(4))
+ cov (2ajc,6:x(1)x(2) + 2a3¢,¢,x(3)x(4), 2b;¢ ¢, x(1)x(2) + 2bc1¢,x(3)x(4))
= (x(1)" +x(3)’) var(e}) + (x(2)” + x(4)’) var(c) + 4(x(1)x(2) + x(3)x(4))var(c,c,)
= (x(1)* 4+ x(3)) var(&) + (x(2)" + x(#)?) var() + 4(x(1)x(2) + x(3)x(#))* > 0, (52)
and then Eq. (52) implies E [y*(1)y*(3)] # E[p*(D]E[y*(3)].
Generally, for some i # j, E[y*(0)y* (/)] # Ey*(D]EL()].
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