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ABSTRACT

By adding copper to increase the performance, the Ni-Ti-Cu Shape Memory Alloy (SMA), has been widely used
in the field of engineering in recent years. A thermodynamic constitutive model for Ni-Ti-Cu SMA considering
different copper contents is established in this work. Numerical results for two different copper contents, as
examples, are compared with the experimental results to verify the accuracy of the theoretical work. Based on the
verified constitutive model, the effects of different copper content on the mechanical properties of Ni-Ti-Cu SMA
and the tensile and compressive asymmetric properties of Ni-Ti-Cu SMA are finally discussed, respectively.
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1 Introduction

Shape memory alloy (SMA), as a type of functional material, has been developed since 1963,
due to its superior properties and broad application prospects, which have attracted wide attention
from experts and scholars. At present, there are three categories of the SMA that have been
put into application [1], the Ni based, the Copper based and the stainless steel based. The Ni-
based SMA, especially the NiTi SMA shows excellent properties such as Shape Memory Effect
and superelastic [2,3], damping characteristics [4,5], corrosion resistance [6–8] and biocompatibility
[9,10]. Based on these characteristics, Ni-based SMA has been widely used in aerospace, machin-
ery, chemical, electronics and medical fields [11–13].

In the past few years, the published work on Ni-based SMA has been mainly focused on
the fatigue behaviors, the superelasticity, the corrosion resistance, and mechanical behavior under
tension and compression conditions. The results show that by changing the contents of various
elements in the alloy or adding a small amount of the rare elements, the performance of such
alloy can be improved [14–16]. The research of adding copper to improve the performance of Ni-
based SMA through experimental methods has attracted more and more attention from scholars
in recent years. Hakan et al. have studied the effect of Cu addition on microstructure and

This work is licensed under a Creative Commons Attribution 4.0 International License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

http://dx.doi.org/10.32604/cmes.2022.019226


1602 CMES, 2022, vol.131, no.3

mechanical properties of Ni-based SMA [17]. Musa et al. have studied the effect of Cu addition
on porous NiTi SMAs produced by self-propagating high-temperature synthesis [18]. Shelyakov
et al. have studied the formation of structure of Ti-Ni-Cu alloys with high copper contents planar
flow casting [19]. Chernysheva et al. have studied the effect of local atomic and crystal structure of
rapidly quenched Ti-Ni-Cu shape memory alloys with high copper contents [20]. However, most
of the above work focused on experimental testing and mechanical performance characterization,
and there is little research on its theoretical work.

As for the researches on the Ni-Ti-Cu SMA, the experimental work was published by Li
et al. [21]. For different copper contents, the material parameters including the Young’s modulus,
the coefficient of thermal expansion and the critical transformation temperatures for the Ni-Ti-
Cu SMA are all given. By combining such experimental results and the published constitutive
model of the NiTi SMA, a thermodynamic constitutive model for Ni-Ti-Cu SMA considering
the effect of the copper contents is established in this work. The numerical results for Ni-Ti-Cu
SMA considering the effects of different copper contents and tension-compression asymmetry are
discussed, respectively.

2 The Constitutive Model of the Ni-Ti-Cu SMA

Similar to the existing constitutive model for NiTi SMA in the literature [22], the constitutive
relation of Ni-Ti-Cu SMA can also be expressed as

ε = S� : σ+α� (T −T0)+εt (1)

where σ and ε are the stress and strain of the Ni-Ti-Cu SMA, respectively, εt is the transformation
strain, T is the current temperature, and T0 is the temperature in the reference state. The subscript
� indicates that parameter of Ni-Ti-Cu SMA. S� and α� are the elastic stiffness tensor and the
coefficient of thermal expansion tensor of the Ni-Ti-Cu SMA, which can be described as
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where SA
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and SM
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are the elastic compliance tensors of the austenite phase and the martensite

phase of the Ni-Ti-Cu SMA, respectively. αA
�

and αM
�

are the coefficient of thermal expansion
tensors for the austenite phase and the martensite phase of the Ni-Ti-Cu SMA, respectively. ξ is
the martensite volume fraction, according to the existing literature [23], which can be expressed
as
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where σ eff = √
3J2, σ eff is the average effective stress and J2 is the second deviatoric stress

invariant. CA
�

and CM
�

are the stress influence coefficient of austenite and martensite phase of

the Ni-Ti-Cu SMA. Ms
�
, Mf

�
, As

�
and Af

�
are the critical phase transition temperatures for the
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Ni-Ti-Cu SMA. The two material constants aA
�

and aM
�

are described as aA
�
= π/
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According to the existing literature [24], the � can be expressed as
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where � is the transformation tensor. H� is the maximum transformation strain, σ eff ′ = σ eff −
1
3 tr

(
σ eff

)
, σ eff =

(
3σ eff ′ : σ eff ′/2

)1/2
, εt = (

2εt : εt/3
)1/2, σ eff is the effective stress, σ eff ′ is the

second deviatoric stress, σ eff is the average effective stress, εt is the effective strain, εt is the
transformation strain [24], and can be expressed as

εt =�ξ (7)

The experimental data of the material parameters for Ni-Ti-Cu SMA considering the influence
of copper contents has been reported by Li et al. [21]. The results show that the parameters for
the Ni-Ti-Cu SMA are all approximately proportional to the corresponding parameters for the Ni-
Ti SMA. In order to establish the variation relation between Ni-Ti-Cu SMA material parameters
and Ni-Ti SMA material parameters with the increase of copper contents, a correction function
is provided. It can be obtained by

Dcui = kiDi (i= 1∼ 8) (8)

where the subscript i indicates eight material parameters, namely S, α, C, H, Mf , Ms, As and
Af . Dcui are the material parameters of Ni-Ti-Cu SMA. ki are the influence parameters of copper
contents on Ni-Ti-Cu SMA material, Di are the material parameters of Ni-Ti SMA.

Then, when these material parameters are given, the stress-strain relationship for Ni-Ti-Cu
SMA considering different copper contents can be obtained by Eqs. (1), (4), (5), (7) and (8).

It has been reported in several published literatures that the macroscopic transformation strain
of SMA is only related to the second deviatoric stress invariant, which can effectively capture
the thermodynamics behaviors of the SMA. However, in order to further simulate the overall
mechanical behavior of SMA, it is also necessary to model the tension-compression asymmetry.
Therefore, in order to consider the tension and compression asymmetry, the J2−J3 theory is used
to calculate the effective stress, which can be described as [25]

�̂
(
σ eff

)
:= η�

(√
3J2+ ν�

J3
3J2

)
(9)

where J2 = 1
2σ

eff ′ : σ eff ′ =: 12

∥∥∥σ eff ′
∥∥∥2 is the second deviatoric stress invariant, and J3 =Det

(
σ
eff ′
m

)
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which is similar to the Ni-Ti SMA, can be presented as [25]
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where σ�

Mc and σ�

Mt are the threshold transformation stress of the Ni-Ti-Cu SMA under uniaxial
compression and uniaxial tension, respectively.

The effective stress σ
eff
m considering the tensile compressive asymmetry can be obtained by

substituting Eq. (9) into Eq. (8). Then, the effective stress σ
eff
m , can be presented as
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Then, when these material parameters are given, the stress-strain relationship for Ni-Ti-Cu
SMA under consideration of tensile-compression asymmetry can be obtained by Eqs. (1), (4), (5),
(7) and (11).

3 Numerical Result

3.1 Ni-Ti-Cu SMA Considering Different Copper Contents
3.1.1 Material Parameters

In order to consider the effects of the copper contents, parametric equations for the effect of
copper content on material parameters (e.g., Young’s modulus, critical phase transition tempera-
ture, maximum phase transition strain, stress effect coefficient) are introduced into the published
constitutive model of the shape memory alloys to obtain the correction model for Ni-Ti-Cu SMA
with different copper contents. As for the maximum phase transition strain, the cumulative effect
of different cycles should be considered.

The material parameters of Ni-Ti-Cu SMA considering the influence of copper contents can
be obtained by substituting the material parameters of Li et al. [21] obtained through experiments
into Eq. (8), which can be shown in Table 1.

Table 1: Parameters after being fitted of experimental samples with different copper contents [21]

Mf/◦C Ms/◦C As/◦C Af /◦C EA/MPa EM/MPa H/% CM
(
MPa.◦C−1

)
Ti-50.8Ni −48.8 −17.11 −8.4 13.9 31000 28000 10.3 6.47
Ti-49.8Ni-1Cu −44.9 −9.2 1.3 19 32000 27800 10.4 6.98
Ti-46.8Ni-4Cu −33.2 1.3 8.3 27.1 34000 27000 9.9 8.46
Ti-43.8Ni-7Cu −23.5 11.8 17.9 35.2 35100 26900 9.7 10.85
Ti-40.8Ni-10Cu 2.8 19.5 26.8 42.6 35000 26700 9.7 17.78

The initial temperature of the material cannot be obtained from Li et al. [21], so assume that
T = T0. Substituting the material parameters shown in Table 1 into Eqs. (4), (5), when ξρ = 0
or ξρ = 1, respectively, the four curves of the critical temperature and the stress of the Ni-Ti-Cu
SMA considering different copper contents are obtained, and the results are shown in Fig. 1.

As seen from Fig. 1, for (a)∼(f) under no-stress, Mf , Ms, As and Af increase gradually with
the increase of copper contents. Fig. 1d describes the predicted critical stress vs. temperature curve
for Ti-45.8Ni-5Cu SMA. The critical temperatures of Ti-45.8Ni-5Cu SMA obtained by critical
temperature correction function Dcui (i= 5∼ 8) are: Mf =−29.1◦C, Ms = 5.4◦C, As= 10.9◦C, and
Af = 29.8◦C.
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Figure 1: The relationship between the critical stress and temperature of Ni-based SMA with
different copper contents (a) Ti-50.8Ni, (b) Ti-49.8Ni-1Cu, (c) Ti-46.8Ni-4Cu, (d) Ti-45.8Ni-5Cu,
(e) Ti-43.8Ni-7Cu, (f) Ti-40.8Ni-10Cu

Then, the accuracy of the Ni-Ti-Cu SMA constitutive model considering the copper contents
in the second part need to be verified to ensure that the mechanical properties of Ni-Ti-Cu SMA
are further studied under the correct constitutive. And the theoretical models of Ti-50.8Ni SMA
and Ti-40.8Ni-10Cu SMA are selected for comparison with experiments. Based on the experiment
results, assume that T =T0 = 25◦C. When ξρ = 0 and ξρ = 1, substituting the material parameters
of Ti-50.8Ni SMA and Ti-40.8Ni-10Cu SMA in Table 1 into Eqs. (4), (5), the critical stress of
Ti-50.8Ni SMA and Ti-40.8Ni-10Cu SMA can be obtained. The results can be shown in Table 2.
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Table 2: Critical stress of Ni-Ti-Cu SMA

σMst/MPa σMft/MPa σAst/MPa σAft/MPa

Ti-50.8Ni 344.65 456.42 215.76 81.21
Ti-40.8Ni-10Cu 219.28 540.82 — —

3.1.2 Mechanical Properties
According to the theoretical derivation in Part 2, the martenite volume fraction can be cal-

culated by Eqs. (4)–(6), and the transformation strain can be calculated by Eqs. (6), (7), then the
stress stain relationship for the material can be obtained by Eqs. (1)–(3) with the corresponding
material parameters in Table 1 and critical phase transformation stress in Table 2. The model
in this work can be used to simulate such behaviors of the SMA materials considering the
different Cu contents. In order to verify the correctness of the model, as examples, the theoretical
results for the cases with Ti-50.8Ni, and Ti-40.8Ni-10Cu are modeled and compared with the
experimental results in Fig. 2. For the case of Ti-50.8Ni SMA, because the current temperature
is higher than the Af , the material exhibits pseudo elasticity, and as for the case of Ti-40.8Ni-
10Cu, due to the current temperature is lower than the As, there is no reverse phase transition
happening.
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Figure 2: Comparison of theory and experiment under uniaxial tension (a) Ti-50.8Ni, (b) Ti-
40.8Ni-10Cu

As shown in Fig. 2, the dotted curve represents the experimental data for the uniaxial com-
pression case published by Li et al. [21]. The solid line is the result of the simulation under
uniaxial tension. As shown in the Fig. 2, there are still some differences between the predicted
curves and the experimental results. Two main reasons can be analyzed for the preliminary. First,
it may be part of the plastic deformation during the phase transition, which is not studied in
this work. Secondly, the selected experimental data is obtained by Li through the cyclic loading-
unloading process. According to the existing references, the accumulated residual strain during the
cycle is relatively large, which conveys that as the number of cycles increases, the residual strain
increases rapidly at the beginning and the residual strain tends to be saturated after reaching
a certain number of cycles. This cumulative increase in residual strain can be attributed to the
dislocation slip of retained martensite and austenite during the cyclic deformation process [26,27].
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Based on the verified constitutive model, the effect of different copper contents on mechanical
properties of Ni-Ti-Cu SMA, and for different copper contents, the properties of Ni-Ti-Cu SMA
considering tension and compression asymmetry will be discussed then, respectively.

For the shape memory effect of SMA, both external load and temperature play a vital role. At
a constant temperature, a tensile stress σ is applied to the SMA material. According to the existing
literature [23], when σ < σ s(σ s is the starting stress of martensitic transformation), the martensitic
transformation has not yet started and material deforms elastically. When σ f < σ < σ s(σ f is the
martensitic transformation completion stress), the SMA material is in the martensitic transforma-
tion process. When σ > σ f , the martensite transformation is completed and elastic deformation
starts.

Then keeping the temperature constant and unloading SMA material. According to Fig. 1,
in the temperature range of σ s′ < 0(σ s′is the beginning stress of the reverse phase transition), the
unloading process is a completely elastic process with no reverse phase transformation.

After completely unloading, keep σ = 0 unchanged, and the material is not restricted by the
outside environment, then heat the material (T0 →T ,T >T0). When T0 < As, the reverse phase
transformation has not yet started, and the material is elastically deformed. When As < T0 <Af ,
the material is in the reverse phase transition process. When Af < T0, reverse phase transition is
completed.

With the increase of copper contents, the stress-strain relation of Ni-Ti-Cu SMA at different
initial temperatures are further studied to obtain the influence of copper contents on the stress and
strain of Ni-Ti-Cu SMA. According to the curves of the critical stress and temperature of Ni-Ti-
Cu SMA shown in Fig. 1, the initial temperature that satisfies the above three temperature ranges
(T0 < As, As < T0 < Af , Af < T0) is selected respectively. Substituting the selected temperatures
and the parameters shown in Table 1 into Eqs. (1), (4), (5) and (7), the stress-strain curves at
different initial temperatures can be obtained, as shown in Fig. 3.

Fig. 3 shows the stress-strain relation of Ni-Ti-Cu alloys with different contents at different
initial temperatures. It can be seen that different copper contents and different initial temperatures
have different effects on the mechanical properties of Ni-Ti-Cu alloys. When the copper contents
are constant, Ni-Ti-Cu alloys have different mechanical properties at different initial temperatures.
When the initial temperature is between Ms and As, the deformation cannot be recovered after
unloading. When the initial temperature of the SMA material is in the range of As to Af during
loading and unloading, part of the inelastic deformation after unloading can be restored by itself
without heating, but there are still some inelastic deformations that cannot be restored. When
the initial temperature of the SMA material during loading and unloading is higher than Af ,
all deformation after being completely unloaded can be fully recovered without heating, which
shows the complete superelasticity of the SMA material. Fig. 3d shows the predicted stress-strain
relation of Ni-45.8Ti-5Cu alloy at different initial temperatures.

In order to further study the effect of copper contents on the mechanical properties of Ni-Ti-
Cu SMA at the same initial temperature, the initial temperature of 25◦C and 45◦C are selected as
the examples, then the stress-strain relation of the Ni-Ti-Cu SMA with different copper contents
are given by Fig. 4.
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Figure 3: Stress-strain relationship of Ni-Ti-Cu alloys containing at different initial temperatures
(a) Ti-50.8Ni, (b) Ti-49.8Ni-1Cu, (c) Ti-46.8Ni-4Cu, (d) Ti-45.8Ni-5Cu, (e) Ti-43.8Ni-7Cu, (f) Ti-
40.8Ni-10Cu

As shown in Fig. 4, at the same initial temperatures 25◦C or 45◦C, the copper contents have
an effect on the mechanical properties of Ni-Ti-Cu SMA. Under the initial temperature of 25◦C,
when the copper contents are less than 1%, Ni-Ti-Cu alloy is completely superelastic. When the
copper contents are greater than 4% and less than 10%, Ni-Ti-Cu SMA is partially superelastic.
When the copper contents are greater than 10%, the Ni-Ti-Cu SMA does not undergo reori-
entation. As shown in Fig. 4b, when the initial temperature of the Ni-Ti-Cu SMA is 45◦C, all
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Ni-Ti-Cu SMA with different copper contents can be fully recovered without heating after being
completely unloading, showing the complete superelasticity of the material.
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Figure 4: Stress-strain curve at the same initial temperatures 25◦C (a) and 45◦C (b)

3.2 Ni-Ti-Cu SMA Considering Tension and Compression Asymmetry
3.2.1 Material Parameters

The developed theory of Part 2 will be applied in modeling the constitutive response of the
SMA considering the tensile-compressive asymmetry. SMA under uniaxial load is usually studied,
so it is difficult to analyze its phase distribution under different loads. In this work, the case of

uniaxial loads is analyzed. At isothermal conditions, the uniaxial load is
∑

ij =
[
00

∑
33 000

]T . For
SMA, we assumed that the isotropic Poisson’s ratio: νA = νM = ν.

In order to obtain the parameters η� and ν�, the critical stresses of the Ni-Ti-Cu SMA under
uniaxial tension and uniaxial compression are required. Therefore, through the same calculation as
the data in Table 2, the critical stress of Ni-Ti-Cu SMA during uniaxial tension can be obtained.
Then, the all material parameters are shown in Table 3.

Table 3: Parameters used in Ni-Ti-Cu SMA tensile calculation

EA/MPa EM/MPa σMst/MPa σMft/MPa σAst/MPa σAft/MPa Hmax t

Ti-50.8Ni 31000 28000 470.78 585.74 348.96 207.28 0.103
Ti-49.8Ni-1Cu 32000 27800 367.93 621.24 319.68 181.25 0.104
Ti-46.8Ni-4Cu 34000 27000 368.76 646.88 310.78 152.11 0.099
Ti-45.8Ni-5Cu 34500 27200 351.50 651.84 299.73 136.07 0.104
Ti-43.8Ni-7Cu 35100 26900 367.94 693.47 293.15 109.46 0.097
Ti-40.8Ni-10Cu 35000 26700 496.32 832.29 301.83 35.94 0.097

From Table 3, the material parameters required for uniaxial tension can be obtained. In
combination with the experimental data, it is assumed that the critical stress and maximum phase
transformation strain corresponding to the Ni-Ti-Cu SMA during uniaxial compression should
meet the conditions [28]: σc = 1.2σt,Hc = 0.5Ht.
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According to the above assumptions, the critical stress and maximum phase transformation
strain can be obtained separately by calculation. It is assumed that T = T0 = 25◦C, and under
uniaxial tension and uniaxial compression, the elastic modulus E and stress influence coefficient
CM of the material itself remain unchanged. Substituting the material parameters mentioned
above into Eqs. (4), (5) and (11), when ξρ = 0 and ξρ = 1, respectively, the critical temperatures
under uniaxial compression can be calculated, which are shown in Table 4.

Table 4: Predicted critical temperature of Ni-Ti-Cu SMA under uniaxial compression

Mf/◦C Ms/◦C As/◦C Af /◦C
Ti-50.8Ni −48.8 −17.11 −8.4 13.9
Ti-49.8Ni-1Cu −44.9 −9.2 1.3 19
Ti-46.8Ni-4Cu −33.2 1.3 8.3 27.1
Ti-45.8Ni-5Cu −47.3 −3.4 3.9 26.6
Ti-43.8Ni-7Cu −23.5 11.8 17.9 35.2
Ti-40.8Ni-10Cu 2.8 19.5 26.8 42.6

3.2.2 Mechanical Properties
Substituting the material parameters corresponding to uniaxial tension and uniaxial compres-

sion into the constitutive model of the second part, the stress-strain relation of the Ni-Ti-Cu SMA
considering the asymmetry of tension and compression can be obtained. The numerical results
of the stress-strain response for the SMA under uniaxial tension and uniaxial compression are
displayed in Fig. 5.

As shown in Fig. 5, the solid line represents the result under uniaxial compression, and the
dashed line represents the result under uniaxial tension. It can be found that with the increase of
copper contents, the critical stress of Ni-Ti-Cu SMA gradually decreases. And as the increase of
copper contents, the maximum transformation strain of Ni-Ti-Cu SMA first decreases and then
increases. The predicted mechanical properties of Ni-45.8Ti-5Cu SMA are shown in Fig. 5d.
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Figure 5: (Continued)
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Figure 5: Comparison of stress-strain curves of copper-based SMA specimen under uniaxial
tension and uniaxial compression. (a) Ti-50.8Ni, (b) Ti-49.8Ni-1Cu, (c) Ti-46.8Ni-1Cu, (d) Ti-
45.8Ni-5Cu, (e) Ti-43.8Ni-7Cu, (f) Ti-40.8Ni-10Cu

4 Conclusions

In this work, the constitutive model of Ni-Ti-Cu SMA considering the different copper
contents is established. The main conclusions are as follows:

(1) Different copper contents and different initial temperature have influence on the mechanical
properties of Ni-Ti-Cu SMA. When the copper contents are greater than 10%, the Ni-
Ti-Cu SMA does not undergo reorientation. When the initial temperature is 45◦C, the
deformation can be restored due to the superelasticity without heating.

(2) At initial temperatures of 25◦C and 45◦C, the maximum stress in the Ni-Ti-Cu SMA
increases gradually with the increase of copper content. And the maximum phase strain
decreases slightly with the increase of copper content and the maximum phase strain of
Ni-Ti-Cu SMA with different copper contents is basically stable at about 0.1. At the same
time, the hysteresis curve range of Ni-Ti-Cu SMA gradually increases with the increase of
copper content.
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