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ABSTRACT

Several (generalized) hypergeometric functions and a variety of their extensions have been presented and inves-
tigated in the literature by many authors. In the present paper, we investigate four new hypergeometric functions
in four variables and then establish several recursion formulas for these new functions. Also, some interesting
particular cases and consequences of our results are discussed.
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1 Introduction

In recent years, many researchers introduced and studied several extensions and generaliza-
tions of various special functions due to its applications in diverse areas of mathematical, physical,
engineering, etc. Agarwal et al. [1,2] established some properties for generalized Gauss hypergeo-
metric functions, which were introduced by Ozergin et al. Later, Agarwal et al. [3] and Cetinkaya
et al. [4] introduced and investigated further extensions of Appell’s hypergeometric functions of
two variables and Lauricella’s hypergeometric functions of three variables by using the generalized
Beta type function. Purohit et al. [5] investigated Chebyshev type inequalities involving fractional
integral operator containing a multi-index Mittag-Leffler function in the kernel. Suthar et al. [6]
introduced certain generalized forms of the fractional kinetic equation pertaining to the (p, ¢)-
Mathieu-type power series using the Laplace transforms technique. Chandola et al. [7] defined a
new extension of beta function using the Appell series and the Lauricella function. The interested
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reader may be referred to several recent papers on the subject (see, e.g., [6—11] and the references
cited therein).

Hypergeometric functions in several variables have many applications in applied problems (see,
e.g., [12-16]). Also, multidimensional hypergeometric functions are used to solve boundary value
problems (Dirichlet problem, Neumann problem, Holmgren problem, etc) for multidimensional
degenerate differential equations (see [17-19]). In [20], Exton defined twenty one complete hyper-
geometric functions in four variables denoted by the symbols K;,Kj,...,K>1. In [21], Sharma et al.

introduced eighty three complete quadruple hypergeometric functions, namely Ff4),F2(4),...,F§§).
Very recently, Younis et al. [22] introduced and studied further quadruple hypergeometric functions

denoted by X, g),Xg(g), . .,Xég). Each quadruple hypergeometric function in [20-22] is of the form:

00 m P g
X 2 u
X(4)(.)= E A(m,n,p,q)—y———,
m! n! p! q!
m,n,p,q=0

where A(m, n, p, q) is a certain sequence of complex parameters and there are twelve param-
eters in each series X®¥(.) (eight «’s and four ¢’s). The Ist, 2nd, 3rd and 4th parameters in
X@®() are connected with the integers m, n, p and ¢, respectively. Each repeated parameter
in the series X¥(.) points out a term with double parameters in §(m, n, p, ¢). For example,
XP(01,01,02,02,03,03,04,05) mean that (0 Dm+n(02)p+g (03)m1n(04)p(05)4 includes the term. Simi-

larly, X(4)(01,01,01,02,01,61,02,03) points out the term (01)2m+2n+p (02)p+q (Gg)q and X(4)(01, o1,
02, 04, 01, 02, 03, 05) shows the existence of the term (07)2m+n(02)n4p(03)p(04)4(05)q. Thus, it
is possible to form various combinations of indices. There seems to be no way of establishing
independently the number of distinct Gaussian hypergeometric series for any given integer n > 2
without stating explicitly all such series. Thus, in every situation with n = 4, one ought to begin by
actually constructing the set just as in the case n= 3 (see [23]). Motivated by the works [20-22],
we decide to define further hypergeometric functions in four variables as follows:

@ : :
91 (615615025645 015623 035655 pla pla I025 plaxaya Z; u)
§ (@D 2mn (D nsp(03)p (00)g(05)y X" Y 2

=0 OOy (P2 m! n! p! q!’ (1)
1
<|x| < VR byl <1, |zl < 1, |ul < 1);

) . .
X92 (615613025645015625035655 pla I025 pla plaxayaza u)
e (01)2n1+n(02)n+p (03)p (04)q(05)q x™M yn Py

= 3 Y-z,

m,n,p,q=0 (pl)n1+p+q(p2)n m! n! P! C]! (2)

1
IXI<Z,|y|<1,|Z|<1,IuI<1 ;

4
X9(3)(01,01,02,04,01,02,0'3,05; 025 P15 P15 P15 X, Y, Z, U)
X (01)2n1+n(02)n+p (03)p (04)q(05)q x™m y” 2 ud

= A §

m,n,p,q=0 (pl)n+p+q(p2)m m! n! p! ¢!

1
(IXI <7 <1zl < L, Jul < 1>;
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4 . .
X94 (Gla Gl ” 02’ G4a Gla GZ) G3a GS) C, C, C, Ca xa ya Za u)
X (01)2n1+n (62)n+p(03)p (04)(1(05)(1 x™m y” 2P ud

>

m,n,p,q=0 (C)n1+n+p+q m! n! P! a’ (4)
1
(IXI <7 <Lzl <L ul < 1>,
where
I'(a+m) _
(@m = W, (a+me (C\ZO )
1 (m=0)

ata+1)...(a+m—1) (m=neN).

Here, C,Z, and N denote the sets of complex numbers, non-positive integers, and positive
integers, respectively.

Recently, many authors have obtained several recursion formulas involving hypergeometric
functions in several variables. In Opps et al. [24], introduced the recursion formulas for the
Appell’s function F, and gave its applications to radiation field problems. Wang [25] presented
the recursion formulas for Appell functions Fj, F>, F3 and F4. Sahai et al. [26,27] established
the recursion formulas for Lauricella’s triple functions, Srivastava hypergeometric functions in
three variables, k-variable Lauricella functions and the Srivastava-Daoust and related multivariable
hypergeometric functions. Shehata et al. [28] discussed and derived new recursion relations for
the Horn’s hypergeometric functions. In this present paper, we aim to establish several recursion
formulas for the new hypergeometric functions in four variables defined by (1.1)-(1.4).

The following abbreviated notations are used in this paper. We, for example, write
4 . 4 4
Xg(l) for the series Xél)(m,m,az,64,01,oz,03,65;pl,pl,pz,pl;x,y,z,u) and Xél)(al + n) for
Xg(‘f)(ffl+n,01+n,02,04,01,02,03,05;/)1,/)1,pzam;x,y,z,u)- The notation Xg(?)(gl + n,02 + nyp)
stands for Xg(‘f)(m +n,01 +n,03+ny,04,01 +n,02 +n1,03,05; p1, P1, P2, P1; X, ¥, Z,u) and Xé‘f)(m +

n,0y + ny, p1 + ny) stands for Xg(‘f)(al + n,01 + n,03 + ny,04,01 + n,02 + n1,03,05; p1 + N2, p1 +
na, P2, P15 X, ¥, 2, U), ete.

2 Main Results

Here, we establish several recursion formulas for our hypergeometric functions in four
variables.

Theorem 2.1 The following recursion formulas hold true for the numerator parameter oy, o7,

03, 04, 05 of the Xééll)i

n
4 4  2x 4
XsP (o1 +m) = X5 + =" (o1 +n)Xs) (01 + 1 + 11,01 + 1)
ni=1 (5)

n
+22 ) Xg(?)(dl +ni,00+ 1, p1 +1),

ni=1
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4 4
X§ (01 —n X()——Z(Ul-i-l—nl) X5 (01 +2—ny, o1+ 1)

nll

n
o
—)% Z Xg(?)(dl +1—n,00+1,01+1),
1

ni=1

o
XD (02 +m) = X3P “ZXé‘l‘)<m+1,oz+m,m+1>

ni=1
n
zo3

+p— Z Xg(?)(02+n1,03+ 1,p2+ 1),
2

ny=1

n
4 4 Yol 4
Xg(l)(Gz—n)=X<§1)—F E Xg(l)(01+1,02+1—n1,p1+1)

ni=1

zZo
- S X2+ 1 —moy + LD,
2

ni=1

n
4 4 ZO2 4
XP(o3+m) = x§7 + — > XsP 2+ Loz +n,pr+ 1),

ni=1

n
4 4 Zo2 4
Xy o3 —m=X5) = =" X o2+ 1,03+ 1 —np.p2+ 1),
ni=1

uo:

1‘/9(A1t)(<74+n)=X<§‘11)+—5 ZX(4)(05+1 o4 +ny,p1+1),
Pl ni=1
uos

n
4 4 4
X5 s —m=X5 — =" X3 (o5 + Log+1—np, p1+1),

ni=1

n
4 4) U0y 4
X9(1)(G5 +n) =X9(1) + ? Z X9(1)(G4+ l,o5+n1,p1+1),

ni=1

n
uo.
(4)(0 —n) = (4) p4 E Xg(?)(a4+l,a5+1—n1,,o1+l).
1

ni=1

Proof. From the definition of the hypergeometric function Xél and the relation

2m n
(01 + Domgn = (@D 2min(1 + —+ —)
o1 0]

(6)

(7

(8)

©)

(10)

(11

(12)

(13)

(14)

(15)
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we obtain the following contiguous relation:

2x o’
XD +1)=x0 + o1+ DXP 0142, 01+ D+ yp—zxg?(al +100+1,p1+1). (16)
1 1

To find a contiguous relation for Xé‘lt) (o1 +2), we replace o1 by o1+ 1 in (16) and simplify.
This leads to:

2
4 4 4
Xg(l)(al +2) =X9(1) + f)—f > (o1 +n1)X9(1)(01 +n+1,01+1)
ni=1 (17)
2 @)
+% Y Xy (o1 +ni,00+ 1, p1 +1).

ny=1

Iterating this process n-times, we obtain (5). For the proof of (6), replace the parameter o
by o1 _ 1 in (15). This implies that

2x (o))
X oy —1) =X, - —ai X141, 01 +1) - yp—lXé‘f)wz +1, o1+ 1), (18)

Iteratively, we get (6).
The recursion formulas from (7)—(14) can be proved in a similar manner.
Theorem 2.2 The following recursion formulas hold true for the numerator parameter o», o3,
).
o4, 05 of the Xy,

XD (02 +n)
n (@), (03)ny y"12"2 (4) (19)
= —L 2 X U+n,U+N,G+n5 +n5 +7l,
Nén nl,n2> B 020y o1 (01+n1,00+ Na, 03 +n2, p1 +n1, p2 +n2)
Xg7 (02— n)
no\ @0 (03), (=0"1(=2"2 _ (4) (20)
= Xy, (01 +n1, 03 +n2, p1 +n1, 02 +n3),
RS n1,nz) 0 P, 91 (01 +n1, 03 +n2, p1 +n1, p2 +12)
4 n\ 02),,2" @
X ostm=3 (n ) I X oy 1,05+ 1, pa ), @)
VllSVl 1 (102)112
4 n\ (02)p (=2)" 4
X o3 —-m=>" (n ) — Xy (o2 + 1, pa ), (22)
ny<n 1 (/02)111
4 n\ (05),u" 4
X5 oa+m=" (n )LX;I)(GMLM,GS +n1, pr+n1), (23)
nlfn 1 (Iol)nl
4 n\ (05), (—u)™ 4
X5 (0a—m =Y (m) (’;Txgﬂ)ws +n1, pr+m), (24)
ni
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n\ (04),u"
X5/ (os+m =) (n ) — A XY (o4 +m1, 05+, p1 ), (25)
nion N1 (P,
n'\ (04), (—w)™"
X9(Alt)(°5 —n)= Z ( ) nl—Xg(?)(fm +n1, p1 +n1), (26)
n<n m (pl)nl

n _ n! —
where (nl’m) = T )] and Ny =nj +ny.

Proof. The proof of (19) is based upon the principle of a mathematical induction on n € N.
For n=1, the result (19) is true obviously following (7). Suppose (19) is true for n=m, that is,

X517 (02 +m)

n (ODn, (03), V"2 4
= 2 o Xg(l)(01+n1,02+N2,03+n2, p1+n1, p2+n2),
No<m ni,ny (lol)nl (p2)n2

27

Replacing o, with o> + 1 in (27) and using the contiguous relation (7) for n=1, we get

X2 +m+1)
B n @1 ©03),,)"12"
- NQXS:}’H (nl’ }12) (pl)nl ()02)712
4
X{Xg(l)(01+n1,02+N2, 03 +nyz, p1+ni, p2+n2) (28)
(o1 +n1)y

(p1+n1)
(03 +m)z

(p2 +n3)

Xg(?)(dl +ni+ 1,00+ No+1,03+n, p1 +n1+ 1, 02+n1)

Xg(?)(m +n,00+N2+1,03+m+1, pi +n1,,02+n2+1)}-

By a simplification, (28) takes the form

X3P (@ +m+1)
— n (Ul)nl (03)n2yn1 Z"2
= N22§:m (m, n2> (PD)ny (02)ny
4
XX<§1)(01 +n1,00+ N2, 03 +na, p1 +n1, p2 +n2)
+ Z ( l’ll ) (01),11(03)n2y’112712
Nyr<m+1 ny—1,n3 (Iol)nl(pZ)nz
4
XXg(l)(Ul +ny,00+ Ny, 03 +no, p1 +n1, p2+n32)
+ ( ; 1) (1), (03)n, "1 2"
Nr<m+1 ny,ny — (pl)nl(pZ)nz
4
><X9(1)(01 +ny,00+ Na, 034+ n3, p1 +n1, p2 +n2).

(29)
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Using the Pascal’s identity in (29), we have

X @ +m+1)

Ny<m+1 1,12 (pl)nl(pZ)nz

XX;?)(GI +ny,02+ Na, 03 +n2, p1 +n1, p2 +n2).

This establishes (19) for n =m+ 1. Hence, by induction, the result given in (19) is true for all
values of n. The recursion formulas (20)—(26) can be proved in a similar manner.

Theorem 2.3 The following recursion formulas hold true for the denominator parameter pp,
o of the Xg(?):

@) @) L 1
Xy, (p1 —n) =Xy, +(01)2Xx
o ol n12=1 (p1 —n)(p1 +1—ny)

Xg(?)((fl +2,p1+2—ny)

n
4
+o102y Zlm)@(l)(mﬂ”,@ﬂ”,ph@—m) (30)
n=
n 1 (4)
+ogos5u Y Xy (04 +1,05+1, p1 +2—ny),

m=1 (o1 —n1)(p1+1—ny)

4
X5y (02— n)

4 n 4 (31)
=X9(1) +o405u Zl m)@(l)(fm-i- l,o5+1,02+2—ni).
ny=
Proof. Applying the definition of the hypergeometric function Xé‘lt) and the relation
1 1 m n
- (1 + + + 1 ) (32)
(,Ol - 1)m+n+q (pl)m+n+q Pl — 1 L1 — 1 Pl — 1
we have:
“) “) (01)2x ) 0102y
Xy (1 =D =Xy + ————Xg; (01 +2, 01 + D+ ———
9(;) T o =17 @ p1(p1—1) (33)
Xoy 01+ 1o+ 1, p1+2—np) + 5255 X5 (0a + Los + 1, p1 +2 —my).

Using this contiguous relation to the Xg(élt) with the parameter p; —n for n-times, we get the
result (30). The recursion formula (31) can be proved in a similar manner.

Theorem 2.4 The following recursion formulas hold true for the numerator parameter oy, o»,
03, 04, o5 of the Xég):

n
4 4  2x 4
Xg(z)(al +n) =X9(2) + E Z(al +n1)X9(2)(01 +1+n,01+1)
) m=l1 (34)
4
+52 Xg(z)(01+n1,02+1,,02+1),

ny=1
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4 4
X5y (o1 —n X()——Z(Ul-i-l—nl) X§y (o1 +2—ny, o1+ 1)

nll

n
Y02 4
——2 Z Xg(z)(dl +1—n,00+1,00+1),

ni=1

4 4 & 4
X5 (02 +m) = X5 +22 3 X3 (01 + Loy +m.pa+1)

ni=1

n
z0
+=2 Z Xg(;t)(az +ny,03+ 1,01+ 1),

ni=1

n
4 4 Yoi 4
X5 (o —m=Xg) —— Y X5 (o1 + Log+ 1 —np, pa+ 1)

W

ni=1

n
zZo
B Z Xg(;t)(dz-f— 1 —ny,034+1,014+1),

ny=1

X oy +m =X+ 2 ZX;;”(@H o3 +ni,p1+ 1),

4 4
()(03 n) = ()

4 4
Xg5 (o4 +n) = X5,

4 4
X (o4 —n) = X3 —

4 4
X (05 +nm) = X9(2)

4 4
X35 (05 —n) = Xg5) —

ni=1

n
yfo)
3 X2+ Loy +1—np,pr+ 1),

ni=1

n
uo
+ = Z Xg(;)(ds +1,04+n1,01+1),

ni=1

uo:
— Z (4)(05+1,04+1—n1,,01+1)

nll

Z Xg(;”(m +1,05+n1,01+1),

ni=1

n
? Z Xg(;‘)(a4+ l,os+1—=ny,p1+1).
1

ni=1
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(35)

(36)

(37

(3%)

(39)

(40)

(41)

(42)

43)
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Theorem 2.5 The following recursion formulas hold true for the numerator parameter oy, o3,
o4, o5 of the Xg(;):

Xg(;t) (02 +n)
n (Gl )nl (03);12)’”12”2 4) (44)
= Xy, (01 +n1,00+ Na, 03 +n2, p1 +nz, 02 +n1),
szfn (manz> Py (02, 22

X5 (02— 1)
_ ( n ) (010, (03) 5, (=) (=2)"™
Ny<n ni,n (pl)nz(pZ)nl

(45)

4
Xg(z)(dl +n1,03+n, p1 +n2, 02+n1),

n\ (02)n,2" 4
) #Xg(z)(UZ +n1,03 +ny, p1 +n1), (46)
ny

(02), (=2)™
(Z):—)Xg(é)(o—Z‘f’nlapl +n), 47)
nm

u
———— Xy, (04 +ny,05+ny, p1 +ny), (48)

om "
———— Xy, (04 +n1,05+n1, p1 +ny), (50)

1N\
X9(42t)(04 —n)= Z (n) MXS)(GS +n1, p1 +ny), (49)

ny
4
X (o4 +n1, pr+m), (51)

where Ny =n;| +ny.
Theorem 2.6 The following recursion formulas hold true for the denominator parameter pj,

.

p2 of the Xy,
n 1

“ “4
Xgy' (o1 —n) = Xg;" + (01)2x
92 92 mz::l (p1 —n1)(p1+1—ny)

n
4
+02032 ZlmXéz)(az+l,og+l,p1+2—n1) (52)
ny=
n 1

+o405u
,112::1 (p1 —n)(p1+1—n1)

X @1 +2, p1+2—m)

Xg(g)(fm-i- l,o5+1, p1 +2—ny),
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4
X()(pz—n)

“) ) (53)
=Xy, +o102y 12_:1 o= n1)(pz+1 n1)X92 (o1+1,00+1, p2+2—nyp).

Theorem 2.7 The following recursion formulas hold true for the numerator parameter oy, o7,
03, 04, 05 of the Xég):

n
4 2x
X9(3)(01 +n)= Xég‘) + — Z (o1 +n1)X9(§)(01 +14n,01+1)

(o)
ypz Z Xg(g)(al +n,00+ 1,02+ 1),

ni=l1

2x
X1 —m) = X33 = =3 (o1 +1—n) X (01 +2—n1, p1 +1)
! (55)

[0}
ypz ZXéé)(01+1—n1,02+1 p2+ 1),

ni=l

n
O
X +m =X+ 223 x$ 01+ Loy +m.pp+ 1)
pz 11121 (56)

n
+22 Y Xé?(ffz +np,03+ 1,01+ 1),
ni=1

n
O
X(4)(02—n) Xég)_%i X(4)(0'1+1 oy +1—ni,pp+1)
P

m=1 (57)
ZU
= Z Xéé)(dz +1—n,03+1,01+1),
L1 =l
ZOo"
X(4)(03 +n)= Xé§)+—2 ZX(4)(02+1 o3 +ni,p1+1), (58)
P1 o
. . 20 n
X o3 —m =Xy === > Xs 02+ 1,03+ 1 —ny, pr + 1), (39)
Pl ni=1
4 4)  uos 4
X33 (o4 +m) = X33 + ,01 ZX9(3)(05+1 oy +ni,p1+1), (60)

ni=1

n
4 4) UO5 4
X5 (oa—m) = X5y —— Y X3 (o5 + Log+1—np.p1 + 1), (61)

ni=1
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n
4 4) | UO4 4
X (o5 +m) = X33 + - Y X304+ 1,05 +n1,p1+ 1), (62)
ni=1
uoy, n
4 4 4
Xgy (05 —m= X33 —— Y X§3 (oa+1Lo5+1—np, p1+1). (63)

ni=1
Theorem 2.8 The following recursion formulas hold true for the numerator parameter o3, o3,
o4, o5 of the Xg(g‘):

X (02 +n)
o\ (01)y, (03),y" 2" 64
=y m 030 X 01 411,00+ Na, 03+, p1 + Na), ©4)
No<n \N1,N2 (PI)N2
X535 (02— ) o
n\ (@) (03), (=" (=2)" 4 65
=Y (m nz) a (’,21) X (01 +m1, 03+, p1 + No), (63)
Nr<n ’ Ny
@ n\ @22 @
Xo3 (03 +n) = Z ——— X3 (02 +n1,03 +n1, p1 +n1), (66)
ny=n " ('01)”1
4 n\ (02), (=2)" 4
SRCEIEDY (m) (;11—))(9(3)(62 +n1, pr+n1), (67)
ny=n ™
n'\ (05),u"
X53 (oatmy= " (m> o X§3 (041,054 n1, pr +m1), (68)
ni<n n
4 n\ (05), (—u)™ 4
X3 (s —m) =y (m) o5 X3 (05 +n1. p1 +m1), (69)
n=n m
4 n\ @), u" 4
X33 (os+m =Y (m) #X9(3)(04+n1,05 +n1, pr+n1), (70)
ni<n n
4 n\ (04), (=)™ 4
X3 (os—m=>" (m) (’;l) X5 (04 +n1, p1 +my), (71)
ni

where Ny =nj +ns.
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Theorem 2.9 The following recursion formulas hold true for the denominator parameter pp,
02 of the Xg(g‘):

4 4 n 1 4
Xg3 (o1 =) = X3 +o1000 Y X531+ Loa+ 1, pr +2—m)

m=1 (1 —n)(p1+1—ny)
n
4
+0203Z ZlmXé;(O’Z‘f’l,O}‘f’l,pl+2—}’ll) (72)
n=

n
4
+G405u Z] (Pl—nl)(})1+1_”l) X9(3)(G4 + 1’ 05 + la £1 +2 _nl)a
n=

X (p2—n) ) 1

= X§3 + (012
3 nél (p2 —n)(p2+1—n1)

(73)

Xé‘?(ol +2, 00 +2—np).

Theorem 2.10 The following recursion formulas hold true for the numerator parameter oy, o7,

03, 04, 05 of the Xéj)i

n
4 4  2x 4
Xo @1 4+m) =X + == 3 (o1 +m)Xg) (01 + 1+m.c+1)
yo nﬂl:l (74)
2 0)
+—= ) X +n,00+1Lc+1),
p Z oq (01 +n1,00+1,c+1)

ni=1

n
4 4 2x 4
X9(4)(01 —n) :X9(4) - Z(G] +1 —nl)X9(4)(o*1 +2—n,c+1)

o S (75)
2 @)
= X —
. Z o (01 +1—=np,00+1,c+1),
ni=1
Yol +
4 4 4
X9(4)(02 +n) =X9(4)+7 Z X9(4)(01 +1,00+n1,c+1)
o =l (76)
3 @
+—= ) X +ny,03+1,c+1),
- n2:1 o4 (02 +n1,03 c+1)
=

n
4 4) Yoi 4
X9(4)(02—n) :Xé4) - Z X9(4)(01 +1,00+1—ny,c+1)
p (77)
Z Xg(i)(02+ l—np,o3+1c+1),

ny=1

Z03
c

n
4 4) 202 4
X§D (o3 +m) = X3 + — Y X5 @+ Los+np,c+1), (78)

ni=1
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n
4 4) o2 4
X3 —n) =X - — Y X @+ Los+1—np,c+ 1), (79)
ni=I
n
4 4) =~ Uos 4
X (oq+m) = X5 + — > X§) (s + 1,04+ 01,0+ 1), (80)
ni=1
n
4 4) UO5 4
X5 (o4 —n) = X5 — — Y Xy (os+ 1oy +1—np,c+1) (81)
ni=1
n
4 4) U4 4
X (o5 +m) =X + — > X5y (oa+1,05+n1,c4 1), (82)
ni=1
n
4 4) UO4 4
X5 (o5 —n) = X5, — — Y Xoy (oa+ 105+ 1—np,c+ 1), (83)

ni=1

Theorem 2.11 The following recursion formulas hold true for the numerator parameter o3, o3,
o4, o5 of the Xg(i):

Xg(i)(az s ny n
(01)p, (03), " 2"
=z (n nn ) - - Xéi)(al +ny,00+ N, 03+ n, c+ Na), (84)
Ny=n \1>72 ©n,

4
X$3 (02 —n)

(015, (03), (=) (=2)" 85
= (nlnnz) il '(12) Xg(i)(al +n1,03+n, c+N»), (85)
Nr<n ? N>
X (03 +n) )
1
=y (" MXg(i)(02+n1,03+n1,C+n1), (86)
n<n \J11 (C)nl
(02)y, (=2)™
Xy (o3 —m=> (:1) Zl—Xg(i)(az—i-nl, c+np), (87)
ni<n C)nl
4) n\ @)U 4
Xoy (a4+n)=2 " TX% (o4 +ny1,05+n1, c+nyp), (88)
ny=<n m
(05), (=)™
Xs) (os—m=) (:1) ’g#ng(as +ny, c+ny), (89)
ni

ni<n
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n\ (04), u"
Xg(i)(as +n) = Z (nl) #Xg(i)(m +ny,05+ng, c+nyp), (90)
ni<n n
n'\ (04), (—w)™"
Xg(i)((g—n): Z (nl) ’(HTXS)((M +ny, c+ny), 91)
ni<n n

where Ny =nj +ns.
Theorem 2.12 The following recursion formulas hold true for the denominator parameter ¢ of
the Xéi):

) ) z 1 )
Xy (c—n) =Xy, + (01)2x Zl T Xy, (0142, ¢4+2—mny)
ni=

n 1
+0102
ynlzzl c—m)(c+1—np)
n 1
@)
40503z Xoj (o + 1,03+ 1, c+2—ny)
1112::1 (c=n)(c+1—ny) 94
n
+o405u
an::l (c=n)(c+1—ny)

X1+ 1,00+ 1, c4+2—ny)

92)

X441, 05+ 1, c+2—ny).

3 Conclusion

Hypergeometric functions in several variables play an essential role in diverse areas of science
and engineering. The advancements in applied mathematics, mathematical physics, and other
areas of science have led to increasing interest in the study of hypergeometric functions. Also,
special functions and its properties are used to solve various problems in science and engineering.
In this paper, we have derived several recursion formulas for new hypergeometric functions in
four variables. Also, some interested particular cases and consequences of our results have been
discussed. In the future, these recursion formulas for the hypergeometric functions in four variables
may find applications in various branches of mathematics, mathematical physics, engineering and
related areas of study.
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