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ABSTRACT

Fatigue failure phenomena of the concrete structures under long-term low amplitude loading have attracted more
attention. Some structures, such as wind power towers, offshore platforms, and high-speed railways, may resist
millions of cycles loading during their intended lives. Over the past century, analytical methods for concrete
fatigue are emerging. It is concluded that models for the concrete fatigue calculation can fall into four categories:
the empirical model relying on fatigue tests, fatigue crack growth model in fracture mechanics, fatigue damage
evolution model based on damage mechanics and advanced machine learning model. In this paper, a detailed
review of fatigue computing methodology for concrete is presented, and the characteristics of different types of
fatigue models have been stated and discussed.
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1 Introduction

It is inevitable for concrete structures to bear fatigue loads during their lifetime. With the
development of material science and technology, the fatigue stress level acting on concrete grad-
ually increases. Due to the high amplitude and frequency of fatigue loads, the fatigue problem is
prominent, particularly on new concrete structures such as wind power towers, offshore platforms,
and high-speed railways. For example, Fig. 1 shows that the reinforced concrete foundation of a
wind turbine tower cracked due to long-term fatigue loads. In order to ensure safety, the research
on fatigue of concrete is of vital importance in structural engineering. Over the past century,
significant and considerable efforts have been made to develop analytical and numerical methods
for concrete fatigue. Tests show that a number of loading cycles will lead to structural failure due
to energy dissipation with each loading cycle, and there are hysteresis loops in the stress-strain
curve, as shown in Fig. 2. The fatigue life Nf , defined as the number of the load cycles at failure,
decreases with the increase of the fatigue stress amplitude, as shown in Fig. 3. The traditional
approach is to obtain the empirical models from fatigue tests for design, and the representative
ones are S − N curves and P − M rules. Besides, the response of concrete under fatigue loading
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exhibits three stages: rapidly increasing, then decreasing to a steady-state, and finally increasing
sharply to failure, as indicated in Fig. 4. So, solid mechanics can be employed to simulate the
fatigue process of concrete. It can be divided into two categories: fracture mechanics and damage
mechanics. Fracture mechanics is used for simulating how the fatigue crack grows and develops,
while damage mechanics is used to reproducing the deterioration process and response of concrete
under fatigue loading. Recently, deep learning models have been introduced to evaluate the fatigue
life of the concrete.

Figure 1: The destroyed foundation of a wind turbine tower under long-term fatigue loads

�

�

Figure 2: The energy dissipation under fatigue loading

This research is organized as follows. Some experimental fatigue models, including S − N
curves and empirical failure criteria, are presented in Section 2. The solid mechanics models for
studying concrete fatigue, which can be divided into fracture mechanics and damage mechanics
are discussed in Sections 3 and 4, respectively. The application of machine learning to concrete
fatigue research is briefly introduced in Section 5. Finally, Section 6 summarizes some conclusions.
In the following sections, the characteristics of every fatigue analysis model for concrete will be
illustrated and discussed in detail.
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Figure 3: The relationship between the fatigue life and the stress level (data from literature [1])
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Figure 4: The variation trend of concrete response under the fatigue load (data from literature [1])

2 Empirical Models Based on Experiments

2.1 S−N Curves
2.1.1 Compressive Fatigue

In general, experimental research has been used to investigate any engineering phenomena.
Since the importance of structural fatigue has been recognized, fatigue tests have been carried
out, and some empirical models to reflect the fatigue laws of concrete have been established.
In 1870, after a systematic study on the fatigue failure of a train wheel, Wöhler [2] proposed
Wohler’s law, which reflects the relationship between the stress level S and the number of load
cycles N, which is known as the S − N curve. Accordingly, many fatigue tests of concrete were
carried out by researchers, and the S−N curves of concrete were fit based on the test data. The
earliest concrete compression fatigue test can be traced to the early 20th century [3,4]. Since the
1970s, experimental research on the fatigue performance of concrete under uniaxial compression
has been systematically explored. In 1973, a formula of compression S − N curves for concrete
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was proposed by Aas-Jakobsen et al. [5] and modified by Tepfers et al. [6] as a linear relationship
in the semilogarithmic coordinate system, and it was expressed as follows:

S = 1−β(1−R) log N (1)

where fatigue strength S is the ratio of the maximum stress σmax to the material static strength
fc, R is the ratio of the maximum stress σmax to the minimum stress σmin, N is the ultimate
fatigue life, β is a constant, usually β = 0.064 ∼ 0.080. Eq. (1) has been considered to be a classical
expression to describe the uniaxial S−N relationship of concrete, which was widely used [7] and
adopted in design codes later. Besides, the ε − N curves were also established by Wang et al. [8]
in which the corresponding stress term in Eq. (1) was replaced by the strain level εmax and the
strain ratio R = εmin/εmax.

On this basis, the effect of loading rate on the fatigue life of concrete was noted and
studied [9–11]. It was indicated that with the increase of loading rate, the fatigue life of concrete
at a certain stress level would increase. In order to consider the rate effect on fatigue performance,
the loading period T was introduced into the expression of Eq. (1) by Hsu et al. [10], and the
different expressions of high-cycle fatigue and low-cycle fatigue were expressed as follows:

• High cycle fatigue (103 ∼ 107 cycles)

S = 1− 0.0662(1− 0.566R) log N − 0.0294 log T (2)

• Low cycle fatigue (1 cycle ∼ 103 cycles)

S = 1.2− 0.2R− 0.133(1− 0.779R) log N − 0.0530(1− 0.445R) log T (3)

The parameters in Eqs. (2) and (3) have been taken as the exact meanings of the original
formula in Eq. (1).

In addition, the research on the compression fatigue performance of high-strength concrete
indicated that the fatigue strength would decrease with the increase of the static strength [1,12–14].
Based on test results, a formula for S−N relationship considering concrete strength was proposed
by Kim [1]:

Smax = k1

(
f ′c
f1

)n

log Nf + k2

(
f ′c
f1

)m

(4)

where f1 = 1.0 MPa, f ′c is the static compressive strength, k1, k2, n, m are parameters, which can
be evaluated experimentally.

2.1.2 Tensile Fatigue
Owing to the significant difference between the tensile and compressive characteristics of

concrete, the experiments of tensile fatigue were performed through the indirect splitting test [15]
and the direct tensile test [16–18]. It is more complex to carry out the tension fatigue tests of
concrete than compression fatigue tests because the eccentricity of loading in pulse tension test
is easy to occur, which is difficult to deal with even for static loading. Moreover, special test
equipment and specimen shape are required in the tension test. Thus, the results of tensile fatigue
tests are relatively small. In 1979, the same formula of the tension S − N curves as Eq. (1) was
obtained by Tepfers [15] through splitting tensile test, in which the parameter β = 0.0685. Usually,
the members would bear the reversal tension-compression stress under the repeated external load.
The influence of stress reversal on the tensile fatigue strength was investigated through tension and
tension-compression fatigue tests by Cornelissen et al. [18]. The results showed that stress reversal
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could reduce tension fatigue life. Consequently, the expressions of the tensile S − N curves were
given as follows:

• Tension fatigue (σmax ≥ 0)

log N = 14.81− 14.52
σmax

ft
+ 2.79

σmin

ft
(5)

• Compression-tension fatigue (σmax < 0)

log N = 9.36− 7.93
σmax

ft
− 2.59

|σmin|
ft

(6)

where ft and fc are the static tensile strength and the static compressive strength of concrete,
respectively.

2.1.3 Multi-Axial Fatigue
In practice, materials are probably subjected to a multi-dimensional stress. The current test

research of the multi-dimensional fatigue loading is relatively scarce. In this regard,the biaxial
fatigue tests have been performed and presented [19,20], besides the axial fatigue testes with lateral
confinement [21–26]. It could be observed that the compressive fatigue strength of concrete would
increase while the tensile fatigue strength would decrease under lateral confinement. In addition,
the expression of the S −N curves with lateral confinement was given by Hooi [21] as follows:

S = α−β(1−R) log N (7)

in which α = 1+K1(σ1/fc), K1 = 3.8 ∼ 4.1, β = 0.5(σ1/fc)+0.08, σ1 is the effective confining stress
and fc is the unconfined concrete strength.

In order to consider the great discreteness and randomness of concrete fatigue life, the fatigue
strength under a certain failure probability P was studied in the statistical probability method [27].
The empirical S −N −P relationships between stress level (S), number of cycles (N), and failure
probability (P) were fitted [28–30]. In addition, fatigue tests of new materials, such as high-strength
concrete [1,31], fiber-reinforced concrete [32], recycled aggregate concrete [33], and so on, also were
carried out. It is worth noting that the main objective of the early research on concrete fatigue
was to obtain the quantitative relationship between fatigue life and fatigue stress by several tests.
Indeed, it’s convenient to calculate the fatigue life under a given stress level with S − N curves.
Due to the large discreteness of concrete fatigue experiments, a large number of experiments are
needed to obtain the S − N curves. However, most of the conclusions obtained are inadequate
to cover all the different cases, particularly in the complex stress field; no unified conclusion is
universally accepted.

2.2 Empirical Fatigue Failure Criteria
In order to give an index to judge fatigue failure, some phenomenal fatigue damage accumu-

lation models are developed. It is assumed that damage is accumulated linearly with the number
of the load cycles, and the fatigue damage D is defined as the sum of the ratio of the load cycles
Ni to the fatigue life Nfi [34–36], known as the P−M rule. The mathematical form of the P−M
rule was expressed by Miner [36] as follows:

D =
C∑

i=1

Ni

Nfi
(8)
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in which C represents the C-th fatigue stress level, and Ni and Nfi represent the number of load
cycles and the fatigue life at Si stress level, respectively. P − M rule can be used in the case of
multi-level constant amplitude fatigue loads. Eq. (8) means that fatigue failure occurs when D = 1.
The P−M rule had been recommended by the AASHTO LRFD code [37] for the bridge design
and was adopted widely in fatigue analysis of the bridge engineering [38–40]. The P − M rule
can also be chosen as a constraint condition in the structural topological optimization problem
[41,42]. It is obvious that the P − M rule does not take the effects of the load history and the
load sequence into account. Consequently, the P−M rule was modified into nonlinear forms by
several scholars [43–46], as shown in Table 1.

Table 1: The modified P−M rules of the nonlinear fatigue damage for concrete fatigue

Item The modified P−M rule

Manson et al. [43] D =
(

N1

Nfl

)η

+ N2

Nf2
,

{
0 < η < 1, for S1 > S2
η > 1, for S1 < S2

(For C = 2)

Shah [44] D = a
C∑
i

(
Ni

Nfi

)3

+ b
C∑
i

(
Ni

Nfi

)2

+ c
C∑
i

(
Ni

Nfi

)
(For C = 3)

Oh [45] D =
C∑
i

Ni

Nf1

(
Si

S1

)d

Cao et al. [46] D =
C∑
i

aiN
bi
i · Ni

Nfi

Although the improved P−M rules consider the nonlinearity of damage accumulation asso-
ciated with the loading history, it is still limited to concrete material and difficult to extend to
fatigue prediction of the whole structure. The premise of using the P−M rule is that the ultimate
fatigue life Nf of the structure has been known. The ultimate fatigue life Nf is acquired from S−N
curves, in which the stress is still calculated by the linear elastic theory. Undoubtedly, irreversible
deformation and stiffness degradation will occur in the process of fatigue loading, resulting in
stress redistribution, which involves non-linear elastic process. The P − M rule has no ability to
get the damage distribution and other responses of the structure subjected to fatigue loading.

It can be concluded that the fatigue research presented in this section is focused on the fatigue
performance of concrete material level. Also, several types of research have been carried out on
the fatigue of the concrete beams [47–55] and slabs [56,57]. Structural fatigue is affected by many
factors, such as reinforcement ratio, shear span ratio, concrete strength, and so on. Only some
qualitative conclusions were drawn, and there are no united and universal design standards for
fatigue of concrete structures. The limit state method or the allowable stress method are still
used for the design of concrete structures subjected to fatigue loads, which means that stress
redistribution during loading cannot be considered.
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3 Fracture Mechanics-Based Fatigue Models

This section introduces the application of fracture mechanics methods in concrete fatigue.
Due to the fact that the concrete is a complex composite material, the micro-cracks are initiated
and propagated during the curing process. Consequently, the expansion and accumulation of these
micro-cracks under fatigue loading lead to the generation of macro-cracks, which causes fatigue
fracture of concrete. Thus, the theories of fracture mechanics describing crack propagation were
initially introduced to investigate the growth of the fatigue crack. The more commonly used
methods include Paris’ law and the cohesive crack model.

3.1 The Modified Paris’ Law for Concrete
Paris’ law based on linear elastic fracture mechanics gives the fatigue growth rate at the crack

tip. In 1962, a formula describing the propagation rate of fatigue crack was proposed by Paris
et al. [58], known as Paris’ law, and it was expressed as follows:

da
dN

= C(�K)m (9)

where a represents the crack length, N is the number of cyclic loads, �K = Kmax − Kmin is the
amplitude of the stress intensity factor, C and m are constants. The Paris’ law had been mainly
used in the metal fields [59–63]. Some bending experiments of notched concrete beams [64,65]
were carried out to investigate the parameters in Paris’ law applicable to plain concrete. However,
because of the inhomogeneity and the initial micro-defects, it was thought that Paris’ law needs
to be modified. The bending tests of notch beams by Wu et al. [66] showed that the average of
the fatigue load has a great influence on the crack growth rate. So, a formula of the fatigue crack
propagation rate was given considering the ratio of the minimum to the maximum of the stress
intensity factor as follows:

da
dN

= C(�K)n

KIc(1−R)−�K
(10)

in which R = Kmin/Kmax, KIc was the fracture toughness, and C and n are the constants. In
addition to the fracture toughness, the load history and the size of the crack were also taken into
account, and the modified Paris’ law was proposed by Slowik et al. [67] and presented as follows:

da
dN

= C
Km

max�Kn(
KIc −KIsup

)p +F(a,�σ) (11)

where KIsup is the maximum stress intensity factor reached in the loading history, F(a,�σ) is a
function representing the effect of overloads in which a is the length of the crack, and �σ is the
amplitude of the stress. After, the expression of the coefficient C in Eq. (11) vs. loading frequency
and the relative size of the fracture zone was given by Sain et al. [68] through regression analysis
of the previous experimental results.

It is found that the growth of fatigue cracks could also be affected by the concrete specimens
sizes [49,69,70]. The size effect on the crack growth was studied in [69,70], and a size-adjusted
Paris’ law was proposed as follows:

da
dN

= C
(

�K
KIc

)n

(12)
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KIc = KIf

(
β

1+β

)
(13)

β = d
d0

(14)

where KIc is the size-adjusted fracture toughness, KIf is the asymptotic value of fracture toughness
for an infinitely large specimen, d is the depth of the specimen, and d0 is a constant characterizing
the specimen geometry. Compared to Eq. (9), a normalized stress intensity factor was adopted
in the size-adjusted Paris’ law, and the normalization rule is related to the size of the specimen.
Then, the discoveries of Kolluru et al. [71–73] were that the crack growth rate decreased first and
then increased. The critical crack length where the rate of crack growth changed from deceleration
to acceleration was the crack length at the peak load of the quasi-static response. Two mechanisms
governing the crack growth rate were assumed: the crack growth is governed by the increasing
resistance in the deceleration stage, and the Mode I stress intensity factor �K in the acceleration
stage. Hence, the bi-law of the fatigue crack propagation rate was proposed by Kolluru et al. [71]
as follows:

• In the deceleration stage (a < acrit)

da
dN

= C1(�a)n1 (15)

• In the acceleration stage (a ≥ acrit)

da
dN

= C2 (�K)n2 (16)

where acrit is the critical length at the peak load of the quasi-static response, �a = a−a0, a is the
length of the crack, and a0 is the initial length of the crack.

Since concrete is a composite complex material, the path and shape of concrete crack surface
are random when concrete material cracks. Therefore, some fractal theories and self-similarity
methods were introduced to explain the propagation of the fatigue crack and improve the Paris’
law [74–76]. However, it was only an approximation means, and there was minor progress in
promoting the modified Paris’ law to apply to the concrete fatigue crack.

It should be noted that Paris’ law is concerned with the existing small cracks, in which the
crack initiation cannot be considered. Because the stress intensity factor is only applicable to the
near-tip zone of the crack, the use of the linear elastic fracture mechanics requires that the crack
zone be very small compared with the dimensions of the specimen. With the crack propagation,
the stress intensity factor is no longer dominant.

3.2 The Cohesive Fatigue Crack Models
It is generally believed that the nonlinearity of concrete crack tip should be considered. In

the 1970s, the fictitious crack model was proposed first by Hillerborg et al. [77] to reflect the
nonlinear characteristics of materials in the fracture process. The fictitious crack model, which
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is also usually called the cohesive crack model, contributes to using the finite element method
in complex fracture problems. A certain number of assumptions had been made to apply the
cohesive crack model to fracture analysis of concrete material [78,79]. Firstly, it is assumed that a
fracture zone can transfer traction at the crack tip. Secondly, it is assumed that before the ultimate
strength of the material is reached, the concrete is elastic, and if the principal tensile stress exceeds
the ultimate strength, the concrete materials start to crack, and the tensile stress also starts to
decrease. The stress transfer ability depends on the crack opening displacement ω at the crack tip.
Thirdly, if the critical width ωc of the crack is exceeded, concrete is completely fractured, and
the stress is reduced to zero, as shown in Fig. 5. It can be seen that the first step of using the
finite element method to simulate cohesive fracture of concrete is to establish stress-COD (crack
opening displacement) relationship.

(a) (b)

Figure 5: (a) The curve of σ -ε at elastic stage of the cohesive crack model; (b) The curve between
the stress σ and the crack opening displacement ω, of the cohesive crack model

Initially, the cohesive crack model was mainly used for the cracking process under monotonic
loading. The cohesive crack model was first used to explain qualitatively how fatigue crack extends
and how the stress at the tip changes by Reinhardt [80], illustrated as Fig. 6. Assume a crack
with length a(N) after N loading cycles, and the softening zone c(N) has developed in front of
the crack, as shown in Fig. 6a. After the external force is completely released, the part with too
large strain cannot be completely recovered. The stress at the crack tip will not disappear but
remains self-equilibrium, as shown in Fig. 6b. During the next loading cycle, the stress in the
softening zone reduces due to the influence of unloading, and the softening zone should spread a
little in order to ensure equilibrium, as shown in Fig. 6c. In a following cycle, the same procedure
is repeated, and the softening zone will extend forward, as shown in Figs. 6d and 6e. Along
this simple physical model, the stress-COD envelopes and the hysteresis relationships were needed
for the numerical simulations. For example, a trilinear stress-strain envelope and the straight-
line unloading-reloading paths in each stage, as shown in Fig. 7, were assumed by Gylltoft [81]
to simulate the progressive fracture of the notched beams of plain concrete subjected to cyclic
loading. However, this is inadequate to describe more failure modes.
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Figure 6: Fatigue crack growth of quasi-brittle material during cyclic loading [80]

(a) (b)

Figure 7: The model of fatigue stress-crack opening displacement by Gylltoft

In order to obtain better stress-COD curves, monotonic loading and cyclic loading tests
were carried out [82,83]. The widely used expression of the σ -COD envelope at the crack tip is
expressed as follows [82]:

σ

ft
=

{
1+

[
c1

(
ω

ωc

)]3
}

exp
[
−c2

(
ω

ωc

)]
−

(
ω

ωc

)(
1+ c3

1

)
exp (−c2) (17)

where c1 and c2 are constants. In addition, a detailed focal point model describing the path of
unloading and reloading was proposed by Yankelevsky and Reinhardt [83] based on the obser-
vations of stiffness changes in a specific cycle, as shown in Fig. 8. In this model, multiple lines
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were used to specify the relationship between stress and crack opening displacement at the crack
tip during the process of loading-unloading-reloading. The focal model presents a cyclic approach
which is closer to the actual behavior. Since the construction of the focal model needs to follow
the complex rules to determine many special points, it is inconvenient for the implementation of
the finite element analysis. Assume that the curve during an unloading-reloading cycle would not
return to the same point of the envelope curve where it started to unload but to a point with lower
stress, and the gap between the unloading point and the returned point can be explicitly given.
The four expressions for cyclic σ -COD in the softening zone were suggested in [84], including the
envelope curve using Eq. (17), the unloading curve (I), the gap in the envelope curve (II), and the
reloading curve (III), as shown in Fig. 9.

Figure 8: The focal model by Yankelevsky and Reinhardt

Figure 9: The Hordijk’s model
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Due to the complexity of the hysteretic model and the time-consuming in finite element
analysis, the fatigue constitutive relationship of the crack tip had been simplified [85,86]. For
example, the unloading-reloading path in the mentioned Hordijk’s model was simplified as three
straight lines in [86].

Based on the mentioned nonlinear fracture mechanics-based models, it can be indicated that
nonlinear fracture mechanics could explain the process of concrete fatigue crack growth in detail.
The fracture mechanics model was mainly used to analyze the fatigue growth characteristics of
one or a few macro-cracks in members. In the finite element analysis, the cohesive elements must
be set in advance along the fracture zone. The nonlinear property is used in the element of the
fracture zone with the dense discretization, while the linear property is still used in the main body.
But, there are many initial micro-cracks and micro-defects in the concrete’s interior. The cohesive
crack model is difficult to describe the propagation and aggregation process of a large number of
randomly distributed micro-cracks under the fatigue load.

4 Damage Mechanics-Based Fatigue Models

From the test results [14,87,88], the response of concrete under fatigue loading has obvious
three-stage characteristics. For example, the total strain growth of concrete under constant ampli-
tude fatigue load can be divided into three stages: the rapid increase at the first 10% of life, the
stable development during the 10%∼80% of the life, and then the sharp increase until failure,
as shown in Fig. 10. The deterioration of elastic modulus also includes three similar stages, as
shown in Fig. 11. The mentioned methods seem to be unable to obtain the response of the whole
process under high-cycle and low-amplitude fatigue loading.

Strain

N/Nf0 0.1 0.8 1.0

Figure 10: Increase of the compression strain with loading cycles

N/Nf0 0.1 0.8 1.0

E/E0

Figure 11: Degradation of the elastic modulus with loading cycles
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As a branch of solid mechanics, damage mechanics is mainly used to study the degradation
of macro-mechanical properties of material caused by the generation and expansion of internal
micro-defects. This section reviews the development of fatigue damage theories.

In the damage mechanics, the constitutive equation can be expressed as:

σ = (I−D) : E0 :
(
ε− εp)

(18)

Damage variable D is the fourth-order tensor which can be regarded as the internal variable,
E0 is the fourth-order stiffness tensor, and the symbol “:” is the contraction of tensors. It is very
important to determine a damage criterion. The classical damage mechanics was greatly inspired
by the classical plastic mechanics theory. The damage potential function G(f ) was introduced [89],
as follows:

G(f )≤ 0 (19)

where f is the gauge function. According to the orthogonal flow criterion, the evolution of the
damage variable can be taken as follows:

ḋ = λ̇
∂G
∂Y

(20)

where λ̇ is a damage consistency parameter, and Y is the driving force of damage. The surface
determined by G(f )= 0 is the damage surface. Compared with the classical plastic mechanics, the
damage loading and unloading conditions (commonly referred to as Kuhn-Tucker conditions) are
expressed as follows:

λ̇≥ 0, G ≤ 0, λ̇G = 0 (21)

Eq. (21) indicates that when the stress state isn’t beyond the damage surface, the damage
will not increase regardless of the external loads change. Fatigue load can be divided into low
cycle fatigue and high cycle fatigue loads according to the number of load cycles. The low cycle
hysteretic behavior of structures under seismic loads has been easily obtained using the general
damage model [90–92] or the construction of the hysteretic constitutive model [93–95]. This section
pays attention to the models for concrete structures under high-cycle fatigue loads. The stress state
under high-cycle fatigue loading might always be within the damage surface, which means that
there is always no damage evolution if the static damage model is adopted. Actually, fatigue loads
could lead to damage accumulation of concrete even if the stress state is lower than the damage
surface. When the hysteretic energy dissipation accumulates to a certain level, the structure will
fail. Therefore, when it comes to the performance of structures under high cycle fatigue loads, the
static model no longer has good predictability. To overcome the drawbacks of the conventional
damage criterion, there are two approaches to solve the accumulation of fatigue damage. One is
the bounding surface theory [96–98], and the other is fatigue loading-unloading criterion [99,100].

In the bounding surface theory [97], a limit fracture surface (LFS), a boundary surface (BS),
and a loading surface (LS) changing with loading history were defined, as shown in Fig. 12. The
damage begins to increase only when the loading surface under fatigue loading is outside the limit
fracture surface and expands towards the direction of the boundary surface. The damage growth
rate is related to the distance between a point on the loading surface and the corresponding map-
ping point on the boundary surface. In finite element calculations, many iterations and corrections
are required, which will be time-consuming.
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R1

R2

R3O

LFS
LS

BS

Figure 12: The limit fracture surface, the boundary surface, and the loading surface in Suaris’
model

The fatigue loading-unloading criterion was proposed by Marigo [99] to judge whether fatigue
damage evolves or not. The loading-unloading irreversibility concept not only can capture the
damage accumulation within the damage surface but also is simple to apply. This concept means
that the internal fatigue damage variables of concrete only increase in the rising stage of every
load cycle. Interestingly, there are similar models in the study of the fatigue response of other
materials [101]. Here, the damage consistency parameter was directly expressed as:

λ̇= 1
h

f n〈ḟ 〉 (22)

where 〈x〉 = 1
2(x + |x|), h is hardening modulus. To further explain Eq. (22), ḟ > 0 represents the

loading state, and ḟ ≤ 0 represents the unloading or neutral state. Hence, if ḟ > 0, the damage
evolves. On the contrary, the damage remains unchanged if ḟ ≤ 0. The loading-unloading criterion
of Marigo was widely accepted to establish the fatigue damage constitutive relationship of brittle
materials.

For a complete damage constitutive relationship, reasonable fatigue damage evolution laws are
also very significant. The form of damage variable can be divided into the single scalar damage
[102–107] and the anisotropic tensor damage [100,108–112]. The evolution of the single scalar
damage under high-amplitude and low-cycle fatigue loading can be simply calibrated by the tests
and accurately simulate the uniaxial hysteretic behavior of concrete [104,105,113]. The single scalar
damage models are weak to reproduce fatigue response of concrete structures subjected to the
high-cycle and low-amplitude fatigue loads, as well as multiaxial stress. Actually, the anisotropic
damage model is more consistent with the anisotropic mechanical properties of concrete. The
earliest anisotropic fatigue damage model for concrete was extended by Papa et al. [100] from the
anisotropic static damage model. The total damage was decomposed into a second-order symmet-
ric damage tensor D in deviatoric strain space and a scalar damage variable d in volumetric strain
space. The evolutions for each component of damage are as follows:

Ḋh
α =

(
f h
α + 1

)n
Fh

α ·
〈
Ẏh

α

〉
α = I, II, III (23)

and,

ḋh =
(

f h
v + 1

)n
Fh

v ·
〈
Ẏh

v

〉
(24)



CMES, 2023, vol.134, no.1 23

in which the sign “h” is c for compression and t for tension, the sign “α” represents each principal
direction, and “v” means volumetric component, f is gauge function, the variables Y conjugate to
each damage variable in the Helmholtz free energy were selected as damage driving force, F is the
function of Y , and n is the parameter. This anisotropic model considers two types of anisotropy,
one is the difference between tension and compression, and the other is the difference in each
direction. Moreover, the coupling between components is neglected. In this case, there are some
more simplified models developed.

It is assumed that the fatigue damage of concrete is mainly driven by tensile strain, and the
evolution rate of the fatigue damage tensor was expressed in [108] as follows:

Ḋ =
(

f
K

)n

· 1

C1tr
(
ε+

) · ε+√
2 tr

(
ε+ · ε+) 〈

ε+ : ε̇+
〉

(25)

where n, K, and C1 are the material parameters, tr(·) represents the trace of the tensor. Actually,
compression also has a great influence on the initiation and growth of crack and should be taken
into account the damage evolution.

Some bi-scalar elastoplasticity fatigue damage models for concrete were extended [109–111]
in the frame of the static damage model [114–116]. In the bi-scalar damage model, the effective
stress is split into positive and negative parts. The positive part is tension, and the negative part is
compression. An isotropic scalar damage is assumed in the tension and compression space. Thus,
the anisotropic damage is mapped into two isotropic spaces by the mapping tensors as follows:

D= d+
P
+ + d−

P
− (26)

in which d± are the scalar damage variables in the tension and compression, respectively, and
P
± are the mapping tensors. There are two approaches to bi-scalar damage modeling, the phe-

nomenological continuum model [109] and the physically mesoscale stochastic fracture model
[110,111,117]. A continuum fatigue damage evolution, similar to Eq. (22) in form, is proposed by
Liang et al. [109] as follows:

ḋ± = 1

κ± · Ỹ± ·
(

Ỹ±

C±

)n±

h±(d±) ·
〈 ˙̃Y±

〉
(27)

where κ±, n±, and C± are the parameters, h±(d±) represent a mechanism of competition between
the damage healing effect and the damage driving effect, corresponding to the three stages of
fatigue damage increasing rate, and are expressed as follows:

h±
(
d±)= exp

(−β1 · d±)+ exp
[
(−β2 ·

(
1− d±)]

(28)

where β1 and β2 are the parameters. And, the thermodynamic damage energy release rates are
chosen as the damage driving forces [114,118], and formulated as follows:

Y+ ≈ 1
2E0

[
2 (1+ v0)

3
3J̄+

2 + 1− 2v0

3

(
Ī+1

)2 − v0Ī+1 Ī−1

]

Y− = b0

(
αĪ−1 +

√
3J̄−

2

)2 (29)

where σ± are the positive and negative component of the effective stress tensor σ , E0 is
the initial elastic modulus, and Ī±1 and J̄±

2 are respectively the first and second invariant of
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σ±, ν0 is poisson’s ratio, b0 is a material constant. The inherent randomness objectively existing
in concrete is not reflected in the continuum damage model. A stochastic fracture model with the
spring bundle, as shown in Fig. 13, can explain the relationship between the mesoscale randomness
and the macroscale nonlinearity of concrete [115]. The rate process theory [119] was applied to
investigate the fatigue energy dissipation, and the fracture caused by the fatigue energy dissipation
was incorporated into the stochastic fracture model [110,111,117]. In this model, the damage
evolution can be expressed as follows:

d± =
∫ 1

0

[
1−H

(
E±

s −E±
f

)
H

(
E±

s −Y±)]
dx (30)

in which Es is the inherent energy of the representative volume element, Ef is the fatigue energy
dissipation, Y± are the damage energy release rates of Eq. (29), H(·) is the Heaviside function.

H
(

E±
s −E±

f

)
represents the criterion for the fatigue fracture, and H

(
E±

s −Y±)
represents the

criterion for brittle fracture.
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Figure 13: The stochastic fracture model with the spring bundle [115]

At present, the finite element analysis of the low cycle fatigue response of concrete structures
can be easily realized. However, the number of cycles of fatigue load acting on a concrete
structure sometimes is so large that it would undoubtedly lead to a huge amount of calculation to
calculate the fatigue damage accumulation by the cycle-by-cycle integration in the finite element
analysis. Therefore, an efficient numerical algorithm is important to realize the simulation for
concrete structures under fatigue loading. Some algorithms, such as the cycle jumping algorithm
[120–123], the dual temporal scales algorithm [109,124], and the temporal homogenization model
[125,126], had been developed to simulate the fatigue process for concrete in a shorter time.
Besides, research on various acceleration algorithms is still under exploration, and other algo-
rithms such as the reduced-order modeling algorithm [127] also might attract the attention in the
future to be introduced into the accelerated fatigue analysis of concrete.

The great advantage of applying the continuous damage mechanics to studying fatigue con-
stitutive model of concrete is that it accounts for the nonlinear property on the material level
without explicitly modeling micro-cracks in advance. The distribution of mechanical degradation
in the fatigue process can be depicted by damage variables in the finite element analysis. Since the
physical mechanism of concrete damage is not clear, a unified connection has not been established
between the evolution of the quasi-static damage and the fatigue damage. To perform the refined
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analysis of the whole process of structural fatigue in practical engineering, it is required not only
a detailed description of the fatigue properties of engineering materials but also the support of
appropriate analysis methods and effective calculation techniques.

5 Machine Learning

Machine learning has been utilized to predict the performance of materials or structures in
civil engineering [128–136]. Due to the high uncertainty, the fatigue loading of concrete is a
random process affected by many factors, such as loading period, specimen size, and environment.
The deterministic fatigue models may not cover the combined effects of various factors that
affect the fatigue resistance of concrete. Machine learning techniques can overcome the inherent
limitation in conventional computing models.

Artificial neural networks (ANN), as a machine learning technique, are commonly used to
estimate the fatigue life or fatigue strength of concrete, considering the material and dimensional
properties of the test specimens and loading conditions. In ANN, there are three layers of neurons,
namely input, hidden, and output layers. Each neuron of the hidden layer is connected to the
neurons in the subsequent and previous layer by directed synapses with variable weights, as
shown in Fig. 14. The hidden layer can be regarded as the regression module. The collected test
data is input for training, and the prediction data can be output after the regression module.
From Eq. (1), there are four quantities to determine the S − N curve, the compressive strength
fc, the maximum stress σmax, the minimum stress σmin, and the ultimate loading cycles Nf .
In [137], the database has been utilized from the published test literature, and the inputs were
fc, σmin, and the ultimate loading cycles Nf . Through training, validation, and testing of the
neural network, the maximum fatigue strength σmax was predicted as the output. It shows that
the prediction accuracy is higher than the S − N expressions recommended in the codes. Other
researches have been presented in this field. For example the material properties, dimensions, and
loading conditions of components have been considered as inputs, and the fatigue life Nf as
outputs is predicted after training of the neural network [138–142]. Moreover, machine learning
is also a good option to estimate the fatigue failure reliability of structures [143–145].

Xi

X1

Xn

N1

N2

Ni

Nn

Y

Input Layer Hidden Layer Output Layer

...

...
...

Material property

Loading condition
...

Predicted Nf or Smax ...

Figure 14: The example of an ANN

Deep learning models have achieved remarkable results in image recognition. It is indicated
that deep learning models such as the convolutional neural network (CNN), can be applied in
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crack detection and localization for concrete structures [146–148]. There are many CNN architec-
tures which have been recently applied to crack and damage detection of concrete structures, such
as AlexNet [149], ResNet [150], VGG [151], and so on. The general CNN architecture consists
of five main layers of the neural network, including input, convolution, pooling, fully connected,
and output layers, as shown in Fig. 15. The image data is input through the input layers, and
the predicted results are stored in the output layers. The main objective of the convolution layers
is to extract features in an image input with a convolution operator. The pooling layers are
connected behind the convolution layers, and the purpose of introducing them is to simplify
the output of the convolution layers. The fully connected layers are to take the output of the
previous layer (i.e., the pooling layer) and then apply weights to predict the correct results.
Besides, some auxiliary layers, such as dropout and batch normalization (BN) layers, can be added
according to the research needs. It can be seen that automatic crack and damage detection with
deep learning can help to evaluate the fatigue performance of structures in time in the future,
although there are few applications at present. Furthermore, some deep learning models, such
as AlexNet, GoogLeNet, ResNet, can also be implemented to mechanical property estimation
through analyzing microscopic images in nondestructive testing [152].

Input 

C1

C2

Cn

P1

P2

Pn Fn

F2

F1

Output 

... ... ...Input 
Layer

Output 
Layer

 Convolution 
layer

Pooling 
layer

Fully connected 
layer

Figure 15: The general CNN architecture

Machine learning is expected to be a tool to interpolate or predict more results based on
the limited experimental or finite element computational data without burden such as economy
or computational time. At the same time, it is possible to realize the automatic structural per-
formance detection by the crack identification function of deep learning. It can better serve the
fatigue design of concrete to combine machine learning methods and conventional computing
models. However, there is more work to be done across the field of concrete fatigue.

6 Summary

In this study, the development of fatigue analytical models of concrete is presented and
discussed. According to this review, it can be concluded that:

• The research on concrete fatigue mainly includes experimental study, research on the crack
growth, analysis of whole process response, and prediction using machine learning.

• The early experimental research results provide a certain basis for engineering life predic-
tion; however, the empirical relationships between fatigue life and stress level obtained by
the regression of experimental data obviously could not meet modern engineering needs.

• Based on fracture mechanics research, the fatigue model can limitedly reflect the physical
mechanism of single crack growth under fatigue loading. However, it was difficult to
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describe the effect of several randomly distributed microcracks in concrete under complex
stress.

• The damage-based fatigue models for concrete can realize the analysis of the whole process
of concrete structures under fatigue loading. It can also be used to study the randomness
of fatigue of the concrete structures.

• Machine learning provides a new idea for developing a fatigue prediction model of concrete.
• At present, the exploration of concrete fatigue analysis models and calculation methods

which can be applied to practical engineering design faces great challenges, and further
studies still need to be performed.
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