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Abstract: The optimization of the acoustic silencer volume is very important to
develop it and to get high-performance, the importance of the silencer was
appeared in industrial field to eliminate the noise of the duct by efficient and eco-
nomical method. The main goal of this research is to optimize the transmission
loss (TL) by analytical method of the Double-Chamber Silencer (DCS), the TL
has been selected as the main parameter in silencer because it does not based
on the source or the termination impedances. First we calculated the power trans-
mission coefficient (PTC) and the TL of an acoustic silencer, then used the
Lagrange method to optimize the silencer length. All calculation of silencer data
is obtained by solving the governing equations in commercial software Matlab®.
A several calculations for different silencer length at many frequency ranges were
performed simultaneously. Finally, this research supports the efficient and rapid
techniques for DCS optimal design under narrow space. The results show that
the acoustic TL is maximized at the desired frequency.

Keywords: Acoustic silencer/filter; double-chamber silencer; transmission loss;
power transmission; optimization

1 Introduction

A silencer is considered a type elimination devices of passive noise. It is generally used in ventilation
equipment such as a diesel engine and internal combustion engines [1]. In general the design problems in
ducts are to eliminate the noise, the silencer is used as a separated unit in ducts and this unit is the
analysis model in this study. The TL is defined as the sound power level difference of propagating wave
amplitude for standing and reflected wave inside the silencer to get an anechoic termination condition,
whereas the anechoic termination condition implement ion is easily to get by theoretical and numerical
analyses, So the TL is widely selected to solve the silencer design problems which is represented in the
space availability of silencers that are often limited based on numerical simulations. Consequently, there
has been a growing interest in the design of silencers in order to maximize the acoustic TL by using
shape optimization methods under constraints of space. Several research on silencers were well developed
[2–4]. The Numerical methods to design silencers, such as the finite element (FE) [5,6] and the boundary
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element method (BEM) [7–9], have also been applied successfully to predict the acoustic behavior and
performance of silencers.

For single entry/exit expansion chambers, the predictions of the transmission loss boundary elements
show good agreement with the analytical and experimental results [1,3]. However, it was difficult to get
discussions about optimizing the shape on the silencers. Many researchers also studied the methods to
estimate the noise attenuation performance of silencers and an appropriate evaluation method is suggested
for the actual reduction of noise in a duct when a silencer optimally designed is mounted on a duct [10–
17], however, it is appear that the acoustic performance of silencers of the previous chambers has not
been investigated in detail. In order to develop the acoustic performance of Double-Chamber Silencer
(DCS) under the constraints of silencer space, the analytically optimization of the acoustic transmission
loss (TL) of the DCS will be achieved. The power transmission coefficient (PTC) and the TL of an
acoustic silencer will be calculated. The method are used to optimize the length of the acoustic silencer is
the Lagrange method. The acoustic parameter of sound pressure data is obtained from exact solution
of the governing equations of silencer model depend on the radius and the length of the cylindrical cavity
of the DCS using commercial software.

2 Mathematical Model of Silencer

2.1 Case Study
Fig. 1 shows the geometry of a circular dual-chamber silencer (DCS) considered in this study. An

acoustic DCS was constructed form a rigid non-absorptive metallic pipe with a diameter of 5 cm and two
expansion chambers, each with a diameter of 10 cm and a length of 20 cm, as shown in Fig. 1.

The PTCs will be Calculated for the silencer over [0–3 KHz] range of frequencies, and optimize
the length B for higher level of sound attenuation. Assume an anechoic termination at the right end of
the silencer.

2.2 Equations and Mathematical Expressions
The flow condition and location of the silencer is specified in Fig. 2. Besides, as shown in Fig. 2, three

elements of straight pipes and two elements of expansion chamber pipes are identified. The whole flow
condition within the silencer represented by 8 chosen nodes (pt1~pt8), as shown in Fig. 2.

The system with equal size chambers shown in Fig. 2 is analyzed using the method and notation of the
plane wave propagation is assumed since the transverse system dimensions are smaller than one wavelength
over the frequency range of interest A forward traveling wave of complex amplitude Aj and a backward
traveling wave of amplitude Bj are assumed. The Helmholtz equation [18]:

r2P þ k2P ¼ 0 (1)

L1 L2

B

S1 S3 S5S2
S4

Figure 1: The geometrical model of the double-chamber silencer

216 SV, 2020, vol.54, no.4



Eq. (1) is the governing of the linearized acoustics inside such a DCS, the solution for Eq. (1) to
find the acoustic pressure in each junction of the DCS model may be written, for a circular, concentric
and rigid duct, as:

Pj x; tð Þ ¼
X1
j¼0

Aje
i xt�kxjð Þ þ

X1
n¼0

Bje
i xtþkxjð Þ (2)

where Aj & Bj is the pressure propagating wave amplitude for standing and reflected wave respectively,

Pi ¼
P1
j¼0

Aje
i xt�kxjð Þ is standing pressure wave, Pr ¼

P1
j¼0

Bje
i xtþkxjð Þ is reflected pressure wave, Pt is

transmitted pressure wave, S1 ¼ S3 ¼ S5 is the area of the pipe, S2 ¼ S4 is the area of the silencer, n is
the mode number k ¼ x=c is the wave number, x is the angular frequency c ¼ 330½m=s� is the sound
speed in air.

The continuity conditions at each junctions can be obtained by applying continuity of pressure and
volume velocity, the continuity conditions at the first junction (1–1) are:

Pi1 þ Pr1 ¼ Pi2 þ Pr2 ; x1 ¼ x2 ¼ 0 on S1 (3)

Ui1 þ Ur1 ¼ Ui2 þ Ur2 ; x1 ¼ x2 ¼ 0 on S1 (4)

And at the second junction (1–2) are:

Pi3 þ Pr3 ¼ Pi4 þ Pr4 ; x3 ¼ L1; x4 ¼ 0 on S2 (5)

Ui3 þ Ur3 ¼ Ui4 þ Ur4 ; x3 ¼ L1; x4 ¼ 0 on S2 (6)

Figure 2: Space constraints for double-chamber silencer
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And at the third junction (2–1) are:

Pi5 þ Pr5 ¼ Pi6 þ Pr6 ; x5 ¼ B; x6 ¼ 0 on S3 (7)

Ui5 þ Ur5 ¼ Ui6 þ Ur6 ; x5 ¼ B; x6 ¼ 0 on S3 (8)

And at the fourth junction (2–2) are:

Pi7 þ Pr7 ¼ Pi8 ¼ Pt; x7 ¼ L2; x8 ¼ 0 on S4 (9)

Ui7 þ Ur7 ¼ Ui8 ¼ Ut; x7 ¼ L2; x8 ¼ 0 on S4 (10)

where U denotes the axial acoustic velocity, given by the momentum equation:

jqxU ¼ @P

@x
(11)

where q is the fluid density, j ¼ ffiffiffiffiffiffiffi�1
p

is the imaginary unit.

The algebraic system of the DCS model can be obtained from Eqs. (3) to (10), the Eigen functions
orthogonally properties are used [19]. Where L1 ¼ L2 ¼ L and S1 ¼ S3 ¼ S5, S2 ¼ S4.

The following set of eight simultaneous complex equations:

AS ¼ A12 þ B12 � B11 (12)

AS � B11 ¼ m A12 � B12ð Þ (13)

A12e
i �kLð Þ þ B12e

i þkLð Þ ¼ A21 þ B21 (14)

m A12e
i �kLð Þ � B12e

i þkLð Þ
� �

¼ A21 � B21 (15)

A21e
i �kBð Þ þ B21e

i þkBð Þ ¼ A22 þ B22 (16)

A21e
i �kBð Þ � B21e

i þkBð Þ ¼ m A22 � B22ð Þ (17)

A22e
i �kLð Þ þ B22e

i þkLð Þ ¼ At (18)

At ¼ m A22e
i �kLð Þ � B22e

i þkLð Þ
� �

(19)

where m ¼ S2
S1

is the area ratio, AS ; A12; A21; A22; At; B11; B12; B21; B22 are the transmission coefficient. By

solve from Eqs. (12) to (19), to get the transmission coefficient:

AS

At

� �
¼ s ¼ F2

1 þ F2
2

16m2
(20)

F1 ¼ mþ 1ð Þ2 cos k Bþ 2Lð Þ½ � � m� 1ð Þ2 cos k 2L� Bð Þ½ � (21)

F2 ¼ 1

2
mþ 1=mð Þ mþ 1ð Þ2 sin k Bþ 2Lð Þ½ � � m� 1ð Þ2 sin k 2L� Bð Þ½ �

n o
� mþ 1=mð Þ m2 � 1

� �
sin kBð Þ

(22)
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The PTC is:

PTC ¼ s2 (23)

The attenuation TL is:

TL ¼ 10 log Real
AS

At

� �	 
2
þ Imaginary

AS

At

� �	 
2( )
(24)

3 Results and Discussion

For the most of calculations were considered in the computational parts of the work the radius of the
chamber and the inlet/outlet pipe are RC ¼ 10 cm and RP ¼ 5 cm. A silencer is now added with a
thickness B is a ratio of the total chamber length L. The chamber and pipe dimension and the rest of
dimensions considered in each silencer length ratio (B/L) configuration are included in Tab. 1.

Typical results shown a Figs. 3 and 4 (For B/L = 0, 1.0, 0.2, 0.4, 0.6, 0.8, 1.0) shows the desirable
properties acoustic TL of this type of silencer, namely its high attenuation over a wide frequency range.
The properties acoustic TL at all Octave Band Center Frequencies are presented in Tab. 2.

Table 1: Double-chamber silencer (DCS) geometry

Geometry Chamber
radius RC (m)

Inlet/Outlet pipe
radius RP (m)

Total chamber
length L (m)

A silencer length
ratio (B/L)

1 0.1 0.05 0.2 0

2 0.1

3 0.2

4 0.4

5 0.6

6 0.8

7 1.0

Figure 3: Transmission loss of double-chamber silencer (DCS) with different Silencer length ratio (B/L)
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Figure 4: Transmission loss with different value of (B/L) along frequency range

Table 2: The peak transmission loss (TL) at silencer length ratio along frequency range

Octave band center
frequency (Hz)

Silencer length ratio (B/L)

0 0.1 0.2 0.4 0.6 0.8 1.0

210 15 0 13 30 29 13 13

275 13 13 30 36 13 30 36

327 8.5 25 37 33 25 38 8.5

415 0 35 41 0 36 0 35

500 8.5 38 37 33 25 38 8.5

550 13 36 30 36 13 30 36

615 15 0 13 30 29 13 13

1035 15 0 13 30 29 13 13

1102 13 36 30 36 13 30 36

1152 8.5 38 37 33 25 38 8.5

1242 0 35 41 0 36 0 35

1324 8.5 25 37 33 25 38 8.5

1375 13 13 30 36 13 30 36

1440 15 0 13 30 29 13 13

1860 15 0 13 30 29 13 13

1926 13 13 30 36 13 30 36

1982 8.5 25 37 33 25 38 8.5

2057 0 35 41 0 36 0 35

2145 8.5 38 37 33 25 38 8.5

2200 13 36 30 36 13 30 36

2265 15 0 13 30 29 13 13
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Fig. 3 exhibits the behavior for the DCS, as expected, for the expansion chamber without silencer, the
domes of acoustic TL is equal, for the expansion chamber with silencer the domes is replaced by unequal
domes, the first dome of each silencer geometry configuration is smaller in amplitude and frequency band
than the second one. When the frequency increases, the first dome of the acoustic TL increases to peak
then the second dome pair tends to disappear, then go up again to peak, and so on. On other hand, the
effect of silencer geometry configuration, when the silencer length ratio (B/L) increases, the second dome
widens and tends to cover the two domes of the simple acoustic TL of expansion chamber. This behavior
of acoustic TL continue along frequency range, the cut-off frequency being 3000 Hz.

For all silencer geometry configuration the effect of silencer on acoustic TL was completely vanished
sequently at frequencies 825 Hz, 1650 Hz, 2475 Hz respectively.

The acoustic TL with respect to silencer length ratio under full periodicity from 0 Hz to 800 Hz is shown
in Fig. 4. As indicated in Fig. 4, the gain of acoustic TL will be changed when B/L is increased at the fixed
frequency. Obviously, the gain effect in acoustic TL is dominated by B/L.

Moreover, acoustic TL becomes larger when B/L is increased. Visibly, B/L has high sensitivity to
acoustic TL. Consequently, B/L is the key-parameter resulting in frequency shifting. Respectively, B/L is
the powerful parameter in the gain of acoustic TL.

In order to maximize the value of acoustic TL, the minimal value of length of B is planned and carried
out. The three parameter B/L is chosen during the following analytical optimization processes. The method
we are used to optimize the length of B of the acoustic silencer/filter shown in Fig. 2 is the Lagrange method.
Eq. (25) is presented the governing equation to optimize the length of B.

@s
@B

¼ 0 (25)

From Eq. (20) for the silencer transmission coefficient, we can be written Eq. (26) as:

@

@B

F2
1 þ F2

2

16m2

� �
¼ 0;

@

@B
F2
1 þ F2

2

� � ¼ 0 (26)

It should be noted that this derivation of the optimization equation under full periodicity from 0 Hz to
800 Hz could be solved by computer using Matlab® software and the results of derivation are shown in
Figs. 5 and 6 to select the suitable length of B which gives the maximum transmission loss (TL).

Table 2 (continued).

Octave band center
frequency (Hz)

Silencer length ratio (B/L)

0 0.1 0.2 0.4 0.6 0.8 1.0

2685 15 0 13 30 29 13 13

2751 13 36 30 36 13 30 36

2805 8.5 38 37 33 25 38 8.5

2890 0 35 41 0 36 0 35

2972 8.5 25 37 33 25 38 8.5

3000 11 19 34 36 2.2 37 31.6
Remark: The cell filled with grey color is the Peak value of TL, and unfilled cell for Narrow dome value of TL.
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It is possible to observe in Fig. 5 that the maximum acoustic TL is obtained in the resonance frequency of
DCS (612 Hz) estimated by the analytical equation. Therefore, the values for this maximum attenuation
(41.1 dB). We can conclude that the optimization process is a good tool to estimate the maximum TL
within a defined range of DCS silencer shape. Thus, a manual process of adjusting the DCS shape may
be impractical.

Tab. 3 shows the results obtained, where the two design variables (length and radius of the DCS
silencer). In this work we optimize the length of silencer with fixed pipe radius, the main results are
shown in this table. Just the results closest to the optimized value were exhibit in this table. The line
filled with grey color is the optimized dimensions.

Figure 5: Relation between transmission loss and silencer length ratio (B/L)

Figure 6: Transmission loss of double-chamber silencer (DCS) with minimal value of silencer length ratio
(B/L), compared with the expansion chamber without silencer
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From this optimization process we conclude the best value of B/L is 0.204 in general range of frequency
because it is has higher value of acoustic TL that is mean higher level sound attenuation. The desirable
properties of acoustic TL of this type of silencer compared with the expansion chamber without silencer
is shown in Fig. 6.

4 Conclusions

In this work we presented complete mathematically study for optimal design of in Double-Chamber
Silencer (DCS). The exact solution of Helmholtz equation was performed to calculate the power
transmission coefficient (PTC) and the TL of silencer via Matlab® software for different silencer length.
The Lagrange method were used for maximizing the acoustic TL using.

In this paper where defined the optimum silencer length is 0.0408 m with fixed pipe radius, encountered
the maximum acoustic TL of 41.1 dB in the resonance frequency of DCS (612 Hz) estimated by the
analytical equation. From the results we can conclude that the acoustic TL is maximized at the desired
frequency. This work reinforces the rapid and efficient approach to an optimal design for DCS under
narrow space.
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