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Abstract: The magneto-hydrodynamics (MHD) effect is studied at different
inclined angles in Rayleigh-Bénard (RB) convection inside a rectangular enclo-
sure using the lattice Boltzmann method (LBM). The enclosure is filled with elec-
trically conducting fluids of different characteristics. These characteristics are
defined by Prandtl number, Pr. The considered Pr values for this study are 10
and 70. The influence of other dimensionless parameters Rayleigh numbers
Ra ¼ 103; 104; 105; 106 and Hartmann numbers Ha = 0, 10, 25, 50, 100, on
fluid flow and heat transfer, are also investigated considering different inclined
angles φ of magnetic field by analyzing computed local Nusselt numbers and
average Nusselt numbers. The results of the study show the undoubted prediction
capability of LBM for the current problem. The simulated results demonstrate that
the augmentation in heat transfer is directly related to Ra values, but it is opposite
while observing the characteristics of Ha values. However, it is also found that φ
has a significant impact on heat transfer for different fluids. Besides, isotherms are
found to be always parallel to the horizontal axis at Ra ¼ 103 as conduction over-
comes the convection in the heat transfer, but this behaviour is not seen at
Ra ¼ 104 when Ha � 25. Furthermore, at Ra ¼ 106, oscillatory instability
appears but LBM is still able to provide a complete map of this predicted beha-
vior. An appropriate validation with previous numerical studies demonstrates the
accuracy of the present approach.

Keywords: Average rate of heat transfer; Hartmann number; lattice Boltzmann
method; magnetic field effect; Rayleigh-Bernard convection

1 Introduction

The research of buoyancy-driven fluid motion is pivotal to different areas of the scientific community
from numerous applications of heat transfer and non-linear dynamics to geology and hydrology.
Particularly, in heat transfer, natural convection is extensively studied due to its widespread phenomena,
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and well-interpreted pathways to expand for further applications like fluid phase transition, boiling, and,
evaporation processes in solar and cooling ponds, metal casting, galvanising, to name a few. To satisfy
those requirements, certain natural convection problems have been taken into account to observe several
non-linear dynamics fields related behaviours such as pattern forming system, bifurcation structure in
different temperature gradients and cavity configurations [1]. Although there are several theories to
explain those configurations in fluids, the Rayleigh-Benard (RB) convection is a popular paradigm of
those types of studies [1–6]. RB convection is defined as a special type of cell where fluids are heated
from the bottom surface and cooled on the top surface, and the flow in between is driven by buoyancy
force due to the difference in the density. It is also able to transform itself into thermal convection when
the temperature gradient surpasses a certain threshold level [7]. The theoretical aspect of RB convection,
which was initiated in 1916 by Lord Rayleigh, can answer a large number of queries on temperature
gradient convection for many years.

In computational fluid dynamics (CFD) investigations, numerical simulations are attributed to providing
adequate information which is useful in several ways, since the experimental programmes are quite
expensive and relatively cumbersome [8]. While some popular numerical techniques such as finite
difference [9], finite element [10–12], finite volume [13,14] have served the researchers for decades, the
Lattice Boltzmann Method (LBM) is gaining popularity in the modern era due to its versatility, efficiency
and reproducibility [3,15–18]. Furthermore, in LBM, since fluid motion is simulated at the distribution
functions level, the microscopic physics of fluid particles can be incorporated competently like the other
conventional methods [8]. However, LBM is considered to be successful for implementing mass and
momentum conservation only, where the macroscopic equations correspond to the Navier-Stokes equation
with an ideal gas equation state and a constant temperature. On the other hand, LBM has not achieved
the same accolade yet in the simulation of thermal systems or hybrid thermal systems like variation of
isothermal flows in magneto-hydrodynamic (MHD) [2,19]. The flow of an electrically conducting fluid in
a magnetic field is vastly influenced by MHD forces, due to the interaction of induced electric currents
with the applied magnetic field. One of the vital reasons for considering electromagnetic effect is to
stabilise the fluid flow and subdue oscillatory instabilities. Although the MHD in natural convection has
gained attention among researchers to some extent, most of them raised concerns regarding LBM’s failure
to secure the numerical stability for temperature individually, particularly in the three-dimensional
analysis [8]. One of the reasons is the existence of the inter-particle forces, which are included in most of
the multi-phase models. As a consequence, the conservation of the thermal energy, in general,
experiences resistance from the potential part of the internal energy. Therefore, simulating fluid like a
non-ideal gas with energy conservation is difficult to obtain. Besides, there are certain circumstances
where the viscous and compressive heating effects can be ignored, and the temperature field will be
inertly advected by the fluid flow. By considering this characteristic, the diffusion of individual
component in a fluid mixture can be inferred. Therefore, in one way or another, it is possible to study the
isothermal flows by adding component (such as force term) in the system. There had been several
research works which involved the inclusion of one or two additional components with LBM to simulate
an MHD flow, and it was found to be effective for computational efficiency (both memory-wise and time-
wise) [8]. Since LBM can generate contours within a short time-scale, the quality and quantity of the data
are not compromised [19,5]. The accuracy of LBM-MHD flows has been widely acknowledged by
several benchmark studies [20,21]. Furthermore, the orientation of the magnetic field influences the
development of a convective heat and mass transfer rule, where Alchaar et al. [22] showed the impact of
the magnetic field being superior in vertical direction h ¼ 90 than horizontal direction (h ¼ 0). Hence, the
role of inclined angles shouldn’t be unnoticed.

There had been several research works which involved the inclusion of one or two additional
components with LBM to simulate an MHD flow, and it was found to be effective for computational
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efficiency (both memory-wise and time-wise) [8]. Since LBM can generate contours within a short time-
scale, the quality and quantity of the data are not compromised [19,5]. The accuracy of LBM-MHD flows
has been widely acknowledged by several benchmark studies [20,21]. Furthermore, the orientation of the
magnetic field influences the development of a convective heat and mass transfer rule, where Alchaar
et al. [20] showed the impact of the magnetic field being superior in vertical direction h ¼ 90 than
horizontal direction (h ¼ 0) [22]. Hence, the role of inclined angles shouldn’t be unnoticed. The
investigations regarding MHD-LBM in RB convection available in the literature are quite limited in
number. To the authors’ knowledge, there has not been any specific research reported in the literature
which had comprehensively studied the MHD flow at different Pr, Ha, and Ra numbers in RB
convection using LBM at different inclined angles. Therefore, the novelty of the present research is to
underline the impact of the aforementioned parametric importance in MHD-LBM numerical simulations.
The available literatures in this relevant field miss out at least one of the parameters. Therefore, further
investigation on the MHD-LBM simulation through electrically conducting fluid is still needed. The
primary purpose of the present research is to establish the ability of LBM to solve MHD flow in RB
convection in the presence of magnetic field changes. The methodology of the solution is presented
inside an enclosed rectangular cavity after conducting four types of code validations, and after the
compulsory grid-independent test. The results of LBM have been validated with benchmark solutions and
they are found to be in excellent agreement.

2 Theory and Background

MHD flows can be simulated in two different ways namely, the multi-speed (MS) model, and the multi-
distribution function (MDF) model [15]. In the MS model, the equilibrium distribution is altered to include
the magnetic field force in such a way that it becomes equal to the magnetic field vector on a separate base of
the vector. Since the primary focus of this research is on the MDF model, the details on the MS model is not
widely discussed in this work. The MDF model, which was introduced and further improved by Dellar [23],
considers the Lorentz force to be a point-wise force, and the conventional induction equation is solved by
using Lattice Bhatnagar Gross Krook (LBGK) equation by including an independent distribution
function. The advantage of this technique lies in the interactions between the electrically conducting fluid
and magnetic field. When both of them are in contact, the Lorentz force becomes active and interacts
with the buoyancy force in governing both fluid flow and temperature fields. Since the involvement of
the external magnetic field plays a vital role in the MDF model, the MHD flows require research from a
broader perspective. Some of the notable points can be mentioned here, which might help the
study in this field:

� Grid-independent study (different grid size)

� Investigation at different Ra numbers to see changes in the pattern of the buoyancy-driven flow,
� Variation of Pr to check the suitability of any numerical model for fluids of various characteristics,
� Influence on the flow under different magnetic field strengths (different Ha numbers),

� Reporting the impact of inclined angles (h) on numerical values.

Considering the above requirements, some of the relevant works can be analysed from the literature.
Sathiyamoorthy et al. [24] considered liquid gallium (constant Pr = 0.025) to study magnetic field effect
on natural convection flow in a square cavity with the uniformly heated bottom wall and side vertical
walls being linearly heated, and top wall being thermally insulated. They demonstrated the significance of
inclined angles on the flow and heat transfer rates inside the cavity, but the research was confined to a
fixed Rayleigh number (Ra ¼ 105). This is something of a pitfall since Ra is associated with the
buoyancy-driven flow, hence one constant value of Ra to simulate liquid gallium questions the extension
of the results. Therefore, it can be assumed that the authors did not put much inflexion on point (ii).
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However, the concerns regarding varying Ra numbers were properly addressed by Nemati et al. [25], where
they reported magnetic field effects on nanofluid in a rectangular cavity, but unlike Sathiyamoorthy et al.
[24], the impact of the magnetic field with inclined angle wasn’t considered. On the other hand, there is
some well-constructed research which implies the significance of the aforementioned points. For example,
Pirmohammadi et al. [26] studied the convective heat and mass transfer inside a tilted square closed
cavity varying Ra, Ha, and h. However, although the authors declared the grid independency
confirmation, their works didn’t distinctly remark the possible mesh size and discrepancies in Nuavg
numbers. The latter issue is extensively discussed in [5], as they reported the hydrothermal behaviour of
nanofluid in a cubic cavity with 103 � Ra � 105, which means the results covered a wide range of
combination of simulations. Recently, Sajjadi et al. [27] reported MHD natural convection using double
multi-relaxation-time (MRT) keeping Grashof number (=Ra/Pr) as variables for fixed Pr. Therefore,
considering some well-cited literature, it can be stated that a proper numerical study in this area should be
established considering those aforementioned points.

3 Problem Statement

The geometry of the present model is plotted in Fig. 1. It shows a two-dimensional rectangular cavity
with a vertical height of H and a horizontal length of L = 2H. The horizontal bottom wall is kept at a high
temperature Th while the top horizontal wall is maintained at a low temperature Tc. The vertical left and
right walls are impermeable to mass transfer (adiabatic). Pure fluid of different Prandtl numbers (Pr = 10,
70) fills the enclosure. The gravitational acceleration (gy) is considered to be acting vertically downwards.
Also, the uniform magnetic field is applied at an angle (h = 0, 45, 90) with a constant magnitude of B
between X and Y directions. In this investigation, only applied magnetic field is considered, while the
induced magnetic field, produced by the flow of electrically conducting fluid is neglected. For the
simplicity of the present study, Joule heating and viscous dissipation are also assumed to be negligible.
To maintain the validity of the Boussinesq approximation, the density of the fluid varies. The flow inside
the domain is two-dimensional, incompressible and laminar.

4 Mathematical Formulations

4.1 The Governing Equations for MHD Natural Convection
Initially, equations for Continuity, u-Momentum, v-Momentum and the energy equations can be written

as they are shown in Eqs. (1)–(4):
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Figure 1: Geometry and co-ordinates of rectangular cavity configuration with magnetic field effect
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The following relations are implied to convert Eqs. (1)–(4) into dimensionless parameters:
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In the present investigation, the lattice Boltzmann equation is associated with the continuity Eq. (6), the
momentum Eqs. (7)–(8), and the energy Eq. (9) which are derived from Eqs. (1)–(4) to simulate MHD natural
convection using macroscopic variables, these are:
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where q is density, u is of velocity at x-direction, v is of velocity at y-direction, T is the temperature of the
fluid, Th is hot temperature, Tc is cold temperature, and a is the thermal diffusivity.

Also, Ha is Hartmann number which is defined as Ha ¼ BH
ffiffiffi
r
l

r
, l is the dynamic viscosity, r is the

electrical conductivity, B is the magnitude of the magnetic field, L is the characteristic length of the
cavity, f is the angle of the direction of the magnetic field, gy is the gravitational force acting downwards
in the y-direction, b is thermal expansion coefficient, DT ¼ Th � Tc is the temperature difference between
the top and the bottom walls, and Th > Tc.

4.2 Lattice Boltzmann Method
Lattice Boltzmann method (LBM) can be used to study the natural convection in pure fluid [3,28]. To

implement this method, viscous heat dissipation has been neglected in incompressible flow application.
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There are two distribution functions in the LB model namely, the density distribution function fi for flow
field, and the temperature distribution function gi for temperature field. The distribution functions are
defined as the probability of particles at time t in position x moving with lattice speed ci towards each
lattice direction i during time interval Dt. The distribution functions follow their lattice LB transport
equations with single Bhatnagar-Gross-Krook (BGK) approximation. The LB equations with external
forces are expressed as in the following [2,3,29–31]:

fi xþ ciDt; t þ Dtð Þ � fi x; tð Þ ¼ � fi x; tð Þ � f eqi x; tð Þð Þ
sm

þ Dt Fi (10)

gi xþ ciDt; t þ Dtð Þ � gi x; tð Þ ¼ � gi x; tð Þ � geqi x; tð Þ
sm

(11)

Here, sm ¼ 3mþ 0:5 and sa ¼ 3aþ 0:5 represent the single-relaxation-times that determine the rate of
approach to equilibrium, and m is the kinematic viscosity. Eqs. (6)–(8) are recovered from Eq. (10). The
external term Fi in Eq. (10) represents the total body forces in Eqs. (7)–(8) acting in x and y directions.
The evolution of the internal energy is defined by Eq. (11) and this leads to Eq. (9).

The macroscopic quantities, that is, flow momentum, fluid density and temperature, are written as
follows [32]:

qu x; tð Þ ¼
X
i
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X
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X
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The simulations in this work use the D2Q9 (two-dimensional nine-velocity) model for flow and
temperature [33], as shown in Fig. 2. Therefore, the equilibrium distribution function for flow, and
thermal energy distribution function for this model can be written as in the following [34]:
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4.3 Rayleigh-Benard (RB) Convection
In general, RB convection occurs when a thin layer of viscous fluid is considered between two horizontal

rigid boundaries with varying temperatures. If the fluid of a state has a positive thermal expansion coefficient,
and gy is in the exact direction as the temperature gradient, the net buoyancy force will be in the opposite
direction of gy. When the temperature difference between the rigid boundaries surpasses a certain
threshold, the static conductive state exhibits instability, and as a consequence, convection occurs
abruptly. The Boussinesq approximation is widely applied to study RB or any natural convection. The
advantage of the approximation lies in the properties of the materials, which are presumed to be
independent of temperature except for the body force term. Therefore, in RB convection with LBM, an
additional body force term, Fi, is needed to be integrated with the flow distribution function for
simulation, and this term can be formulated using the Boussinesq approximation [2]:

Fi x; tð Þ ¼ 3xi � gy � b � T x; tð Þ � Tref
� � � q x; tð Þ � ciy (17)

Here, T x; tð Þ and q x; tð Þ are dimensionless local temperature and density, respectively, which are
calculated at the lattice positions using Eqs. (13)–(14); ciy is the y-component of ci since Eq. (17)
describes the buoyant effect acting in the y-direction only. In Eq. (17), the term T x; tð Þ � Tref represents
the temperature difference DT at each lattice position. Meanwhile, Tref is the minimum reference
temperature within the computational domain, and it is defined as Tref ¼ Th þ Tcð Þ=2Þ [35]. In the
present work, the value of Tref is considered to be 0.5. The external force term does not affect the density
of the flow, but contributes to the momentum of the fluid flow due to buoyancy, as indicated in Eqs. (10)
and (12).

In simulations of natural convection problems by LBM, with the characteristic velocity
V ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b gy DT H
p

, where H is the vertical distance of the computational domain, the expression for
thermal conductivity að Þ and kinetic viscosity (m) can be obtained by the following equations [2]:

a ¼ m
Pr

(18)
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Figure 2: Discrete velocity vectors for the D2Q9 model for two-dimensional LBM
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m2 ¼ V 2H2Pr

Ra
(19)

where L is the length scale, Pr is the Prandtl number, and Ra is the Rayleigh number. The relaxation times for
flow and temperature, sm, and sa, in Eqs. (10) and (11), can be found after satisfying the limitation of s > 0:5
for both the relaxation times to make sure that the thermal diffusivity and viscosity are positive [5]. Hence,
the general expression for relaxation time used in this paper is s ¼ 3lþ 0:5. Note that, the thermal

conductivity (a ¼ sa � 1

2
c2s

� �
DTÞ and kinetic viscosity m ¼ sm � 1

2
c2s

� �
DT cannot be kept as constants in

case of LBM simulations for natural convection [8].

4.4 Impact of Magnetic Field on Force Term
It’s evident from the equations above that magnetic field affects the force term. So, the total body forces

acting in x and y directions are called ‘external force’ in Eq. (10). It should be noted that all the variables in
the force term of LBMmust be dimensionless [3], and hence the following expressions can be presented:

F ¼ Fx þ Fy (20)

Fx ¼ 3xkqAð v sin h cos hð Þ � ðusin2hÞÞ (21)

Fy ¼ 3xkq gyb T � Tref
� �� �þ A u sin h cos hð Þ � vcos2h

� �� �� �
(22)

Here, A is expressed as in the following:

A ¼ Hað Þ2m
H2

(23)

Eq. (10) now takes the form of:

fi xþ ciDt; t þ Dtð Þ � fi x; tð Þ ¼ � fi x; tð Þ � f eqi x; tð Þð Þ
sm

þ Dt 3xkqðAðsin h cos hðvþ uÞ
� usin2h� vcos2hÞ þ gybðT � Tref ÞÞ

(24)

4.5 Boundary Conditions
Practical implementation requires the two main macroscopic physical quantities, q and u, to derive the

boundary conditions. In the case of LBM, boundary conditions are written as the distribution function (DF).
In LBM, it is important to determine the DFs at nodes of the boundary as per the macroscopic boundary
conditions. By doing this, it determines the stability and precision of the calculation [36].

4.5.1 Boundary Conditions for Fluid Flow
Bounce-back boundary condition is applied on all four no-slip solid walls. This condition specifies the

incoming directions of the distribution function to be reverse of the outgoing distribution function at the
boundary position after the collision. The boundary conditions for the flow are [31]:

At east (right) wall: f3;m ¼ f1;m, f7;m ¼ f5;m, and f6;m ¼ f8;m.

At west (left) wall: f1 ¼ f3, f5 ¼ f7, and f8 ¼ f6.

At north (top) wall: f4;n ¼ f2;n, f8;n ¼ f6;n and f7;n ¼ f5;n.

At south (bottom) wall: f2 ¼ f4, f5 ¼ f7 and f6 ¼ f8.
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Here, m and n show lattice for length and height, respectively, of the domain.

4.5.2 Thermal Boundary Conditions
The adiabatic condition is applied on the east and west walls of the cavity. The south wall is heated (TH )

while the north wall is kept cold (TC).

At cold north wall: g4 ¼ TC W2 þW4ð Þ � g2; g8 ¼ TC W6 þW8ð Þ � g6; g7 ¼ TC W5 þW7ð Þ � g5.

At heated south wall: g2 ¼ TH W2 þW4ð Þ � g4; g5 ¼ TH W5 þW7ð Þ � g7; g6 ¼ TH W6 þW8ð Þ � g8.
Here TH is used for the 2nd-order Zou-He boundary conditions [37,31], and W denotes to the block
separation distance.

For adiabatic west wall: gi;0 ¼ gi;1, for i=1 to 4.

For adiabatic east wall: gi;m ¼ gi;m�1, for i = 1 to 4.

4.6 Rate of Heat Transfer
In convective heat transfer problem, Nusselt number (Nu) is an essential dimensionless parameter

that describes the rate of heat transport occurring due to temperature difference between the top and
bottom walls. The average Nusselt number (Nuavg) and the local Nusselt number (Nu) at the hot wall is
formulated as in the following:

Nuavg ¼ 1

L

Z L

0
Nu xð Þdx (25)

Nu xð Þ ¼ � @T

@y
(26)

where L = 2H is the horizontal length of the cavity.

4.7 Convergence Criteria
The iterative process in the present single-relaxation-time LBM is terminated when the temperature and

the velocity field satisfy the convergence criteria. This is defined as in the following [37,31]:P
ŵ nþ 1ð Þ � wnj jP jwnþ1j < 10�15 (27)

where n is the iteration index, w is the temperature T or the velocity u, and the sum is applied over the
entire domain.

5 Code Validation and Grid Independent Test

The validation programming codes consist of several simulated results, and each of those is either
compared with benchmark data or analyzed with established theorem. The validation schemes are
performed to observe the accordance in Nuavg, streamlines, isotherms, and the influence of the magnetic
field effect. At first, the present code is validated with the results of the natural convection flow in a side
heated square cavity [5]. An excellent agreement with some literature is presented in Tab. 1 comparing
the average rate of heat transfer Nuavg. Next, a successful comparison of the natural convection flow in a
side heated square cavity with the magnetic field effect is shown in Tab. 2, which proves further
confidence on the validation in terms of Ha numbers. The values in Tab. 2 represent the Nuavg numbers,
for which additional Ra numbers are also taken into account to match with the available results of [5,38,27].
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There is one physical validation performed comparing isotherms with the results of Kao et al. [2] as
shown in Fig. 3, where evidential similarities can be observed. All of these comparisons (Tabs. 1 and 2,
and Fig. 3) show that the present study has a good agreement with previous works, and is suitable for
future developments. Fig. 3 shows no bifurcation to secondary instability in the considered flow
condition, i.e., Ra ¼ 105 and Pr = 0.71, as it was observed in the work of Kao et al. [2].

Although the grid-independent test is one of the pre-requisites to show the accuracy of the simulated
results, the obligation of performing this test is seldom mentioned in the literature. Grid independent test
is conducted to demonstrate the improvement of the results by using sequentially smaller cell (lattice)
sizes for the calculation. Tab. 3 shows the elaborated data. The calculations should approach to more
accurate answer as the mesh becomes finer. In conventional computational fluid dynamics (CFD)
approach, the simulation technique starts with a coarse mesh at the commencement, and gradually refines
it until the changes observed in the outputs are smaller than the pre-defined acceptable error. This

Table 1: Validation of Simulated results for Nuavg numbers at different Ra numbers

Ra Present Sheikholeslami et al. [5] De Vahl Davis [38]

103 1.1102 1.1432 1.118

104 2.2113 2.2749 2.243

105 4.4995 4.5199 4.519

106 8.7124 n/a 8.794

Table 2: Comparison of Nuavg numbers at different Ra numbers under various magnetic field strengths

Ha

Ra Comparison 0 10 50 100

1:46� 103 Present 1.0103 1.0103 1.0091 1.0091

Sajjadi et al. [27] 1.1610 1.0766 1.0177 1.0170

Sheikholeslami et al. [5] n/a n/a n/a n/a

Rudraiah et al. [39] n/a n/a n/a n/a

1:46� 104 Present 2.5682 2.2627 1.0877 1.0131

Sajjadi et al. [27] 2.4315 2.2510 1.0902 1.0208

Sheikholeslami et al. [5] 2.5665 2.2663 1.0995 1.0222

Rudraiah et al. [39] 2.5669 2.2616 1.0830 1.0088

1:46� 105 Present 5.0996 4.9155 2.6452 1.4420

Sajjadi et al. [27] 5.0151 4.9085 2.9915 1.4384

Sheikholeslami et al. [5] 5.0932 4.9047 2.6791 1.4605

Rudraiah et al. [39] 5.1518 4.9522 2.6899 1.4560

1:46� 106 Present 8.7124 8.6040 7.4553 5.4682

Sajjadi et al. [27] n/a n/a n/a n/a

Sheikholeslami et al. [5] n/a n/a n/a n/a

Rudraiah et al. [39] 8.7030 8.6463 7.5825 5.5415
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methodology creates two problems. First off, it is an arduous task for any CFD tool to achieve the identical
single coarse mesh for some specific problems, particularly at different time steps or when the time is
pressing. Secondly, refining mesh may increase the time-scale to complete the simulation performance,
which is not an appreciable characteristic of any LBM scheme, considering the time and cost constraints.
The purpose of grid-independent test is to ensure similar fundamental solution independent of either grid
size or any scale factor.

The grid-independent tests for the present codes are done by calculating the Nuavg on the heated wall.
The simulation is run for each case from quiescent commencement until any changes occurred in the Nuavg.
Tab. 3 shows more detailed results of grid-independent test. Two-dimensional uniform rectangular mesh
distribution is used in the work. Results of 200 × 100 grid size are used for analysis throughout this paper.

6 Results and Discussions

6.1 Impact of Buoyancy Parameter (Ra)
Two-dimensional fluid flow and heat transfer in the existence of a magnetic field is thoroughly studied in this

research. LBM is applied to perform numerical simulation inside a rectangular cavity filled with water and oil,
corresponding to their unique Pr numbers of 10 and 70, respectively. Inclusion of Ra establishes the connection
between buoyancy and viscosity within a fluid. In this paper, four different Ra numbers (103; 104; 105; 106Þ
are considered to compare the flow behaviour. It should be noted that for Ra � 105, the fluid flow doesn’t
reach the fully developed turbulence state [2]. To justify this statement, Ra ¼ 106 is also considered.

Figs. 4a and 4b illustrate the influences of the Rayleigh number. For the analysis of Rayleigh number effect,
Pr = 10 and h ¼ 45	 is considered in this section with different Ra values and differentHa values. It is seen from
the streamline and isotherm contours that all the contour lines are symmetric concerning the vertical midline of
the enclosed space when Ha ¼ 0. The buoyancy has a supporting influence on natural convection; however, the
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Figure 3: Temperature contours validation with Kao et al. [2], at Pr ¼ 0:71, for Ra ¼ 105

Table 3: Grid independence confirmation (at Pr ¼ 0:71; h ¼ 0; and Ha ¼ 0 )

Nuavg

Grid Size Ra ¼ 104 Ra ¼ 105 Ra ¼ 106

50 × 25 2.431 4.3932 7.2297

100 × 50 2.458 4.4252 7.2336

200 × 100 2.435 4.4031 7.2304
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Lorentz force shows a contrasting influence. The influence of Ra = 103 is more distinct on the transfer
mechanism. At Ha = 0, with no influence of electromagnetic force, for all the values of Ra, the bi-cellular
flow pattern symmetrically divided the rectangular cavity from the vertical centre line, this is seen in Fig. 4a.
However, no bifurcation to secondary instability occurs under the flow conditions Ra ¼ 103 to 106, Pr ¼ 10,
h ¼ 45	, and, Ha ¼ 0 to 100. At Ra ¼ 103 re-circulation zones occur mostly close to the boundary wall.
From Ra ¼ 104 to Ra ¼ 106, the re-circulation zones occur comparatively in the middle of the domain.
These streamlines indicate that there is more presence of fluid throughout the domain at Ra ¼ 104 � 106

compared to other Ra ¼ 103 value, and Ra ¼ 103 shows very poor presence of fluid throughout the domain.
In addition, it is observed that the periodic unsteady flow at Ra ¼ 105 and 106 breaks some symmetries and
retain most of the symmetries. At this value of Ha, the temperature contours (isotherms) show changes with
the increasing value of Ra. At low Rayleigh number, conduction is the main method of heat and flow
transfer. At Ra ¼ 103, the isotherm contour lines are completely straight lines which indicate that heat
transfer at this stage is low since convective heat transfer is not very possible in this scenario.

Figure 4: Influence of Buoyancy Parameter (Ra) on the flow pattern, (a) Streamlines, Pr ¼ 10; h ¼ 45	.
(b) Isotherms, Pr = 10, h ¼ 45	
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The highest value of the stream function increases with the increasing value of Ra; this means that flow
travels quicker since natural convection is stronger and the isotherm contour lines are distorted [5,40,41,42].
Since higher Rayleigh number causes more dominant buoyancy force than viscous force, the convective
transfer inside the enclosure becomes very strong. An increase in re-circulation results in cold fluid
having a downward motion; hence the convective heat transfer is the fundamental method of heat
transfer. Increasing the Ha value has a pure conduction regime for all Ra values. Due to the interaction
between Lorentz and Buoyancy force decrease in velocities happen, and convection heat transfer is
suppressed. Additionally, it is seen that conductive heat transfer enhances with higher Ra values, thus
suppression of convective heat transfer requires a higher magnetic field at higher Rayleigh number. The
variation in the temperature distribution profile appears to be more for increased magnetic field. The
isothermal walls vanish from the thermal boundaries signifying the undermined function of the
convection in the heat and flow transfer method. Moreover, results illustrate that the highest value of
stream function reduces amid enhancement of Ha value.

Moreover, streamline and isotherm contours bend 45	 as the Hartmann number increases since an
increase in Hartmann number intensifies the electromagnetic force, and the angle of the electromagnetic
force, h is set at 45	. At Ha ¼ 0, no influence of the inclined angle is realized as the electromagnetic
force is not active here, and Ha = 50 and 100 show most influence of the electromagnetic force.

6.2 Effect of Prandtl Number (Pr)
The Pr number is a paradigm of a non-dimension parameter which can explain the intrinsic property of

certain fluids. Fluids with lower Pr are free-flowing fluids with higher thermal conductivity, and on the other
hand, higher Pr means fluids have a higher viscosity, and hence the momentum transport remains superior to
the heat transport. As a consequence, those types of fluids are problematic to study heat transfer applications.
But, to be in accord with the definition of Pr and heat transfer theory, the cohort of fluids have different Pr in
this research.

Figs. 5 and 6 depict the effects of Pr value on the streamlines and isotherms, at various Ra, Ha and h. It
can be observed that both the concentration and temperature distributions decreased with increasing Pr value.
The streamlines showed that the flow showcases behaviour aligned with the gravitational constant (gy) if the
materials inside the cavity vary, which means at different Pr value. By observing this behaviour, it can be
inferred that the increment in Pr forces fluid to move from the lower surface and the downside of the
enclosure, resulting in a decrement in both flow density and temperature distribution [3,43].

Figure 5: Streamlines for two different Pr
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Figs. 5 and 6 consider three cases for the analysis of the Prandtl number, i) Ra ¼ 104,Ha ¼ 10, h ¼ 45	;
ii) Ra ¼ 105, Ha ¼ 10, h ¼ 0	; and; iii) Ra ¼ 106, Ha ¼ 25, h ¼ 90	; to show the influence of Prandtl
number on the flow and heat transfer mechanism. For the case (i), the transfer of flow and heat is almost
completely conductive at Pr = 70 and a very small amount of flow and heat transfer follow the
convective transfer mechanism. If the value of the Prandtl number is decreased the convective nature of
transfer start to increase. Then, case ii) shows that the conductive nature of the transfer is highest at Pr =
70 compared to the other value of the Prandtl number. In this scenario, the convective nature of the
transfer is mostly seen in the middle of the domain, and conductive nature of the transfer is observed
close to the thermal walls. Afterwards, case (iii) shows mostly convective nature of the transfer, as it has
a high Rayleigh number. However, there is still some conductive nature of transfer in this case, mostly
close to the thermal walls.

6.3 Average Rate of Heat Transfer
A heat transfer analysis has been conducted to understand the effect of magnetic field on RB convection

in the rectangular cavities. It is found that Nu increases as the buoyancy parameter Ra increases, but the Nu
exhibits the opposite behaviour as Ha number increases. It means with an augmentation of Ha number, the
Nuavg decreases. The distribution of Nu on the heated wall for different Ha and Pr numbers are presented in
Figs. 7 and 8 for Ra ¼ 104 to 106, where a large number of fluctuations can be observed due to increment in
the buoyancy parameter (Ra number).

According to Figs. 7 and 8, the aforementioned theory can be rationalised as the Nu number falls with
increasing Ha numbers. However, the behavioural changes are not similar for different Pr values since all
fluids don’t respond identically to heat transfer applications due to physicochemical differences, for Pr =
10, 70. For RB convection, the bell-shaped curve signifies the mid-section to be the most influential zone
as the heat source is placed at the bottom wall, which results in forming the appearance of the symmetricity.

Fig. 7 shows the characteristics of the Nusselt number at Pr = 10 for Ra = 104; 105; 106. At Ra ¼ 104

(row A) it is seen that convective transfer is greater than four times than the conductive transfer at peak
without any electromagnetic force applied (Ha ¼ 0). With a slight increase in the Hartmann number, Ha
= 10, the peak value of convective transfer reduces a lot. Then, having an 45	 inclined angle of the
electromagnetic force increases the convective transfer mechanism in one part of the domain; in this case,

Figure 6: Isotherms for two different Pr
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the increase is in the left-hand side of the domain. The inclined angle of electromagnetic force at 90	 changed
the convective transfer significantly, the peak value of conductive transfer increases in massive amount. In
other Hartmann numbers, Ha ¼ 25; 50; 100, the convective and conductive transfer are the same keeping
the Nusselt number values at 1 throughout the domain. At Ra ¼ 105 (Row B), more convective transfer
occurs throughout the domain for all the values of Hartmann number except Ha ¼ 100. This is due to
higher Rayleigh number. But at higher Hartmann number Ha ¼ 100, the conductive and convective
transfer remains the same as the Nusselt number is 1 in this case. The peak values of Nusselt numbers are
higher in this case compared to Ra ¼ 104, which is the indication of higher convective transfer for
Ra ¼ 105. Then, due to the value of h additional fluctuations are seen in the transfer mechanism because
of the positioning of the electromagnetic force. h ¼ 45	 shows fewer fluctuations compared to h ¼ 90	.
One massive different has occurred in this case for Ha = 50 at h ¼ 0	; the convective and conductive
transfer remains almost the same throughout the domain with a very small change in the vertical
centreline on the domain. At Ra ¼ 106 (Row C), a very little conduction transfer happens compared to
convective transfer. Even at very high Hartmann number, the conductive transfer is very low compared to
convective transfer. Again, a very little conductive transfer is observed at h ¼ 0, and it is very negligible.
The peak values of Nusselt number are extremely high in this scenario compared to Ra ¼ 104 and 105.
These illustrations show that most of the transfers occur due to convection at this stage. Once again,
fluctuations are seen due to the values of h ¼ 45	 and 90	. From these observations, it can be confirmed
that the positioning of electromagnetic force can have a significant impact on the transfer of flow and heat.

Fig. 8 shows the characteristics of Nusselt number at Pr = 70 for Ra = 104; 105; 106. At Ra ¼ 104 (row
A) it is seen that convective transfer is greater than almost four times than the conductive transfer at peak
without any electromagnetic force applied, Ha ¼ 0. With a slight increase in the Hartmann number, Ha =
10, the peak value of convective transfer reduces a massive amount; this scene was completely different
for the same case in Pr = 10. Then, having an 45	 inclined angle of the electromagnetic force increases
the convective transfer mechanism in one part of the domain slightly; in this case, the increase is in the
right-hand side of the domain. The inclined angle of electromagnetic force at 90	 changes the convective
transfer significantly, the peak value of conductive transfer increases in massive amount. In other
Hartmann numbers, Ha ¼ 25; 50; 100, the convective and conductive transfer are the same keeping the
Nusselt number values at 1 throughout the domain. The same scenario is seen in Fig. 7 for Pr ¼ 10 at
Ra ¼ 104, which indicates that the characteristics of the Nusselt number don’t change very much with a
change in Prandtl number at Ra ¼ 104 for these Hartman numbers. At Ra ¼ 105 (Row B), more
convective transfer occurs throughout the domain for all the values of Hartmann number except
Ha ¼ 100. This is due to higher Rayleigh number. But at higher Hartmann number Ha ¼ 100, the
conductive and convective transfer remains the same as the Nusselt number is 1 in this case. The peak
values of Nusselt numbers are higher in this case compared to Ra ¼ 104, which is the indication of
higher convective transfer for Ra ¼ 105. Then, due to the value of h additional fluctuations are seen in
the transfer mechanism because of the positioning of the electromagnetic force. h ¼ 45	 shows fewer
fluctuations compared to h ¼ 90	. Similar results are seen in Fig. 7 for Pr ¼ 10 but. In general, the
phenomena of the transfer mechanism are the same as it is seen for Pr ¼ 10 at 105 in Fig. 7. At
Ra ¼ 106 (Row C), a very little conduction transfer happens compared to convective transfer. Even at
very high Hartmann number, the conductive transfer is very low compared to convective transfer. A very
little conductive transfer is observed at h ¼ 0, and it is very negligible. The peak values of Nusselt
number are extremely high in this scenario compared to Ra ¼ 104 and 105. These illustrations show that
most of the transfer occurs due to convection at this stage. Again, fluctuations are seen due to the value
of h ¼ 45	 and 90	. In this case, with Pr ¼ 70 fluctuations are more compared to the same scenario at
Pr ¼ 10 (Fig. 7). Once again, it can be confirmed that the positioning of electromagnetic force can have a
significant impact on the transfer of flow and heat.
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Figure 7: Local Nu number distribution on the heated wall at Pr ¼ 10 at h ¼ 0	; 45	; 90	 (column wise, left
to right) for Ra ¼ 104 að Þ, 105 bð Þ; and 106 cð Þ
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Figure 8: Local Nu number distribution on the heated wall at Pr ¼ 70 at h ¼ 0	; 45	; 90	 (column wise,
left to right) for Ra ¼ 104 að Þ; 105 bð Þ; and 106 cð Þ
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Fig. 9 depicts the values of the Nuavg as considered dimensionless parameters varied within the prevalent
domain. The rate of heat transfer increases as Ra value increases, validating the results against Kefayati et al.
[3], illustrated in Fig. 4, the Ha value had an influential impact on the heat transfer. At low Ra value (e.g.,
104), when the magnetic field does not exist, the Nuavg at Pr = 10 and Pr = 70 have different patterns since the
fluids of former two Pr value (10) have analogous properties than the fluid which possesses Pr = 70.
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Figure 9: Nuavg number distribution on the heated wall at different Ra (column-wise arrangement) and Ha
numbers for three types of fluid

32 EE, 2021, vol.118, no.1



Meanwhile, the impact of inclined angle (h) plays a pivotal role in controlling the MHD flow in RB
convection. Fig. 9 reports the alterations in the behaviour at h = 0, 45, 90. At Ra = 104, the values of
Nuavg depends favourably for low Ha number, after that the rate of changes become almost constant,
confirming the thermal equilibrium stage. As Ra increases, there are significant declinations in the
average rate of heat transfer for different fluids due to instability reported earlier. Furthermore, at Ra =
106, the rate of heat transfer displays an erratic trend at h = 0, 45, but, this trend is not visible at h = 90.

7 Conclusion

The study investigates the influence of magnetic field on RB convection in an enclosed square cavity
which has been analyzed by LBM. The research has been carried out for two different fluids varying Pr
numbers. To sum up, the following findings can be highlighted:

� Validation with previous research works substantiates that LBM can offer enhanced accuracy to study
RB convection by coalescing with the magnetic field.

� The heat transfer applications and flow characteristics inside the enclosed cavity depend largely upon
the magnetic field strength (Ha), inclined angles (h), and Ra values. Deterioration of heat transfer is
observed for an increment of Ha value at various Ra and Pr values.

� The impact of magnetic field is insignificant for low Ra value, as the isotherms become parallel to
each other due to surpassing of RB convection, and the heat transfer inside the enclosure is mostly
dominated by the conduction. For Ra = 103, isotherms are always parallel, and at Ra ¼ 104, the
parallel isotherms can be seen for Ha > 25. At Ra ¼ 105 to 106, this characteristic is not visible
as a result of higher values of the buoyancy parameter, which formed instability and oscillation.

� Ha numbers have a significant impact on Nu value for different fluids, where unstable oscillatory
flows cease to exist at Ra ¼ 106 for Ha > 10 in most of the cases.

� At Ra = 106, the average rate of heat transfer declines inconsistently, and at h ¼ 0, water (Pr = 10)
has the most declining rate.
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