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Abstract: Consensus control of multi-agent systems is an innovative paradigm for
the development of intelligent distributed systems. This has fascinated numerous
scientific groups for their promising applications as they have the freedom to
achieve their local and global goals and make their own decisions. Network com-
munication topologies based on graph and matrix theory are widely used in a var-
ious real-time applications ranging from software agents to robotics. Therefore,
while sustaining the significance of both directed and undirected graphs, this
research emphases on the demonstration of a distributed average consensus algo-
rithm. It uses the harmonic mean in the domain of multi-agent systems with direc-
ted and undirected graphs under static topologies based on a control input scheme.
The proposed agreement protocol focuses on achieving a constant consensus on
directional and undirected graphs using the exchange of information between
neighbors to update their status values and to be able to calculate the total number
of agents that contribute to the communication network at the same time. The pro-
posed method is implemented for the identical networks that are considered under
the directional and non-directional communication links. Two different scenarios
are simulated and it is concluded that the undirected approach has an advantage
over directed graph communication in terms of processing time and the total num-
ber of iterations required to achieve convergence. The same network parameters
are introduced for both orientations of the communication graphs. In addition, the
results of the simulation and the calculation of various matrices are provided at the
end to validate the effectiveness of the proposed algorithm to achieve consensus.

Keywords: Multi-agent systems; average consensus; distributed estimation;
directed graphs; undirected graphs; agent counting

1 Introduction

Recent technological advancements in communication systems, control systems, and computer systems
engineering attract many researchers to study the latest challenges and developments in the distributed
control of multi-agent systems. It is a system with multiple agents, which are a self-managed and
intelligent. The main objectives of such systems are to achieve their main objective in a cooperative
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manner that is essentially beyond the individual capabilities of a single agent. This is usually accomplished
by properly designing a distributed protocol [1]. Multi-agent systems have numerous civil, military, and
security applications and hold great promise in terms of scalability, robustness, and flexibility [2,3]. The
design and implementation of such systems should have several advantages and some limitations. The
advantages of such systems can be listed as follows: (1) such systems can solve large complex problems
that cannot be solved with centralized systems due to their limited computing power and resources. (2)
They can provide solutions in which information is spatially distributed among sources. (3) Multi-agent
systems improve performance along with various domains such as computational efficiency, reliability,
scalability, robustness, maintainability, responsiveness, and flexibility. Various researchers have conducted
numerous studies in the field of multi-agent systems using the consensus algorithms. One of the main
topics is the estimation of the distribution and the predictive control under different communication
conditions [4]. Due to limited coverage, limited communication skills, and limited resources, each agent
can only exchange information with its neighboring agent to calculate local metrics and obtain a
distribution estimate. The entire network information account cannot be guaranteed in this way.
Therefore, we have proposed to develop a distributed algorithm that cooperatively complements the
estimated estimate using the average consensus that computes the average initial set of node values using
the original information from the agents to communicate with their neighbors. This exchange of
information leads to distributed systems with several agents. Consensus agents offer advantages over
centralized systems that require statistics to be reported to a group of agents for decision making.
Collaborative intrigues and the convergence of investigations from distributed estimation algorithms have
gained immense importance. The results of such algorithms provide robustness for some failure factors,
low communication and computational costs [5]. Multi-agent systems are of great importance in the
context of network systems due to their distributed nature and are widely used in a variety of applications
such as: Flocking [6-9], Wireless Sensor Networks (WSN) [10—13], robot coordination control [14—16],
underwater vehicles, resource allocation and dynamic economic transport [17-20], control of an
unmanned aerial vehicle (UAV) [21-23], training of vehicles [24,25], intelligent transport systems [26],
robotic position control [27,28], formation control [29-31], satellite coordination and alignment [32],
computer load balancing parallels [33], coordinated decision making [34], a smart decentralized
mechanism for smart grids [35,36] and other multi-agent applications are discussed in detail in Cao et al.
[37]. In multi-agent systems in particular, one of the techniques used for this purpose is consensus. In this
study, we present a known distributed algorithm called the linear consensus algorithm. These algorithms
have the quality of achieving mutual values to achieve their global objectives by calculating their local
values. This type of algorithm is of great importance in multi-agent systems and network-controlled
systems. In cooperative control of a networked multi-agent system, dynamic agent groups in multi-agent
systems must interact with each other and ultimately agree on certain amounts of interest to achieve their
common goals. These problems are commonly referred to as consensus problems, which are one of the
fundamental research topics of decentralized control [38]. In other words, we can simply say that
convergence on a common value is called consensus or agreement. The goal of consensus control is to
develop algorithms for multi-agent systems so that the group of dynamic agents can reach an agreement
on a certain amount of interest by communicating information with neighboring agents and with
themselves [39]. Furthermore, in the areas of control systems theory, the consensus problem was initially
discussed by Borkar et al. [40]. The problem of informatics, which focuses on the aggregation of animals
using consensus control, is examined by the author in Reynolds [41]. In the later Consensus research
horizons, Olfati-Saber and Murray promote control. They use the concepts of graph and matrix theories
with directed and undirected graphs [42]. Subsequently, the authors implemented a consensus control for
dynamically changing topologies in Ren et al. [43]. Furthermore, consensus in mediating network
topologies is addressed in [44,45], Filter Design for Consensus [46], a convex solution optimized for
large-scale industry using a distributed consensus algorithm from the authors in [47—49], Kalman filter
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design for the distributed consensus approach is discussed first in Li et al. [S0]. Impulse control is an
important mechanism that is highlighted in Guan et al. [51]. The event-driven convergence protocol for
multi-agent linear distributed networks is examined by Cheng et al. [52]. The authors discuss time-
synchronized algorithms for different applications in [53—55]. The concept of asynchronous consensus in
different network environments is also presented by the authors in [56,57]. Similarly, the authors propose
a consensus-based scheme in Zhao et al. [58] in which they calculate the binary values of neighboring
states in the case of stochastic noise. Interestingly, in Zheng et al. [59] the researcher investigates a
hybrid convergence scheme for continuous and discrete multi-agent systems. Furthermore, consensus
algorithms for second and higher order orders in different scenarios and network conditions have been the
focus of research in recent years based on a discrepancy in the event of breakdowns, restrictions on
control inputs and agent speed [60]. Furthermore, specially directed diagrams are used on the World
Wide Web, where the corner points are the web pages and the links between the different pages are the
edges [61]. This is also implemented in the algorithm used by Google page ranking [62]. They are also
implemented in operating systems, mainly for resource allocation, where processes and resources act as
corner points and borders are drawn between the requesting process and the requested resource [63]. One
of the examples of such a network are the Bayesian networks used by NASA’s space shuttle to select an
operating system for multiple processes. Directed graphs are also used to represent Markov chains and
their related applications, such as: For example: automatic speech recognition [64], neurobiology,
chemical reaction networks, etc. Similarly, undirected charts are used in various applications for a
navigation system to provide the best solution for the optimal search for the shortest route [65]. In
addition, non-directional graphs from Facebook and other social networks are used, the cornerstone being
users and the connection between friends as an advantage [66]. It is also worth noting that the algorithm
for friend suggestions on multiple social media sources uses key concepts from graph theory.

In this study, we propose a distributed algorithm based on average consensus and using the concept of
harmonic mean to quickly converge to its optimal value. The proposed algorithm is applied to both directed
and undirected graphs for fixed networks in order to visualize their meaning for real word problems. The rest
of the article is organized as follows. Section II provides a preliminary study on the design of a consensus
algorithm. Section III deals with the formulation of the proposed consensus algorithm problem. The results of
the simulation are presented in Section IV, and finally Section V concludes the article.

2 Preliminary Study for Designing of Consensus Algorithm

We use state space functions to model the proposed network control system. In cooperative control of
multi-agent systems, graph theory and matrix theory are used as the main tools to study and design such
systems together with the state space model.

2.1 Graph Theory

In mathematics and in particular in graph theory, a graph is a representation of a set of objects in which
certain pairs of objects are connected by links. Connected objects are represented by mathematical
abstractions called vertices, and the links that connect some pairs of vertices are called edges. The edges
can be directed or undirected. The vertices that are directly connected to the other vertices of a network
are considered its neighbors and are represented mathematically as N; for agent i. A graph is connected
when there is a path between each pair of nodes. There are no inaccessible vertices in a joined diagram.
In the network of interconnected agents, a graph is a tool for modeling a network topology and is
denoted algebraically by G = (V, E). The agents identified in a graph are called the set of vertices and are
indicated by V. In addition, the connections between vertices are known as the set of edges £ = (i, j) [67].
Another important concept in graph theory is the spanning tree. If there is at least one corner point that
has a route directed to all other agents in a network, we speak of a directed spanning tree [68,69]. A
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diagram can be classified based on the orientation of the information flow from one vertex to another using
the edge. A graph can be directed or undirected.

2.1.1 Undirected Graph

If the graph does not have a specific direction for the edges, it is called an undirected graph. In undirected
graph, the communication links for the information flow are bidirectional. For undirected graphs, 4 = A7 so
the matrix is symmetric with respect to the diagonal. An ordered pair is used to denote the edge on a graph
and can be written as (v;,v;). This simply means that agent i transmits its information to agent j directly
connected. An undirected graph (v;, v;) means that both agents are connected and can transfer information
bidirectional to each other. It is important to mention that in an undirected communication graph, the
information is always available in due time, but at the same time it overloads the communication channel
due to redundant information from the same node from multiple sources.

2.1.2 Directed Graph

If the edges are directional, it is a directed graph. The edges are connected from node to node, and some
of the same paths cannot be used to return to the original node. In directional diagrams, arrows on the edges
indicate the direction of information flow. The source node can only use the specified address to reach the
destination node, but must find an alternate route to return the start node. In some cases, a directed graph
has problems related to the point of no return. This can lead to a blockage of communication networks.
Furthermore, it can be said that a directed graph is a sequence of directed edges in the form of
(vi,v2) (v2,v3) ... .(Vu—1,vs) where all v; belongs to V.

2.2 Matrix Theory

In addition to graph theory, convergence modeling for networked multi-agent systems depends mainly
on matrix theory. When all the entries in a matrix are positive, the matrix is said to be a non-negative matrix.
Similarly, with respect to the shape of the vector, the vector is not negative if all elements are positive. In
matrix theory, different matrices are of great importance for convergence analysis. One of them is a
stochastic matrix (row) P, which states that the total sum of rows in the matrix must be + /. Furthermore,
this stochastic matrix P is called indecomposable and aperiodic (SIA) if klij)lo P = 1" is a column

vector with all entries equal to /, w is a vector column and 7 represents the transpose operation [67-69].
Likewise, a matrix of Rank 1 is a matrix in which all the rows are identical. An adjacency matrix is a
matrix that provides information about connectivity within the elements of the matrix. The mathematical
adjacency matrix of a graph G is denoted by 4 = [aij] and can be expressed as in Eq. (1):

a; = { L, lf(Vz‘aV/) €E (1)

0, otherwise

One of the most important matrix for designing a consensus algorithms is the degree matrix. The Degree
matrix D = [dy] of a graph G is a basically a diagonal matrix that possess a degree of vertex i.e., the number
of agents adjacent to i. In addition, there is a concept of Laplace matrix that uses the definition of the degree
matrix. Laplacian matrix of a graph is denoted by L where L = D — A. The Laplacian matrix is the utmost
essential matrices in graph theory in terms of analysis and protocol design for distributed systems. Let
P= [p,j] € R™ be a stochastic matrix then G (P) is a graph associated with the matrix P, where G (P)
has total N nodes and edges (v;,v;) if and only if p; > 0 . Also, a matrix with the majority of its elements
equals to zero is called the sparsity matrix.
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3 Formulation of System Model

Consider a multi-agent system consisting of N agents. The communication topology for the whole
system is designed by a graph G. Let A be the adjacency matrix with the associated graph. Similarly, D
is the corresponding degree matrix and L is the Laplace matrix for the graph G. Each agent interacts with
its neighbors, which is related to »; for / agent. We consider mutual communication links between agents.
In cooperative control of multi-agent networks, each agent has its local state variable y;. The agent should
consider local state information as well as information from other connected agents. We investigate the
following spatial state model in this investigation in Eq. (2):

Yilk +1) = yi(k) + zi(k) ()

In Eq. (2), z; is related to the control input generated by the agent. We have to design it so that all agents
have to converge towards a common value based on their average. Furthermore, agent i must have the state
value y;, which changes dynamically with time iteration. Furthermore, y; (0) is designated as the initial state
value for agent i and the discrete moments in time are represented by k. Here we focus on two main
objectives: one is to obtain the average consensus through the appropriate design of the fiscal
contribution, and the second is to accurately estimate the total number of agents N. Our objective is that
all local states y; (k) converge in a value that is the reciprocity of the total number of agents N in the
network. This true approximation of the means N is given by Eq. (3).

1
lim y;(k) = — 3
Jim yi(k) = 3)

The design of a control input z; (k) is considered a main objective and it must be ensured that Eq. (3) is
satisfied. It is important to note that all agents in the communication network surely do the same as described
in Eq. (3), regardless of whether the connection link between them has been established or even if there is no
connection. Here we propose the draft of the control entry in Eq. (4):

zi(k) = O‘Zjezv,b’/(k) = yi(k)] )

In Eq. (4) o is a weight associated with the convergence factor to achieve immaculate coordination, and
must be designed. To achieve the desired results more accurately and efficiently, we propose some conditions
to design a for the objectives of the project algorithm. First, all agents 7 in a network must specify an initial
condition for zero, where i = 2... N. Furthermore, an initial condition must be assigned specifically for the
first agent in communication network equals to /. The second condition is that the communication topology
for the network under consideration is strongly connected and the third condition that must necessarily be
fulfilled is the correct calculation of the weighting factor a, so that the substitution of this value in Eq. (4)
ensures that the Eq. (3) is achieved. The weighting factor a and is proposed in Eq. (5).

di(t) + d;(¢) o
S P TOTOR di(t)j(’t) .0 F) (5)
0, otherwise

Here, d; and d; are the degrees of agent i and agent ;. It is important to take into account that if all the
steps are properly calculated and ensured for the proposed algorithm then o surely gratifies the objective
set in Eq. (3).

4 Simulation Results

This section deals with the numerical and simulation results generated with the MATLAB simulation
tool for the proposed algorithm. In this section we demonstrate the convergence analysis of our algorithm
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and also calculate the total number of agents in a network. A root mean square error is also recorded to ensure
minimum error and achieve precision of results. Two cases are presented to reinforce our claim that the
proposed algorithm achieves consensus with good results.

The following parameters need to be defined at the beginning of each simulation scenario.

a) Total number of agents (Network Size)

b) Initial conditions for all agents in a network

¢) Computed value of weighting factor o

d) Network topology (Adjacency): Fixed, directed, undirected

4.1 Scenario One

In the current scenario, we simulate it for directional and undirected orientations of the diagram. It also
calculated the various matrices and provided a comparison for the performance of both graphs in the given
network environment.

4.1.1 Undirected Graph

We consider a small undirected graphics network topology with 3 agents as shown in Fig. 1. The initial
values for all agents except the first agent are set to zero. Where a is computed using Eq. (5). The
convergence of the three network agents is 1/3 using Eq. (3). Also, the convergence of three means to a
common value of 0.3333 is shown in Fig. 2.

Figure 1: Undirected communication network of three networks agents with fixed network topology

We can formulate and compute the Adjacency matrix A, Degree matrix D, and the Laplacian matrix L
for the undirected communication graph considered above as follows:

0 1 1 2 00 2 -1 -1
A=1|1 0 1 D=0 2 0| L=|-1 2 -1
1 1 0 0 0 2 -1 0 -1

SIA Matrix = [/ — L] and Rank1 Matrix = [/ — aL]" associated with the undirected graph is computed
as under:

0.4000 0.3000 0.3000 0.3000 0.3000 0.3000
SI4 = {03000 0.4000 0.3000 | Rank 1= |0.3000 0.3000 0.3000
0.3000 0.3000 0.4000 0.3000 0.3000 0.3000
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Figure 2: Consensus achieved by three agents in an undirected communication network

4.1.2 Directed Graph

We consider a small undirected graphics network topology with 3 agents as shown in Fig. 3. The initial
values for all agents except the first agent are set to zero. Where o is computed using Eq. (5). The
convergence of the three network agents is 1/3 using Eq. (3). Also, the convergence of three means to a
common value of 0.3333 is shown in Fig. 4.

Figure 3: Directed communication network of three networks agents with fixed network topology

We can formulate and compute the Adjacency matrix A, Degree matrix D, and the Laplacian matrix L
for the undirected communication graph considered above as follows:

0 1 1 1 00 1 -1 0
A=11 0 1 D=0 1 0| L=1|0 I -1
1 10 0 0 1 -1 0 1
SIA Matrix = [I — oZ] and Rank1 Matrix = [I — «L]*associated with the undirected graph is computed as

under:

0.7000 0.3000 0 0.3000 0.3000 0.3000
SIA = 0 0.7000 0.3000 | Rankl = | 0.3000 0.3000 0.3000
0.3000 0 0.7000 0.3000 0.3000 0.3000
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Figure 4: Consensus achieved by three agents in directed communication network
The convergence achieved in relation to several iterations and the time required for directional and

undirected diagrams are shown in Tab. 1. It clearly showed that undirected graphs reach the consensus
value in fewer iterations and are less time consuming in comparison with directed graphic.

Table 1: Comparison performance of undirected and directed for small communication network

Undirected Graph ~ Directed Graph

Number of Iterations 8 23
Computational Time 2.5 10

4.2 Scenario Two

In the current scenario, we simulate it for directional and undirected orientations of the diagram. It also
calculated the various matrices and provided a comparison for the performance of both graphs in the given
network environment with eight agents.

4.2.1 Undirected Graph

First, we consider a multi-agent network with 8 network agents with an undirected network topology.
The initial state conditions are defined according to the specification established for the proposed
algorithm, which are defined as x; = / and x; = 0 and for all i = 2, 3, 4....8. The network topology of the
communication graph is recorded and shown in Fig. 5. The weight is calculated based on the maximum
degree of network connectivity implementing the proposed method. The total simulation time for this
case remains constant for 25 seconds. The consensus agreement between the 8 agents is achieved with a
mean value of 0./25, and the representation of the consensus within the communication network is
shown in Fig. 6.

We can formulate the Adjacency, Degree, and the Laplacian matrix for the undirected graph considered
above as follows:
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Figure 6: Consensus of the & network agents on the average value of 0.125 for undirected graph

Evolution of local states

Time (sec)

407

(0100000 1] (20000000 [2 =10 0 0 0 0 —1
10100100 03000000 -13 -10 0-10 0
01010000 00200000 0-12-10 0 0 0
A= 00101000 D— 00020000 I — 0 0-12-10 00
00010100 00002000 0 0 0-12-100
01001010 00000300 0-10 0-13-10
00000101 00000020 0 0 0 00 —-12 -1
110000010 100000002 | =10 0 0 0 0 —1 2
SIA Matrix = [I — oL] and Rank1 Matrix = [/ — «L]*associated with the undirected graph is computed
as under:
(0403 0 0 0 0 0 03]
030103 0 0030 O
030403 0 0 0 O
0 030403 0 0 O
St = 0 00304030 O

0
0
0
0
0

03 0 00301030
0 0 0 0030403
1030 0 0 0 0 0304 ]
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[0.1250 0.1250 0.1249 0.1249 0.1249 0.1250 0.1250 0.1250 ]
0.1250 0.1250 0.1250 0.1250 0.1249 0.1249 0.1249 0.1250
0.1249 0.1250 0.1250 0.1250 0.1250 0.1249 0.1249 0.1249
0.1249 0.1250 0.1250 0.1250 0.1250 0.1250 0.1249 0.1249
0.1250 0.1250 0.1250 0.1250 0.1250 0.1250 0.1250 0.1250
0.1249 0.1249 0.1250 0.1250 0.1250 0.1250 0.1249 0.1249
0.1250 0.1249 0.1249 0.1249 0.1249 0.1250 0.1250 0.1250

| 0.1250 0.1249 0.1249 0.1249 0.1249 0.1250 0.1249 0.1250 |

Rank 1 =

4.2.2 Directed Graph

We consider a multi-agent network with 8§ network agents with a directed network topology. The initial
state conditions are defined according to the specification established for the proposed algorithm, which are
defined as x; = [ and x; = 0 and for all i = 2, 3, 4....8. The network topology of the communication graph
is recorded and shown in Fig. 7. The weight is calculated based on the maximum degree of network
connectivity implementing the proposed method. The total simulation time for this case remains constant
for 70 seconds. The consensus agreement between the § agents is achieved with a mean value of 0.725 as
shown in Fig. 8, and the representation of the consensus within the communication network is shown in Fig. 6.

Figure 7: Directed communication network of eight networks agents with fixed network topology

We can formulate the Adjacency, Degree, and the Laplacian matrix for the undirected graph considered
above as follows:

[01000000] (100000007 1 =100 0 0 0 0
00100100 02000000 0 2-100-10 0
00010000 00100000 00 1-100 00
4 |00001000| J_|00010000f ,_f0 0 0 1 -10 0 0
00000100 00001000 0000 1—-100
01000010 00000200 0-100 0 2—10
00000001 00000010 000000 1 -1
110000000 | 100000001 | -10 0 0 0 0 0 1 |

SIA Matrix = [I — oL] and Rank1 Matrix = [I — oL]*associated with the undirected graph is computed
as under:
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[0703 0 0 0 0 O
0304 0 0030
0 07030 0 O
0 007030 O
0 0 007030
030 0 0 0403

0 0

0

0
0
0
SIA = 0
0
0

0.3

[0.1249 0.1250 0.1249 0.1250 0.1249 0.1259 0.1250 0.1250 ]
0.1250 0.1250 0.1250 0.1250 0.1249 0.1250 0.1250 0.1250
0.1250 0.1249 0.1250 0.1249 0.1250 0.1250 0.1250 0.1249
0.1250 0.1250 0.1250 0.1250 0.1249 0.1250 0.1249 0.1249
0.1250 0.1249 0.1249 0.1250 0.1250 0.1250 0.1250 0.1250
0.1250 0.1250 0.1250 0.1250 0.1250 0.1259 0.1250 0.1250
0.1250 0.1250 0.1249 0.1250 0.1249 0.1249 0.1250 0.1250

| 0.1250 0.1250 0.1250 0.1249 0.1249 0.1249 0.1249 0.1250 |

Rank 1 =

The convergence achieved in relation to several iterations and the time required for directional and
undirected cases in scenarios are shown in Tab. 2. It is clear that the undirected graphs reaching the
consensus value in fewer iterations and are less time consuming in comparison with directed graphic.

Evolution of local states

Time (sec)

Figure 8: Consensus of the § network agents on the average value of 0.125 for directed graph

Table 2: Comparison performance of undirected and directed for communication network with & agents

Undirected Graph Directed Graph

Number of Iterations 24 53
Computational Time 20 50

5 Conclusion

This article presents an implementation of the proposed algorithm in directed and undirected graphs for
the cooperative control of multi-agent systems. To determine the total number of agents in a network, the
proposed algorithm converges with the reciprocal of the total number of agents. This implementation is
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done with stochastic matrix tools and algebraic graph theories. We simulate two cases of directional and non-
directional alignment of the diagram to check the effectiveness of the proposed model for the multiple
landscapes. Both objectives set for the research are achieved by attaining the convergence and the finding
the agent count. The simulation results show that the proposed algorithm is very efficient in case of
directed graphs with respect to a series of iterations and calculation time as compared for undirected
graphs. One of the reasons is the bidirectional information flow, which can be easily evaluated on the
undirected diagram. This work can be extended in the future by simulating the same network
configuration in different network environments, e.g., adding noise and uneven delays. In addition, the
update time of the agent states can be updated in an asynchronous clock mode and time-limited
convergence. It can be further extended by adding more key performance indicators such as convergence
time and the convergence factor to evaluate the convergence analysis of the proposed model.
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