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ABSTRACT

In this paper, the impact of additional food and two discrete delays on the dynamics of a prey-predator model is
investigated. The interaction between prey and predator is considered as Holling Type-II functional response. The
additional food is provided to the predator to reduce its dependency on the prey. One delay is the gestation delay in
predator while the other delay is the delay in supplying the additional food to predators. The positivity, boundedness
and persistence of the solutions of the system are studied to show the system as biologically well-behaved. The
existence of steady states, their local and global asymptotic behavior for the non-delayed system are investigated.
It is shown that (i) predator’s dependency factor on additional food induces a periodic solution in the system, and
(ii) the two delays considered in the system are capable to change the status of the stability behavior of the system.
The existence of periodic solutions via Hopf-bifurcation is shown with respect to both the delays. Our analysis
shows that both delay parameters play an important role in governing the dynamics of the system. The direction
and stability of Hopf-bifurcation are also investigated through the normal form theory and the center manifold
theorem. Numerical experiments are also conducted to validate the theoretical results.
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1 Introduction

Living organisms on the surface of the earth adopt only the way that boosts their survival
possibilities so that they can pass their genes to the next generation. There are several fundamental
instincts in ecological communities and, predation is one of them that constitutes the building
blocks for multispecies food webs. Initially, Lotka [1] and Volterra [2] studied the model for prey-
predator interaction and observed the uniform fluctuations in the time series of the system. On
later the fluctuations were removed from the system by taking logistic growth of prey popula-
tion [3,4]. Many researchers have widely studied prey-predator interactions for the last century
[5-12]. They have considered several essential concepts over time that play a vital role in the
dynamics of the system like functional response, time delay, harvesting and conservation policies
of species, stage structure, fear induced by predators, etc. The idea of functional response was
proposed by Holling [5]. It is defined as the consumption rate of prey by predators. Holling
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considered it nonlinear function of prey species that saturates at a level. Further, it was considered
a function of prey and predator both by several authors [6,10,13,14].

In last few decades, many authors have studied the qualitative dynamics of prey-predator
systems in the presence of additional food resources for predators [15-20]. Additional food is an
important component for predators like coccinellid which shapes the life history of many predator
species [17]. Ghosh et al. [20] investigated the impact of additional food for predator on the
dynamics of prey-predator model with prey refuge and they observed that predator extinction
possibility in high prey refuge may be removed by providing additional food to predators. Again,
to study the role of additional food in an eco-epidemiological system, a model was proposed
and studied by Sahoo [21]. The author found that the system becomes disease free in presence
of suitable additional food provided to predator. Recently, a prey-predator model with harvesting
and additional food is analyzed by Rani et al. [22] and they have shown some local and global
bifurcation with respect to different parameters. To incorporate the additional food into the model,
they modified the Holling type II functional response.

Delayed models exhibit much more realistic dynamics than non delayed models [4,23]. In prey-
predator system, the impact of consumed prey individuals into predator population does not
appear immediately after the predation, there is some time lag that is gestation delay [24]. We
incorporate the effect of time delay into the model with delay differential equations. A delay
differential equation demonstrates much more complex character than ordinary differential equa-
tion. On the other hand predators do not consume the additional food as soon as it is provided.
They take some time to consume and digest the food. Delayed models are widely studied by
researchers [10,14,25-33]. A delayed prey and predator density dependent system is investigated
by Li et al. [10]. The authors analyzed stability, Hopf-bifurcation and its qualititative properties
by using Poincare normal form and the formulae given in Hassard et al. [34]. Sahoo et al. [35]
examined prey-predator model with effects of supplying additional food to predators in a gestation
delay induced prey-predator system and habitat complexity. They have pointed out that Hopf-
bifurcation occurs in the system when delay crosses a threshold value that strongly depends on
quality and quantity of supplied additional food. The effect of additional food along with fear
induced by predators and gestation delay is discussed by Mondal et al. [36]. There are several stud-
ies carried out with multiple delays [37-40]. Li et al. [37] have done stability and Hopf-bifurcation
analysis of a prey-predator model with two maturation delays. Gakkhar et al. [30] explored the
complex dynamics of a prey-predator system with multiple delays. They established the presence
of periodic orbits via Hopf-bifurcation with respect to both delays. Recently, Kundu et al. [40]
have discussed about the dynamics of two prey and one predator system with cooperation among
preys against predators incorporating three discrete delays. The authors have found that all delays
are capable to destabilize the system.

To the best of our knowledge, an ecological model including (i) Effect of additional food
supplies to predators, (ii)) Dependency factor of supplied additional food, (iii) Holling Type II
functional response, (iv) Gestation delay in predator have not been considered. Inspired by this,
we establish three dimensional non delayed and delayed models in Section 2. We analyze the
dynamics of non delayed model and validate it via some numerical simulations in Section 3.
In Section 4, we analyze the dynamics of delayed model through Hopf-bifurcation. Direction and
stability of Hopf-bifurcation are carried out in Section 5. Section 6 is devoted to the numerical
simulations for delayed model. Conclusions and significance of this work are discussed briefly
in Section 7.
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2 Proposed Mathematical Model

We consider a habitat where two biological populations, prey population and predator pop-
ulation are surviving and interacting with each other. It is assumed that prey population grows
logistically and the interaction between prey and predator follows Holling Type II functional
response. We assume that the density of the additional food supplied to the predators is directly
proportional to the density of predators present in the habitat. Keeping these in view, the
dynamics of the system can be governed by the following system of differential equations:

dx <1_£>_a(1—A0)xy

E:m K 1 +ax

i—f =M1Aoy — BA— Ay, )
dy cra(l —Ag)xy
dr 1 +ax

x(0)>0, A4(0)=0, »(0)=0.

+ oAy —dy — ey,

In the above model x(¢), y(#) are number of prey and predator individuals at time ¢ and A
is quantity of additional food provided to predators. A( is dependency factor of predators on
provided additional food resources. If 49 = 1, then predators depend completely on additional
food and prey population grows logistically. If 49 =0, then predators depend only on the prey
population and in such a case additional food is not required. A is maximum supply rate of
additional food resources.

In real situations, each organism needs an amount of time to reproduce their progeny. Due
to this fact the increment in predators does not appear immediately after consuming prey. It is
assumed that a predator individual takes t; time for gestation. Therefore, it seems reasonable
to incorporate a gestation delay in the system. Thus, the delay t; is considered in the numeric
response only. Again it is assumed that the additional food is provided to predators with another
delay 7p. The generalized model involving these two discrete delays takes the following form

dx <l x> a(l — Ay)xy

—=rx|{l-=)———

dt K l+ax ~

dA

E=AAoy—ﬂA—¢Ay, ()
dy cra(l —Ag)x(t -1yt —11) )

- = At — t—1m)—dy—

7 ET—— + 020 A(— 1)yt —12) —dy —ey”,

subject to the non negative conditions x(s) = ¢1(s) = 0, A(s) = pr(s) =0, y(s) = ¢P3(s) >0, s €
[—7,0], where t =max{t;, 1} and ¢;(s) € C([—7,0]— Ry), (i=1,2,3).

The biological meaning of all parameters and variables in above models is provided in Tab. 1.
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Table 1: Variables and parameters used in Models (1) & (2)

Variables/
parameters

Biological meaning

Unit

AR NTT A K

S ™ >

Density of prey population

Quantity of additional food

Density of predator population

Intrinsic growth rate of prey

Carrying capacity of the prey population
Attack rate of predator on prey
Dependency factor of predators on
provided additional food

Handling time

Maximum supply rate of additional food
Natural depletion rate of additional food
Consumption rate of additional food by
predators

Conversion efficiency of y on x
Conversion efficiency of y on 4
Mortality rate of predators

Number per unit area (tons)
Number per unit area (tons)
Number per unit area (tons)
Per day

Number per unit area (tons)
Per day

Constant &0 < A4p <1

Days

Per day
Per day
Per day

Constant & 0<c¢; <1
Constant & 0<c¢py <1
Per day

Intra-specific interference among predators Per day

Gestation delay of predators
Delay in supply of the additional food

Days
Days

3 Dynamics of Non-delayed Model

First of all, we examine the boundedness and persistence of the system (1).

3.1 Boundedness and Persistence of the Solution
Theorem 3.1. The set

1
Q={(x,4,y): 0<x=<K, Ofclx—l—czA+y§§|:2cHK+

32242
4e

is a positive invariant set for all the solutions of model (1), initiating in the interior of the positive
octant, where § = min{r, 8, d}.

Proof The model system (1) can be written in the matrix form

where X = (x1, x2, x3)7 =(x,4,y)T € R}, and G(X) is given by

X =GWX),
G1(X)
GX)=|GX) | =
G3(X)

AAoy — BA— Ay

cra(l—Ag)xy

(-5)- 2o

Ay —dy — ey?
TTax T —dy—er |
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Since G: R — Ri is locally Lipschitz-continuous in Q and X (0) = Xj € R3, the fundamental
theorem of ordinary differential equation guarantees the local existence and uniqueness of the
solution. Since [G;i(X )]x,-(z)zo XeR >0, it follows that X' () > 0 for all > 0. In fact, from the first

equation of model (1), it can easily be seen that x|,—o >0, y|,—o >0 and hence x(r) >0, y(¢) >0

for all #>0. Secondly, A|4—0=AAoy >0 for all t>0 (as y(f) >0 for all #>0.) and hence A(z) >0
for all t>0.

From the first equation of model (1), we can write

which yields
limsup x(?) < K.

t—00

Now, suppose
W () = c1x(0) + c24() + y(0),
then we have

dW (t d. dA dy
dt()_cl al —+—<2€1rK—c1rx dy+c2AA0y—c2ﬂA—ey

i Yt
Ar2A43 1Ay
<2cirK — —sW,
artt T (‘f 2¢E)

where § = min{r, 8, d}.
Hence, it follows that

t—0o0

1 AN A3
limsup W (¢) < < - 2c1rK+ 10 =:Ys.

40
<0, 7 <0.
This shows that all solutions of system (1) are bounded and remains in Q for all 7 > 0 if
(x(0), 4(0), ¥(0)) € 2.

Theorem 3.2. Let the following inequalities are satisfied:

1 A2 A} dx(t)
We also note that if x(¢) > K and W () > — | 2¢;rK + ) , then I
e

1—-4
r>a(l —Ay)ys, —clai +ax0)xa >d.
a

Then model system (1) is uniformly persistence, where, x, is defined in the proof.

Proof: System (1) is said to be permanence or uniform persistence if there are positive
constants M| and M», such that each positive solution X (¢) = (x(¢), A(¢), y(¢)) of the system with
positive initial conditions satisfies
M < hmme(t) <limsup X(¢) < M>.

t—0o0
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Keeping the above in view, if we define
M2 =max {Ka &ays} )
(%)

then from Theorem 3.1, it follows that

limsup X (¢) < M>.

—0o0

This also shows that for any sufficiently small ¢ > 0, there exists a 7 > 0 such that for all
t> T, the following holds:

Xt <K+e, AW <D te y) <ys+e
&)

Now from the first equation of model system (1), for all > T, we can write
dx

T er(l - %) —a(l—=A4p)(ys+e)x

2
=[r—a(l = Ao) (i + )y — .

Hence, it follows that

.. K
liminf x(1) > —[r —a(l — Ao)(ys + )],
t—00 r
which is true for every e > 0, thus
.. K
liminf x(¢) > —[r — (1 — Ag)ys] =: x4,
t—00 r
where r > a (1 — Ag)ys.

Now from the third equation of model system (1), we obtain
dy _aald—Ag)xate)y
dr — 1+a(x,+e¢)
which implies

I [erer(l— A
liminf y(f) > — cro( 0)(xa+e) di| ’
e el l+a(x.+e)

dy - eyza

which is true for every e > 0, thus

. 1 [cra(l — Ag)x,
1 fy)y= - | ———
ne y()_e 1 +ax,

_d} =:ya5

. cra(l — Ao)x,
for persistence, we must have w >d.

1+ax,
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Second equation of model system (1) yields
dA
Z >AA)(ya+€) —BA—d(ys+e)A.

Hence

rAoya .
B+ oys '

Taking M; =min{x,, A4, 4}, the theorem follows.

liminf A(¢) > a-
—00

Remark. Theorem 3.2 shows that threshold values for the persistence of the system are
dependent on the parameter Ay.

3.2 Equilibrium Points and Their Stability Behavior

System (1) has four equilibrium points, trivial equilibrium £((0,0,0), axial equilibrium
E|(K,0,0), prey free equilibrium E»(0,A4,y) and interior equilibrium E*(x*, A* y*). Ey and E|
always exist.

e Existence of E>(0,4,7): The prey free equilibrium E, is positive solution of the following
system:

rAoy —BA—¢Ay=0,

cpA—d—ey=0. @)
From the second equation of above system, we have

4 d+ ey

¢

Putting the value of A4 in the first equation of system (3), we get

pey’ + (pd + Be — crprAg)y + Bd = 0. (€))
Above equation has two positive roots if

c2prdy > d + Be, (c2prAg—¢d — fe)’ > ddpe. (5)

System (1) has two prey free equilibrium under conditions given in (5): E»(0, 4, 7) and
EAZ(O,QI,)A/). Again, If cx¢prAy < ¢d + Be, then Eq. (4) does not have any positive root.
Therefore, E> does not exist in this case.

o Existence of interior equilibrium E*(x*, 4*,y*): It may be seen that x*, 4* and y* are the
positive solution of the following system of algebraic equations:

X a(l—Ayy
1 RS | .
r< K) 1+ax 0
rAgy —BA—¢Ay =0, (6)
cra(l — Ag)x
1 4+ax

b

+cpA—d—ey=0.
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From the second equation of system (6), we have
Aoy
B+oy

Putting this into the first and third equation of system (6), we obtain the
following system:

r X
cra(l —Ag)x  caprAyy —d—ey=0 ®)
1 +ax B+oy

We note the following points from Eq. (7):

1
1. When y=0, then x=—— <0 or x=K > 0.

a
2.Whenx=0theny=ﬁ>0.
3.

dy r 4 1 2ax

dx  a(l—Ap) K K|

1 1 1
It also can be noted that Z;—y >0 if —— < x < —(K——) and Z—y < 0 if

x a 2 a X
1 % 1
x> = ——).
2 a

1 1 1 1
4. =—(1+—)( =—-(K—-]).
Ymax 4< +ak)( +ak) at x 2( a)

Similarly, from Eq. (8), we note the following:
d

ny en X cra(l —Ay) —ad

2.

cra(l —Aop)
dy — (1+ax)?
dx = Bagid
(B+¢y)?

It can be noted that @ >0 if
dx

e(B +dya)* > BeaprAy. 9)
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From above analysis we can conclude that system (6) has a unique positive solution
(x*, A*,y*) if, in addition to condition (9), the following holds:

d
< <
cra(1 —Ay) —ad

K. (10)

Hence, we can state the following theorem.

Theorem 3.3. The system (1) has a unique positive equilibrium E*(x*, 4*,y*) if (9)
and (10) hold.

Remark. The number of positive equilibrium for the system (1) depends on values of
parameters, which we have chosen. Several possibilities are depicted in Fig. 1.

The local behavior of a system in the vicinity of any existing equilibrium is very close to the
behavior of its Jacobian system. So, we compute the Jacobian matrix to see the local behavior of
the system around its equilibrium and we observe that

e The trivial equilibrium E(0,0,0) is always a saddle point having stable manifold along the
A and y-axes and unstable manifold along the x-axis.
cra(l —Ap)K

<d. If
1+aK

e The axial equilibrium E;(K,0,0) is locally asymptotically stable if

cra(l —AgpK

1 4+aK
and unstable manifold along the y-axis. 5
e The Jacobian matrix evaluated at prey free equilibrium E>(0, 4,y) is given by

> d, then Ej is a saddle point having stable manifold along the x and A-axes

r—a(l—Ag)j 0 0
AA(y ~
Je =10 _E G A— oA
A

cra(l—Ao)y ¢y —ey
Characteristic equation is given by
(¢ = (r=a(l = A) [+ (A AoP + )¢ + (eh AT — 2670 — $ )| = 0. (an
The roots of Eq. (11) have negative real part if
r<a(l—A4p)y, )»Ao<¢;l. (12)

Hence Eg(O,;l,j/) is asymptotically stable under condition (12).

Eq. (11) have at least one positive and one negative root if
erdo < 29 (A Ay — pA) (13)
Therefore, (0, 4,7) is a saddle point under condition (13).

Remark. By replacing A by A and ¥ by p, similar analysis holds good for the stability behavior
of E»(0,4,)).
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Figure 1: Four possibilities of the prey and predator zero growth isoclines. (a) Interior equilibrium
does not exist for the parametric values a =0.08, d =0.01, (b) interior equilibrium exists uniquely
for the values of parameters ¢ =0.1, d =0.235, (c) two interior equilibria for parameter values
a=0.1, d=0.137, (d) three interior equilibria for parameter values ¢ =0.105, d =0.1. Rest of the
parameters are same as that in (25)

e In order to analyze the local stability of unique interior equilibrium E*(x*, 4%, y*), we
evaluate the Jacobian matrix at £* and it is given by

J| g

rx*  a(l — Ag)ax*y*

——+ 0

K (1 4 ax*)?
L Aoy*
0 T

cra(l — Ag)y*

(1 +ax")? 29y

a(l — Ag)x*]
1+ ax*
Ay — pA*

*
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Characteristic equation corresponding to above matrix is given by

A+ AN+ Ay A+ A3 =0, (14)
where
rx*  a(l —Ag)ax*y*  rAgy*
Al=—— *
N Orarm? T a4 79
AAOey*2 rx*  a(l — Ag)ax*y*
Ay =207 o (MAg—p AT+ — — *
2 T 2¢O Ado—AT)y" + | A3 ax)? (ey™)
cra?(l — Ag)x*y* rx*  a(l —Ag)ax*y* AAgy*
(1 4 ax*)3 K (1 4 ax*)? A* ’

4 ( rx* (x(l—Ao)ax*y*) |:AA0ey*2
3=—\ ——

a(l —Ag)x* [ AAgy* cra(l — Agy)y*
1 + ax* A* (14 ax*)?

Now using the Routh—-Hurwitz criterion, all eigenvalues of J|g+ have negative real part iff
A1 >0, A3>0, A1Ar> Aj. (15)
Thus we can state the following theorem.

Theorem 3.4 The system (1) is stable in the neighborhood of its positive equilibrium iff
inequalities in (15) hold.

It is also noted that inequalities in (15) hold if

r a(l —Agay*
—>——- XA A*. 16
K~ (I+ax)? 0<¢ (16)

Infect, the above two conditions imply that 4; >0 and 43 > 0. The third condition 414, > A3 is
also satisfied.
Remark. The system (1) is stable around its positive equilibrium E* if inequalities in (16) hold.

In the following theorem we give a criterion for global asymptotic stability of interior
equilibrium E*(x*, A*,y*) of the system (1).

Theorem 3.5. The interior equilibrium E*(x*, 4*,y*) of the system (1) is globally asymptoti-
cally stable under the following conditions:

K 1+ ax*

1 — dg)ay*
el m AV 0 agesr (17)

Proof. We Choose a suitable Lyapunov function about E* as

x
Vix,A4,y)= (x —x* — x*ln;) + %(A — A+ (y - —y*ln}%) ,
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where y; and y, are positive constants, to be specified later. Now, differentiating }J with respect
to ¢ along the solutions of system (1), we get

dv x—x*\ dx dA y—y*\ dy
Z = o A—AH= =y
dt ( X )dr+y1( )dt—H/Z( y )dt

_ |l a(l—Agy)ay* e e e
- [K (1+ax)(1+ax*)i|(x X 7= (B+on)A— AT —pre(y=y7)

a(l—=4p)  y2cia(l—Ap)
1+ax (1+ax)(14+ax*)

+(y1rdo—y19A*+y2000)(A— A" (y—y*) + [— ] (x—=x")(y—y").

1+ ax*

Choosing y» = and y; = %, we get
14+ ax*)er

_oq\2
o BTon(— A"

d_V__ L_ a(l_AO)ay* ( _ *)2_
dr K (1 +ax)(1+ax*) e

1+ ax* 1+ ax*
S I Gl B P BT
1 A

. . av . . o . . .
Applying Sylvester criterion, s negative definite if conditions in (17) hold. Hence E* is

globally stable under conditions in (17).

3.3 Hopf-Bifurcation and Its Properties

Hopf-bifurcation is a local phenomenon where a system’s stability switches and a periodic
solution arises around its equilibrium point by varying a parameter. In system (1), the param-
eter Ap seems crucial, therefore we analyze the Hopf-bifurcation by taking A4, as bifurcation
parameter, then we have some Ay = A4;. The necessary and sufficient conditions for occurrence
Hopf-bifurcation at 4g = A are

(@) Ailazy >0, A3l45 >0,

(b) f(Ap) = (4142 — A3) |45 =0,

dA;

(c) Re [H] is either positive or negative, where A;, i=1,2,3 are roots of Eq. (14).
014p=4}

From A Ay — A3 =0, we get an equation in Ay and assume that it has at least one positive
root A;. Then for some ¢ > 0, there is an interval containing A4;, (4;—e¢, Aj+e¢) such that A5—e >
0 and A4 > 0 for Ay € (A5 — &, 45 + ¢). Thus, Eq. (14) cannot have any real positive root for
Ao € (Af — &, A5+ ).

Therefore, at Ay = Ag, Eq. (14) becomes
(A + A1)(A® + A2) =0,
this gives us three roots
Aip==xip, A3=p,
where p =+/A; and u=—A4,.
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For Ay € (4 — ¢, Aj +¢), roots can be taken as
N1 =ki(Ao) £ ika(Ag), Az=—A1(Ao).

Now, we have to verify the transversality condition. Differentiating Fq. (14) with respect to
the bifurcation parameter Ay, we obtain

|:dAi| _ A1A2+A2A+A3
Ag=A}

dR : /- dR
. dAy +i|:«/A2A2_ Ay AZM j|

ddy 3A2+ 241 A + 4 T 22+ 4y) 24y 245(A3+ Ay)

j|A:i\/A_2

where R= A14, — A3 and A;, i=1,2,3 denote the derivative of A; with respect to time. Thus
dR

Re[@] My
dAo | gy 2043+ 42

Thus, we can state the following theorem.

Theorem 3.6. The system undergoes Hopf-bifurcation near interior equilibrium E*(x*, 4*,y*)
under the necessary and sufficient conditions (a), (b) and (c). Critical value of bifurcation
parameter Ao is given by the equation f(A4g) =0.

In order to see the stability and direction of Hopf-bifurcation, we use center manifold
theorem [34] and some concepts used in [41]. Now, consider the following transformation

Xi=x—x", xx=A—-A%, x3=y-—y*~
Using this transformation, system (1) takes the following form
X =M*X+GX), (18)

where X = (x1,x2,x3)7,

[ rx* N a(l — Ag)ax*y* 0 a(l—Ag)x* ]
K (1 + ax*)? 1 + ax*
AAogy*
M* = 0 M dp—gar |,
A*
cra(l —Ag)y* N .
_— c —e
(1+ ax*)? 20¥ Y]
rx% a(l — Ag)xixs ]
n K 1+ ax;
G=|m|=|—9x2x3
m3 cra(l—Ag)xix
1o( 0)X1 3+c2¢>x2x3—ex§
| 1+ ax; B
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Let v; and vy be the eigenvectors corresponding to eigenvalues ip and wu of E* at Ag= Aj.
Then v; and v, are given by

i [ AAgy* AAg 20

—p2+l< A*y +ey*)p+A—Z—Cz¢y*(AAo—¢A*)

cra(l — Ag)y*
"= ey A4

cra(l—Ao)y* (rAoy* ;

Itax?z a4 P |

and

i (A Aoy* 2 Agy*Ze ]

M2+l( yr +ey*>u+T—Cz¢y*(/\Ao—¢A*)

P13

cia(l — Ay)y*

V2= 1(1(+ ax*(;)zy (hdo—pA™) = | P23 | (say).
33
cra(l —Ag)y* (Adoy*
(1+ax*)? A* ]
Let
P11 P12 P13
H = (Im(v1), Re(v1),v2) = | p21 p22 P23
31 P32 P33
where
AAyy* LAy *2e

i :( A*y +ey*) o, P12=—,02+A—)i—62¢y*()»A0—¢A*), p21=0,

cra(l —Ag)y* cra(l —Ap)y*p cra(l — Ag)y* rAoy*

=GO TN G dg—pAY), py=—d A0V -
Pz (1 4+ ax*)? (Ao =¢AD). 31 (1 4 ax*)? (1+ax*?  A4*
qi1 q12 q13
Then H_1=Z q21 422 423 |, where
931 932 933

A = p11(p22p33 — p23p32) +p12(p23p31 — p21p33) + p13(p21p32 — p22p31) # 0,
q11 =Pp22pP33 —P23P32, 412 =P21P33 — P23P31, 413 = P21P32 — P22P31,
g21 =Pp12P33 — P13P32, 422 =P11P33 — P13P31,  ¢23 =P11P32 — P31P12,
q31 =P12P23 — P13P22, 432 =P11P23 — P13P21, ¢33 =P11P22 — P12P21-
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Now let X = HY or Y = H !X, where Y = (y2,2,»3)7. Using this transformation, sys-
tem (18) can be written as

Y=H'M"H)Y +F(Y), (19)
where

11 qumi +qi2ma + q13m3 0 —p 0
F(Y)=H'GHY)= |2 =X | 92+ qma +qaams | H'M*H=|p 0 0

/3 g31m1 + q3mo + q33m3 00 n

So, we can write system (19) as
wl [0 e O][n] [/
al=1p 0 O ||y2|+]|f? (20)
V3 0 0 ul|r 13

Thus, system (20) takes the following form

U=BU+f(U,V),

V=CU+g(UV), (21)

0 —
where U= (y1,)7, V=0»), B= [,o 0 'O] , C=(w), f=(".f% and g= (f3). The eigenvalues

of B and C may have zero real part and negative real parts, respectively. f, g vanish along with
their first partial derivative at the origin.

Since the center manifold is tangent to W< (y =0) we can represent it as a graph
WC={(U,V): V=hU)}: h©)=H(©0)=0,
where /1: U — R? is defined on some vicinity U Cc R? of the origin [42,43].

We consider the projection of vector field on ¥V =h(U) onto W¢:
U=BU+f(U,V)=BU+f(U,h(U)). (22)

Now we state the following theorem to approximate the center manifold.

Theorem 3.7. Let ® be a C' mapping of a neighborhood of the origin in R? into R with
®(0)=0 and ®'(0) =0. If for some ¢ > 1, (N®)(U) =0(|U|?) as U — 0, then h(U) = d(U) +
o(|U|?) as U — 0, where

(N®)(U) = @' (D)[BU +£ (U, 2(U))] - CP (V) — g(U, 2(V)).

In order to approximate 4(U), we consider

1
y3=h(y1,p) = 5<bny% +2b12y1y2 + ba2y3) +hoot,, (23)
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where h.o.t. stands for high order terms. Using (23), we get from (22)

oh dyr  oh dy»

9 i 3
T 9y dt + dyy dt wys+f

V3
After simplification, we get
I 2 M 2 _ 2 2
(ﬂblz - Ebn)yl + (—pblz - Ebzz Y3+ {p(=b11+b2) —ubi2}y1y2=01y]+ Q2y1y2+ 03y5 +h.ot.,

24

where

1 r
O1= x [6131 (- Ep%l —a(l—=A40)p 1P13> +q32(=¢p21p31) +q33(cra(1 = Ag)p11p31 +20p21p31 —epgl)] ,

1 2r
O = A [6131 (_Epllplz —a(l —A9)(p11p3 +p12P31> +q32 (=P (P21p32 +P31P22))

+q33(cra(l — Ao)(p11p32 +p12p31) + 20 (P21032 + p22p31) — ep31p32)],

1 r
O3= A [%1 (- Ep%z —a(l— Ao)P12P32) +q32(—¢p32p22) +q33(cra(l — Ag)p1opszr +c20p2p30 — epgz)] .

Equating both the sides of Eq. (24), we get
pb1o — %bn =01,
p(=b11 +b2) — ubir = 0s,
7
— pb1y — Ebzz = 0s.

Using Crammer’s rule,

_/02(Q1 +03)+ 502 +101)

b = 13 2
T o

2
b — G0+ 2403 - 01)
12=— M} ) s

7t up

2

by — 5035000 +0* (01 + 03)

3
b+ ue?

We can find the behavior of the solution of system (21) from the following theorem.

Theorem 3.8. If the zero solution of (22) is stable (asymptotically stable/unstable), then the
zero solution of (21) is also stable (asymptotically stable/unstable).
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Now from Eq. (22), we have

HERINEA

1 2_1
f —A(6111m1+Q12m2+Q13m3), f —A(Q21m1+Q22m2+Q23m3),

mi=|——p? —a(l — 4 2412 —a—4 2
1=|["gln a( 0P11P31 | YT+ 4t a( 0P12P31 | V5

2r
+ [—Epnplz —a(l —A0)(p11p32 +P12P31)} yiy2+hot.

= —¢p21p31y; — dp0p3ys — ¢ (Paips +pup3)yiya +hodt.,

mz = [6106(1 — Ao)p11p31 + 2¢p21p31 — epgl] ¥+ | era(l — Ag)p1apsz + cadpaapsa — €P%2] v}

+[cra(1 — Ag)(p11p32 + p12p31) + 29 (P21032 + P22p31) — 2ep31p32] y1y2 +hoot.

3k afk
Let f,f = [ p fa } and flfl = ﬁ . Therefore,
yl y.] (00) | yl .V] yl—(0,0)

2 ror
flll:Z q11 —Ep%l—a(l—Ao)Pnpn +q12[—ép21p3i] +Q13[6’101(1—AO)P11P31+6’2¢P21P31—epgl]]

I
<
=

2 ror
f121=A —Ep%l—a(l—Ao)Pqu +q2n[—Pp21p31]1+ 923 [6101(1—Ao)P11P31+62¢P21P31—€P31]]

2r r r
lez—z qi1 _Ep%z_“(l—AO)P12P31]+CI12[_¢P22P32]+‘]13[(71“(1—AO)p12P32+02¢P22p32 ep3s ]]

2r r r
fzz— 421 —Epfz—a(l —AO)P12P31] +qul—ppnpl+q| cra(l— Ag)piapsa+c2pprnpsr —epi ]

1 2r
fh= [6111 [—Epnplz —a(l=Ap)(p11p32 +P12P31)] +q12[—¢ (21032 + p22p31)]

+qi3[cra(1 — Ag)(p11p32 +p12p31) + 20 (P21p32 + p22p3t) — 2ep31p3z] }

1 2r
fh= A [6121 [—Epnplz —a(l=Ap)(p11p32 +P12P31)] + q22[—¢ (P21p32 + p22p31)]

+ g3 [cra(1 — Ag)(p11p32 +p12p31) + 20 (P21p32 + p22p31) — 2ep31p32] },
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p11p33b11 +pi3p3ibin ))

6 r
1 2
S = X [411 (—El)upmbn —a(l—A4p)+ (—aP11P31 + 5

¢ p11p33bi1 +p3ipsibn
+6112<—5(P21p33b11+P23P31l711) +q13 ( cra(1 = Ag) [ —ap?,p31 + 5

(X))
+7(P21P33bn +p31p23bii — €P31p33511))} ,

6 4 12P33b22 + p13p32ba
f2222 = —|q2 | —zP12p13b2n —a(l — Ag) + _ap%zpn +P P P13p
A K 5
? 12033b22 + p3op13b22
+42 (—5 (22033022 +P23P32b22)> + 923 (cla(l — Ap) (—ap%zmz i p12p 21) p

(X
+7 (p22033b22 + p32p23bon — €P32P33b22)>} ,

fha= % [411 (—% (2p11p13b22+4p12p13b12) —a(1—Ap) (—461191117321712 —2ap}pa1 +p1ip33ban +2p1opashia
+p31P13b22+2p32p13012)) +q12 (=P (p21p33D22 + 2p22p33b12 + p31p23D22 +2p32p23b12))
+q13 (6‘101(1 —Ao) (—4aP1 1P32b12 = 2ap}op31 +p11p33bon +2p1ap33bia+p3ip13ban +2p32p13b12>
+c20 (p21033b22+2p22p33b12+p31023022 +2p32p23b12) — e (2p31p33b22 +4p32p33012))],

1
fha= = [421 (—% (2p12p13bi1 +4p11p13b12) —a (1 — Ao) (-461191117311712 —2ap?,p2+p12p33bi1 +2p1ip33bi

+p3op13011 +2p31p13012)) + 922 (=@ (P22033D11 +2p21p33b12+p32p23b12 +2p31p23012))
+423 (6’10!(1 —Aop) (—46119111931512 —2ap? p32+p1p3zbia+2p12p33b11 +p3apizbin +2P31p13blz>

+c2¢ (P22p33b11 42021033012+ P32023b11 +2031p23012) — e (2p3ap33bi1 +4p31p33b12))].

We determine the direction and stability of bifurcation periodic orbit of the system (21) by
the following formula [44]

dK 1
v [d—AO]AO:Ag =5 [fllz <f111 +f212) ~/ta <f121 +f222) — AW+ S5~ (f1111 +/fn+ i +f2222)] :

In above expression, if v > 0(< 0), then the Hopf-bifurcation is supercritical (subcritical)

and bifurcation periodic solution exists for 49 = Aj. The bifurcating periodic solution is stable
(unstable) if

v [d—K] > 0(<0).
dAo | 4=z

The bifurcating direction of periodic solution of the system (1) is same as the system (21).
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3.4 Numerical Simulation
To validate our theoretical findings of model (1), we perform some numerical simulations
using MATLAB R2018b. We have chosen the following dataset

r=3, K=70, «=0.3, a=0.07, A4¢9=0.5 r=2, (25)
=032, $=0.7, =04, =05 d=0.3, e=0.02.

For the above set of parameters, condition for existence of prey free equilibrium (5) and
conditions for existence and uniqueness of interior equilibrium (9) and (10) are satisfied. Therefore,
the system (1) has five equilibrium points. The behavior of these equilibrium points are given in
Tab. 2.

Table 2: Existing equilibria and their stability nature

Equilibrium point Eigenvalues Stability nature

Ey(0,0,0) 3, —0.32, —0.3 Saddle point

E1(70,0,0) -3, —0.32, 0.4113 Saddle point
E»(0,0.9019,0.7828) 0.0898, —0.9734, 2.8826 Saddle point
E»(0,1.3577,8.7601) —0.1511, —6.4762, 1.6860 Saddle point
E*(18.0971,1.4094, 33.6153) —0.0990 £ 0.3860i, —23.7585 Locally asymptotically stable

The eigenvalues of the Jacobian matrix at Ep and E; are (3,-0.32,-0.3) and
(—=3,-0.32,0.4113), respectively. Therefore Ey and E| both are saddle points. Similarly E> and E;
are also saddle points. Again all the inequalities in (15) are satisfied. So according to Theorem
3.4, the interior equilibrium E™* is locally asymptotically stable. The stability of system in the
vicinity of the positive equilibrium E* is illustrated by Fig. 2. In Fig. 2a, time evolution of species
is shown and it is noted that they converge to their equilibrium levels after some oscillations.
In Fig. 2b, phase diagram is drawn in xAy-space which shows the asymptotic stability behavior
of positive equilibrium E*.

In this study, we found that predators dependency factor Ay on additional food plays an
important role in the dynamics of the system. If it is less than a threshold value then it can be
the cause of destabilizing the system. The threshold value can be calculated by solving f(A4§) =0
(Theorem 3.6). By our computer simulation we obtain it as Aj = 0.482. All the conditions of
Theorem 3.6 are satisfied, so the system undergoes a Hopf-bifurcation at 4 =0.482. If we keep
the value of parameter 4y below its threshold value, then the system (1) always remains unstable.
The instable behavior of solutions and presence of stable limit cycle at Ag = 0.45 < A7 = 0.482
is shown in Fig. 3. In Fig. 4, we draw the bifurcation diagram with respect to parameter 4( for
both prey and predator species. From the figure, it is noted that the periodic solution present in
the system when Ay € [0, 45] and oscillations can be removed from the system by increasing the
parameter 4¢ beyond Ag.

In the model (1), consumption rate of additional food ¢ is also a vital parameter. We have
noted that if system is stable for parameter Ag (Ao €[0.482,1]) then it is stable for all range of
parameter ¢. But if Ay €[0.2361,0.482) then system undergoes a Hopf-bifurcation with respect
to parameter ¢. In Fig. 5, we have shown the bifurcation diagram when Ao = 0.4 and other
parameters are same as given in (25). The Hopf-bifurcation point is ¢* =0.02847.
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Figure 2: Time series evolution (a) and phase portrait (b) of species for the set of parameters
chosen in (25). Positive equilibrium E* is locally asympeoeically stable

As the system (1) shows Hopf-bifurcation with respect to parameters 4y and ¢, and direction
of Hopf-bifurcation is opposite for both the parameters. Therefore, we can divide the Ay¢p-plane
into two regions

Region of stability (green) S ={(Ag,®): system (1) is locally asymptotically stable},
Region of instability (white) S» = {(Ag,¢) : system (1) is unstable}.

Both the regions are drawn in Fig. 6. The curve which separates both the regions is called
Hopf-bifurcation curve.

The number of interior equilibrium points depend on the values of parameters. In the
table below, we have shown dependence of total number of interior equilibrium on parame-
ters a and d and the nature of their stability. It is observed that when a = 0.105 and d =
0.1 (other parameters are as in (25)), then three interior equilibrium exist for the system (1),
E7(0.5099,1.398,20.9174), E%(8.2355,1.409,32.9068) and E%(42.309,1.4136,43.0591). E} and Ej
are locally asymptotically stable and EJ is unstable. Since there are two locally asymptotically
stable equilibrium in the system, so it shows bistability. Bistability is a phenomenon where a
system converges to two different equilibrium points for the same parametric values based on the
variation of the initial conditions. In Fig. 7, we initiated two trajectories from two nearby points
and they converse to different interior equilibria. The black dotted curve is separatrix, which
divides the xy-plane into two regions in such a way that if a solution is initiated from the left of
the separatrix, it converses to E} and if a solution is initiated from the right of the separatrix,
it converses to E3. In other words, left region is region of attraction for E} and right region is
region of attraction for EJ.

Remark. For the best representation of bistability phenomenon and separatrix curve, the
Fig. 7 is drawn in the xy-plane. But initial conditions and interior equilibrium points are written
as they are.
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Figure 3: Instable behavior of solutions and existence of stable limit cycle for 4¢ = 0.45(< A4p).

Rest of the parameters are same as (25)

4 Analysis of Delayed Model

In this section, we discuss the local stability and Hopf-bifurcation phenomenon for the delayed
system (2). The introduction of time delay does not affects the equilibria of the system. So, all the
equilibria remain same as the non-delayed system (1). To see the effect of delay on the dynamical
behavior of the interior equilibrium E*, we rewrite the delayed system (2) as

dU(®1)
dt

where

U(n) =[x(),

=FWU@®,U(t—1),U(t— 1)),

AWD,y0O1, UG—1)=[x(t—1), At —11),yt — )],
U(t— 1) =[xt — 1), A(t — 1), y(t — )]".

(26)
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Figure 4: Bifurcation diagram of the prey and predator population with respect to parameter A4
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Figure 5: Bifurcation diagram of the prey and predator population with respect to parameter ¢

Now we linearize the system (26) by using the following transformations:
X =XO+x", AD=AD+A%, ¥y =50+,

where X, A and y are small perturbations around x*, 4* and y*, respectively. Then the linearized
system of (26) about the interior equilibrium E* is given by

dz
i PZ(t)+ 01 Z(t—11) + Q2 Z(t — 12),
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Figure 6: Region of stability and instability for system (1) in Ag¢p-plane

Table 3: Dependence of total number of interior equilibria and their stability on parameters a
and d. Rest of the parameters are same as in (25)

Parametric No. of interior Equilibrium Nature of
values equilibrium points equilibrium
points points
a=0.08,d=0.01 O - -
a=0.1,d=0235 1 (46.7827,1.4114, 37.6669)  Stable
a=0.1,d=0.137 2 (4.4407, 1.4048, 27.0479) Unstable
(41.3432,1.4132,42.038) Stable
a=0.105,d=0.1 3 (0.5099, 1.398, 20.9174) Stable
(8.2355,1.409,32.9068) Unstable

(42.309,1.4136,43.0591) Stable

where

T oF [ oF [ oF o
P_[aU(t)]E*: Ql_[aU(l—TI)]E*, QZ_[BU(t—rz)]E*’ Z_[x(t)aA(t)ay(t)] .

Thus, the Jacobian matrix of the system (2) at E* is given by

aj 0 —ay
0 as as

clase Ty et ag+crare T 4 crpATeER
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Figure 7: Trajectories initiated from region of attraction of both the locally asymptotically stable
equilibrium points, system (1) shows bistability

where
2rx*  a(l —Ag)y* a(l — Ag)x* N
a=r—— Trar? @ TTar = B B—¢y", as 0— oA,
1—Ay)y*

as = u, ag=—d —2ey*.

(1 +ax*)?

The characteristic equation corresponding to the above Jacobian matrix is

)+ D157 + b2k + b3 + (baE” +bsE +be)e ™ + (brs” + bgk +bg)e "™ =0, (27)
where

by =—(a1+a3+as), br=azas+ajas+ajaz, b3=—ajazas, bs=—ciay,
bs=ciax(a1 +az+as), be=—cimaz(a)+az), br=—c2pA*, bg=crp(a1A*+a3A* —asy®),
by = cra1p(—azA™ + asy™).

Remark. When 71 = 15 = 0, then the characteristic Eq. (27) is same as the characteristic
Eq. (14) for non-delayed system.

Case (1): 11 >0, 1p=0. Then Eq. (27) becomes
£+ diE% + ot + di + (bag® + bsE +bg)e T =0, (28)
where
dy=b1+b7, dr=by+bg, dy=b3+by.

For the delayed system (2), the positive equilibrium is locally asymptotically stable if and only
if all the roots of the Eq. (28) have negative real parts. For switching of the stability, the root of
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the Eq. (28) must cross the imaginary axis. Therefore let iw(w > 0) be a root of Eq. (28), then it
follows that

(—b4a)2 + bg) cos(wty) + bsw sin(wty) = dla)2 —ds,

bsw cos(wt)) — (—bsw? + bg) sin(wt)) = »° — drw. (29)
From the above set of equations, we can obtain
0° +ho* + ho® +h3 =0, (30)
where
hy=d} —bj —2dy, hy=d5—b%—2d\ds+2bsbs, h3=d5—Db}.
If we put w? =z, then Eq. (30) becomes
g(z)=Z3+h122+h22+h3 =0. 3D

Theorem 4.1. If Eq. (31) has no positive root, then there is no change in the stability behavior
of E* for all t; > 0.

Corollary. If inequalities in (15) hold and Eq. (31) has no positive root, then E* is locally
asymptotically stable for all t; > 0.

Corollary. If inequalities in (15) do not hold and Eq. (31) has no positive root, then E* is
unstable for all 7; > 0.

Now let inequalities in (15) hold and Eq. (31) has at least one positive root, say z; = a)%

Substituting w; into Eq. (29), we obtain

1 _1 |:(d1a)% —dg)(—b4w%+b6)+(wf —dza)l)a)lb5:| 2im

7], = —CO8 +—-, i=0,1,2,.... (32)
w1 (—b4w% + bg)? +w%b52 w1

(H): g (@) >0.
Let &(t1;,) = iw; be the root of Eq. (28), a little calculation yields

dg 17! g(@?)
Re| — = 5 5 55 > 0.
d‘L’l E=iwy, 11=Ty, (—b4a)1 +b6) —I-a)lb5

. d ) ) d
But sign of [—Re(é):| is same as the sign of [Re (—S):| .
dTl §=iwy, 11=T1; dtl §=iw), 11=1Y;

Hence, the transversality condition can be obtained under (H;)

d
[d—n(Re(S))} >0,

=Ty,

Thus, we can state the following theorem.
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Theorem 4.2. For system (2), with 70 =0 and assuming that (A7) holds, there exists a positive
number 7, such that the equilibrium E* is locally asymptotically stable when 71 < 71, and unstable
when 71 > 71,. Furthermore system (2) undergoes a Hopf-bifurcation at E* when 171 =1y,,.

Case (2): 11 =0, 15 > 0. Then Eq. (27) becomes
&3+ e18 +erk + o3+ (b787 + bk +bo)e ¥ =0, (33)
where
e1r=b1+by, ex=by+bs, e3=>bz+bg.

Under an analysis similar to Case (1), one can easily deduce the following theorem.

Theorem 4.3. For 71 = 0, the interior equilibrium point is locally asymptotically stable for
T) < 1,, unstable for 75 > 15, and it undergoes Hopf-bifurcation at 1, =1, given by

Ty, = — COS

1 |:(€1w% — e3)(=b7w3 + bo) + (w3 — €2w2)wzbsj|
) ’

(—d7a)% +b9)2 + a)%bg2
where iw, is root of characteristic Eq. (33).
Case (3): 71 is fixed in the interval (0,7;,) and assuming 1, as a variable parameter.

We consider Eq. (27) with 7y as fixed in its stable interval (0,7;,) and 7, as a variable.
Let iw (w > 0) be a root of characteristic Eq. (27). Then separating real and imaginary parts,
we obtain

— b1 + b3 + (—baw* + bg) cos(wT)) + bsw sin(wt)) = —(—bw?* + bg) cos(wTy) — bgw sin(wty), (34)
— 0+ byw — (—baw® + bg) sin(wt]) + bsw cos(wt)) = (—b7w? + by) sin(wty) — bgw cos(wT?). (35
Squaring and then adding (34) and (35) to eliminate 7,, we obtain
(—b10* 4 53)? + (0 + brw)? + (—bsw® + be)* + bie*
+2[(=b10” + b3)(=bs’ + bg) + (—0” + brw)bsw] cos(@T1)
+2[— (=@ + brw) (—baw* + bg) + (=b1w* + b3)bsw] sin(w1)) = (—brw* + bg)? + bw?. (36)

Eq. (36) is a transcendental equation in complex form. So, it is not easy to predict the nature
of roots. Without going detailed analysis with (36), it is assumed that there exist at least one
positive root wg. Eqgs. (34) and (35) can be re-written as

— (—b7a)(2) + bg) cos(wy1y) — bgwy sin(wy1r) = D) (37
(—b7a)(2) + b9) sin(wo 1) — bgwy cos(wptr) = Dy (38)
where

D= —bla)(z) + b3+ (—b4a)3 + bg) cos(wot1) + bswo sin(wyty),

D) = —a)g + brwy — (—b4w% + bg) sin(wot) + bswy cos(wpty).
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Egs. (37) and (38) lead to

/ 1 -1 [—(—bm(z) +b9) Dy — bga)oD21| nm

7, = —COS
> (—b70} + bo)? + b3}

, n=0,1,2,.... (39)

wo

Now, to verify the transversality condition of Hopf-bifurcation, differentiating equation (34)
and (35) with respect to 7, and substitute 7, = réo, we obtain

o) o] s
dTZ .[2:.[2* d'fz ‘L’2=‘L’; ’

—Q[d(Re 5)} +P[@} =8,
dr) =15 dr) =15

where

(40)

P= —3a)(2) + by + bscos(wot) — (—b4a)(2) + bg)t1 cos(wot) + 2bgwg sin(wgt)) — bswot) Sin(wgt])

— (—b7a)% + bg) 15 cos(wot2) + bg cos(wotr) — bgwyts sin(wytr) + 2b7wq sin(wpT2),

0 = —2biwy — 2bgwy cos(wot)) — (—b4a)(2) + bg) t1 sin(wgt) + bs sin(woty) + bswo cos(wot))

— 2b7wg cos(wotr) — (—b7a)(2) + b9) 17 sin(wgT2) — bgwoTa cos(wotr) + bg sin(wytr),

R= (—b7w% + bg)wy sin(wo1y) — bgw% cos(wgy12),
S= (—b7a)% + bg)wy cos(wy1r) + bga)(z) sin(wgT2).

d(Re £)

72

Solving Eq. (40) for [ i| , it is obtained
n=1)

rﬂReéq _ PR-0S
dry tzztﬁo,ézla)o P2+ Q2 ‘

(Hy): PR— QS #0.

Theorem 4.4. For system (2), with 71 € (0,71,) and assuming that (/) holds, there exists a
positive number 12’0 such that E* is locally asymptotically stable when 1, < 12’0 and unstable when

> 12’0. Furthermore, system (2) undergoes a Hopf-bifurcation at E* where 7, = 12’0.
Case (4): 1 is fixed in the interval (0, 75,) and assuming 7; as a variable parameter Under an
analysis similar to Case (3), one can easily prove the following theorem.

Theorem 4.5. For 1; € (0, 75,), the interior equilibrium point is locally asymptotically stable for
T < rl’o and it undergoes Hopf-bifurcation at 71 = rl’o, given by

7] = —cos”
0

1 —(—b4a)£ + bg) D3 — bswy Dy
Wy ’

(—bgw? + b)) + bga),%
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where

D3 = —blwﬁ + b3+ (—b7w£ + bg) cos(wyT2) + bgw, sin(w,13),
Dy= —wi +brwy — (—bm)i + bg) sin(ws12) + bgws cOS(wx12),
and iw, is characteristic root of Eq. (27).

5 Direction and Stability of Hopf-Bifurcation

Now with the help of center manifold theory and normal form concept (see [34] for details),
we shall study direction and stability of the bifurcated periodic solutions at t; = rl/o.

Without loss of generality, we assume that 7} < rl’o, where 7} € (0, 1,). Let
i) =x(t) —x", A =A0) A", yi1()=y@®) -y,
and still denote x1(z), 41(¢), y1(¢) by x(¢), A(?), y(?). Let 11 = rl’o + u, u € R so that Hopf-
. . . . . 4
bifurcation occurs at u =0. We normalize the delay with scaling ¢ — (—), then system (2) can be
71

re-written as

Un=m (PU(t)-i-Ql Ut — 1)+Q2U(f— 2—2) +f(X,A,y)), (41)
1
where U(t) = (x(1), A(t), ()T,
a 0 —a 0 0 0 0 0 0 1
P=|0 az da 5 le 0 0 0 5 Q2: 0 0 0 P f(xaAay): f2
0 0 wag cias 0 cap 0 cpy* crpA* 3

The nonlinear term fi, f> and f, are given by

_ _g 2aa (1 — Ag)y*\ » _a(l—Ao)
fl_( Kt T Uxar)y )X(Z) (1+ax*)?

fr=—¢pA()y() +h.o.t.,

x(Hy(t) +h.o.t.,

_ 200 2cia(1 = Ag)y* 5 _ cra(l — Ap)
f3=—2ey (1) “Arary x“(t 1)+—(1+ax*)2

129 129
+epA |t — =)y [t— 2] +hot,
T, T,

The linearization of Eq. (41) around the origin is given by

x(t—Dy@-=1)

U@ =1 (PUW +Q1U(t— 1)+ QU (t_ _f[_zl) .
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For x = (x1, x2» x3)7 € C([—1,0], R®), define
Lu(0) = (@1 + ) (PX(©0) + Q1 x (— D) + Qax <_%)) ,

By the Riesz representation theorem, there exists a 3 x 3 matrix n(6,u), (—1 <6 <0) whose
element are of bounded variation function such that

0
LuG0= [ dn@.x®) for x € CU-1.0L R, “2)
In fact, we can obtain
(T{O +W)(P+01+0Q2), if 6=0
(¢, + Q1 +0y).  ifbe [—’—2,0)

.[*
(T{O +M)Q2a lf 0 S <_ ’__2)
0, if 6=-1.

n@,n) = q

Then Eq. (42) is satisfied.
For x € Cl([—l,O], R?), define the operator H(u) as

dy (6)

H(M)x(@)—[W’ if 6 €[-1,0)
S\ ldnE. wlx ). if 6 =0,
and
RGOx(6) — {o, if 6 e[—1,0)
h(w, x), 16 =0,
where
hy
hGe, )= (x{ +m) | ha |, x = x2.x3)" € C([(=1,0], RY),
h3

_ (2 2aald — AT b, 2= Ao
hl_( K Utav) )“0) e OO hot.

(1
hy = —$A0)»(0) + h.o.t.,

2c1a(1 — Ag)y*

hy = —2ep?(0) —
3 ey (0) A1)

2, g aal—dAg o o ey
x( l)+—(1+ax*)2 x(—=Dy( 1)+62¢A< Tl/())y( 1,())—I—h.o.t.,

Then system (2) is equivalent to the following operator equation
Ur=H(wU; + R U,
where U; = U(t+0) for 6 €[—1,0].
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For ¢ € C1([0, 1], (R*)*), define

_dy(s)
ds

0

if se(0,1]
H* Y (s) =

and a bilinear form
0 0
(WS),X(@)):W(O)X(O)—/lfg_OW(E—9)6177(9))((5)615,

where 1(0) = n(0,0), H= H(0) and H* are adjoint operators. From the discussion in previous
section, we know that iia)orl/o are the eigenvalues of H(0) and therefore they are also eigenvalues

of H*. It is not difficult to verify that the vectors ¢(0) = (1, a1, ﬁl)TeinT{OG @ €[—1,0]) and ¢g*(s) =

%(l,ai“, ,Bf)eiworlos (s €[0,1]) are the eigenvectors of H(0) and H* corresponding to the eigenvalue
iwor{O and —ia)or{O respectively, where

(" (9),9@)) =1, (¢"(9),9©) =1,

—iwyT|
crase o as P
/31 = o o=
—iwyT] —iwo% w0 =3
iwy — ag — clane 1 —crpA*e lo

*
T
—iwy &

. —iwyT|
ar — | iwg+ag+craze 0 +erpAre o B}

. _ iwg + ap . _
l31 __701/’ o = P 5
crase lo 4

'L'*

—iwy -

D=1 +(X1(x_ik+,31,3_ik+ ‘L'{O (,B_ikcla5 +,31,3_ik(21a2> e_ia)ono +.L,£k (alﬂ_T62¢y* +131ﬁ_ikc2¢A*> e 1y

Following the algorithms explained in Hassard et al. [34] and using a computation process
similar to that in Song et al. [26], which is used to obtain the properties of Hopf-bifurcation,
we obtain

ZT{o r = 2% ,02 _ pF —2iwoT| o —2iwyt
g20=—7[z+,3106(1—A0)+<¥1¢<¥1ﬂ1+l31el31—,316’10!(1—140)/316 0 —Blcagaypre 02],

/

T _ I _ R - —
g = —% [2% +a(l —A4o)(B1 + B1) +ajd (1 B1 +a1p1) +2B7ef1B1 — Bicra(l — Ao)(B1 + B1)

+/3_ik62¢(<¥1E+06_1/31)],

2-[{0 r - P e T —-— 21'(1)0‘[{ % — 7 2wty
20 = _? [E + Bra(1 — Ay) +0{1¢Ot1,31 +l31€',31 —,Blclot(l — Ap)Bie 0 —,31€2¢Ot1,316 0 2:| s
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Figure 8: Time series evolution and phase portrait of species for the set of parameters in (25) and
711 =0.2 < 11, = 0.2889 when 1, = 0. System is locally asymptotically stable around the positive
equilibrium E*

2t [ r 1 1 —
g1=——=" [E W@+ Wi O} +a1-49) { WY O+ 5 Wi 00+ 5 Wi 00+ 1 W) (0) —apr —2apy }
— 1_ 1 _ _
+ o] {on WO+ 58T W3 O+ 5 B3 () + 1T (0) } +eB7 {287 O+ BV 0

. . / 1 . ’ 1_ . ’ . /
—Brera(1—Ag) {ff WY (D4 5w (<14 3 Bre o Wi (<D pre” o (<)

— —iwot! —iwot! — . 74 1. 74
—dBie ooty _2apye oty } —Cz¢ﬁi“ {alelworé‘ Wl(i) <__L,_/2) + Emetworé‘ W2((3)) (_t_/2)
lo

Lo
I— .« 5 - 15
+=Breiens W2((2)) __/2 + Bre 0T Wl(%) __/2 ,
2 7, R

where
i S iz o o
Wao(0) = gzg g(0)¢" 0" 1 3g—02/6(0)e 0 4 Bret 0’
1o Cl)()flo
i ; / l_ . ,
W11(9) - _ gll/ q(o)elw0T109 + gll/ 6(0)6 lwofloe —|—E2’

lo @0ty
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Figure 9: System (2) is unstable when 71 =0.35 > 7, =0.2889 and 1, = 0. Hopf-bifurcation occurs
and stable limit cycle arises in the system

E = (E{l), Efz), E§3))T e R} and E, = (EY, Eéz), E§3))T € R® are constant vectors,

computed as:

-1

2160() —da] 0 a
E =2 0 2iwog — az —ay
—2iwyT| —Diwntk . —2iwyT| —Diwnt*
—clase 1oty —02¢y*€ 2iwgTy 2160() —ag — c1age lwoTy) 62¢A*€ 2wty

%+a(1 Y
X ¢O(1ﬂ1

—iwnt! By
eB? —cra(l —Ag)pre M0 — ey Bre~ 20
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Figure 10: Bifurcation diagram of the prey and predator population with respect to delay param-
eter 71 when 1, =0
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Figure 11: Stable time series solutions and phase diagram of system (2) for 10 =0.7 < 1, =0.9618
and t; = 0. Other parameters are same as in (25)
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Figure 12: Instable behavior and existence of periodic solutions of system (2) around the positive
equilibrium E* at o =1.2>15,=0.9618 and 7, =0
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Figure 13: Bifurcation diagram of the prey and predator population with respect to delay param-
eter 7o and 7, =0
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Figure 14: E* is locally asymptotically stable when 7y =0.12 is fixed in its stable range (0,7;,) and
=04 < 12’0 =0.4731

—a 0 a -
E,=210 —as —ay

—clas —c¢y*  —ag—crap —crpA*

o B
Z +—a(l = Ao) (1 + BD)

K 2
1 _
X §¢>(Ot_1/31 +ai1B1)

— 1 — 1 —
_eﬂlﬂl - 56101(1 —Ao)(B1 + B1) — 562(15(0!_1/31 +Ot1/31)_

Consequently, g;; can be expressed by the parameters and delays r{o and 73. Thus, these
standard results can be computed as:

|g02|2> Lo Re@(O)

c1(0) = 3 5 M2 = m,

1
Y (gzogll —2lgn > -
woT

Lo
Im(c1(0)) + paIm(A' (z] )

B2 =2Re(c1(0)), Tr=-— -
WOty

These expressions give a description of the bifurcating periodic solution in the center
manifold of system (2) at critical values 7 = 77, which can be stated in the form of
following theorem:

Theorem 5.1

e 1> determines the direction of Hopf-bifurcation. If u; > 0(< 0) then the Hopf-bifurcation
is supercritical (subcritical).
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Figure 15: E* is unstable when 71 =0.12 is fixed in its range of stability (0, 71,) and 70 =0.6 >
1'2’0 =0.4731. Time series solution of species and existence limit cycle

e B> determines the stability of bifurcated periodic solution. If 8> > 0(< 0) then the bifurcated
periodic solutions are unstable (stable).

e T, determines the period of bifurcating periodic solution. The period increases (decreases)
if Tp>0(<0).

Remark. When 71 > 0 and 70 =0 or 71 =0 and 7, > 0, then under an analysis similar to
Section 5, the corresponding values of uy, 82 and 7> can be computed. Depending upon the sign
of w», B and T3, the corresponding results can also be deduced.

6 Numerical Simulation of Delayed Model

In order to validate our theoretical findings, obtained in previous sections, we perform some
simulations by taking the same values of parameters in (25). We consider all four cases on delay
parameters 77 and t3.
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Figure 16: Bifurcation diagram of the prey and predator species with respect to parameter tp when
71 =0.12 1s fixed in its range of stability (0, 7,)
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Figure 17: E* is locally asymptotically stable when 7o = 0.42 is fixed in its stable range (0, 12/0)
and 71 =0.1 <7,=0.1336

Case (I): When 1 =0 and 71 > 0, then we see that condition (H) holds. Since the transversal-
ity condition is satisfied, therefore Hopf-bifurcation occurs in the system. To evaluate the critical
value of delay parameter, taking i=0 in Eqgs. (31) and (32), we obtain

w) =0.3688, 1), =0.2889.

Thus, the positive equilibrium is locally asymptotically stable for 7 < 71, = 0.2889, which is
shown in Fig. 8. When 71 = 11,, system undergoes a Hopf-bifurcation and periodic solution occurs
around E*. The time series analysis and periodic solution have been shown in Fig. 9. If we starts
a trajectory from an initial point then it approaches to the periodic solution (Fig. 9). This shows
that the periodic solution is stable. In Fig. 10, we made the bifurcation diagram for both the
populations. The blue (red) curve represents the maximum (minimum) values of population at
sufficiently large time. It is easy to see that Hopf-bifurcation occurs at 7 =77, =0.2889.
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Figure 18: E* is unstable when 17, =0.42 is fixed in its stable range (0, 7)) and 71 =0.2 > 11/0 =
0.1336. Time series solution of species and existence limit cycle

Case (IT): When 71 =0 and 1 > 0. In this case, the transversality condition is satisfied, so the
system will show Hopf-bifurcation at a critical value of delay parameter 7,. By some computation,
we obtain

w) = 0.317, 72, = 0.9618.

Therefore, according to our theoretical analysis, the system (2) is locally asymptotically stable
for 1) < 1p,. In Fig. 11, we draw the time series of both the species for 7 =0.7 < 75, = 0.9618.
From the figure, it can be seen that system is stable around the positive equilibrium E*. At 1) =
177, the system goes through a Hopf-bifurcation and for 1 > 75,, system becomes unstable and
limit cycle produces. This behavior is depicted in Fig. 12. Again bifurcation diagram with respect
to delay t; for both the species is drawn in Fig. 13, which helps us to understand the Hopf-
bifurcation phenomenon in the system.
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Figure 19: Bifurcation diagram of the prey and predator species with respect to parameter 7; when
7 =0.42 is fixed in its stable range (0, 12,)

1

09 Hopf-bifurcation curve

0.8

0.7

Region of stability [

e Region of instability ]

~ 05
0.4
0.3
0.2

0.1

0 0.05 0.1 0.15 0.2 0.25 0.3

Figure 20: Region of stability and instability for system (2) in 7j12-plane

Case (III): When 71 =0.12 (fixed in the interval (0, 71,)) and 7, as a parameter, then we
observe that the condition (H,) holds true. Therefore according to Theorem 4.4 system (2)
undergoes a Hopf-bifurcation. Egs. (36) and (39) give us the values of wy and ‘L’éo as

wp = 0.445, ‘L’éo =0.4731.

Thus the equilibrium point E* is locally asymptotically stable for 1, < réo =0.4731 which is
shown in Fig. 14 and unstable for 1) > réo (Fig. 15). When 1, = ‘L’éo, system undergoes a Hopf-

bifurcation around E* and periodic solution arises in the system. Bifurcation diagram is also
presented in Fig. 16 with respect to 1, for both the species when 71 =0.12 (fixed).
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Case (IV): When 1, =0.42 (fixed in the interval (0, o)) and 71 as a parameter, then our
computer simulation yields

w0, =04491, 1] =0.1336.

For 71 =0.1 € (0, rl/o), the system is locally asymptotically stable (Fig. 17). But for t;y =0.2 >
rl/o, the system becomes unstable (Fig. 18). Thus the model is stable for 7| < rl’o. As 11 passes
through rl/o, it loses the stability and a Hopf-bifurcation occurs in the system. Fig. 18 shows

the existence of periodic solution (closed trajectory). The trajectory started from an initial point,
approaches to the closed trajectory. This shows that the closed trajectory is stable. In Fig. 19, we
present the bifurcation diagram of both the species with respect to 71 when 7, = 0.42 (fixed).

As the system (2) shows Hopf-bifurcation with respect to both the delay parameters 7; and 7.
Therefore, we can bisect the i 7o—plane into two regions, which are separated by Hopf-bifurcation
curve.

Region of stability (sky blue)S; = {(r1, 1) : system (2) is locally asymptotically stable},
Region of instability (white)Sy = {(z1,12) : system (2) is unstable}.

Both the regions are drown in Fig. 20.

7 Conclusion

In this study, we have considered a habitat where two biological populations, prey population
x and predator population y are surviving and interacting with each other. It is assumed that prey
population follows logistic growth in the absence of predator and in the presence of predator,
the interaction between them follows Holling type II functional response. We have shown the
positivity, boundedness and persistence of the system, which implies that the proposed model
is ecologically wellposed. We have defined a parameter 4y (0 < 49 < 1) which denotes the
dependency of predators on supplied additional food. Our system has four kinds of equilibria,
trivial equilibrium Ey(0,0,0), axial equilibrium FE;(K,0,0), two prey free equilibria E2 and E,
under condition (5) and unique positive equilibrium E* under conditions (9) and (10). Local
and global stability of the positive equilibrium are shown under several conditions which are
dependent upon the parameter 4y. The parameter Ag is crucial, so we have studied its effect via
Hopf-bifurcation analysis which is also condescend by the numerical illustration. For a chosen set
of parameters we calculated the threshold value of parameter Ay, that is 4g=0.482, where Hopf-
bifurcation occurs and system stabilizes. It is also observed that after stabilization of system if
predators are more dependent on additional food then prey population increase whereas predators
remain in their range. We also have studied the Hopf-bifurcation with respect to consumption
rate of additional food ¢. Threshold value of ¢ is obtained as ¢ =0.02847. In Tab. 3, we have
shown the different number of positive equilibrium points by varying the parametric values, when
a =0.105 and d = 0.1 (other parameters are same as in (25)) then our system has two stable
equilibrium together, therefore system shows the phenomenon of bistability, which is depicted
in Fig. 7.

Models with delay show comparatively more realistic dynamics than non delayed models.
When a predator consumes a prey individual, then its effect does not come immediately, it takes
some time i.e., time lag for gestation. Again, predators also take some time to consume and digest
the supplied additional food to them. Therefore, to make our model ecologically more realistic,
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we incorporated two delays; one for gestation delay and other for consuming and digesting the
supplied additional food.

For the delayed model, we have analyzed Hopf-bifurcation via local stability taking delay as
a bifurcation parameter. We investigated the Hopf-bifurcation phenomenon for all combinations
of both delays. We obtained the sufficient conditions for the stability of the positive equilibrium
point and existence of Hopf-bifurcation for Case(1): 71 > 0, tp =0, Case(2): 71 =0, 75 > 0, Case(3):
71 is fixed in the interval (0,7),) and 7, as a variable parameter, Case(4): 1; is fixed in the interval
(0,72,) and 71 as a variable parameter. Our system undergoes Hopf-bifurcation in the vicinity of
the interior equilibrium point with respect to both the delay parameters when they cross their
critical values. The qualitative properties of Hopf-bifurcation are studied by using the Normal
form theory and the formulae given in Hassard et al. [34].

We have performed some numerical simulations to illustrate our theoretical results. For a
biologically feasible set of parameters, the system is stable initially, then we introduce delay and
system remains stable till its critical value. If we increase the delay parameter over the critical
value, then system goes through Hopf-bifurcation and becomes unstable. Bifurcation diagrams
(Figs. 10, 13, 16, 19) with respect to different delays depict the dynamical behavior of the system.

Our study is important to conserve the prey population through providing additional food
to predators and to establish their balance. Here we have also shown the significance of delay
parameters. We hope that this study will help to perceive the dynamics of an ecological system
with additional food and two discrete delays.
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