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Abstract: For the unforced dynamical non-linear state—space model, a new Q1
and efficient square root extended kernel recursive least square estimation
algorithm is developed in this article. The proposed algorithm lends itself
towards the parallel implementation as in the FPGA systems. With the help of
an ortho-normal triangularization method, which relies on numerically stable
givens rotation, matrix inversion causes a computational burden, is reduced.
Matrix computation possesses many excellent numerical properties such as
singularity, symmetry, skew symmetry, and triangularity is achieved by using
this algorithm. The proposed method is validated for the prediction of sta-
tionary and non-stationary Mackey—Glass Time Series, along with that a
component in the x-direction of the Lorenz Times Series is also predicted to
illustrate its usefulness. By the learning curves regarding mean square error
(MSE) are witnessed for demonstration with prediction performance of the
proposed algorithm from where it’s concluded that the proposed algorithm
performs better than EKRLS. This new SREKRLS based design positively
offers an innovative era towards non-linear systolic arrays, which is efficient
in developing very-large-scale integration (VLSI) applications with non-linear
input data. Multiple experiments are carried out to validate the reliability,
effectiveness, and applicability of the proposed algorithm and with differ-
ent noise levels compared to the Extended kernel recursive least-squares
(EKRLS) algorithm.
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1 Introduction

The Recursive least squares (RLS) algorithm is being studied for the previous two to three
decades for solving well known linear signal processing problems such as object tracking, adaptive
beamforming, control systems and channel equalization. RLS shows faster convergence than the
Least Mean Square Algorithm. However, in non-stationary environments, the performance of
the RLS algorithm slightly degrades. Extended RLS and Weighted Extended RLS Algorithm
further extend the RLS family that significantly improves its performance in a non-stationary
environment. Since the support vector machines have been successful in regression and learning
techniques. A further extension to support vector machines is the kernel approach. To generate
elegant and efficient nonlinear algorithms, the kernel approach is applied to linear signal process-
ing algorithms such as Least Mean Square, Affine Projection, RLS, Extended RLS and Principal
Component Analysis by reworking in the Reproducing Kernel Hilbert Spaces (RKHS) with the
framed kernel trick. In recent decades, kernel-based learning algorithms such as vector machine
learning, kernel discriminant analysis, kernel principal components analysis, etc., have become
widely known for research. In a complicated non-linear environment, these methods illustrate
noticeable performance while dealing with regression and classification problems. The motive
for the kernel-based approach is to transform content from inputs to feature space and then
computing in the feature space through linear learning. The inputs have been transformed into
the high dimensional feature space where they are linearly separable, and the linear computations
have easily been applied. The famous kernel trick makes an inner product of the inputs linear
while working in the high dimensional feature space. Kernel methods such as kernel LMS, kernel
RLS, Kernel Affine Projection Algorithm, Extended kernel RLS, and kernel Principal component
analysis have gained enormous popularity in the recent past while applied to many complex
nonlinear problems [1-4].

To increase the precision and accuracy of the kernel RLS algorithm, an error amending
technique for the forecasting of the short-term wind-power system is introduced. This method
iteratively collected the data at several intervals and gave a hybrid model for regression in wind
power forecasting systems. On the other hand, after carefully selecting the input variables or data
window length, this method also captures the characteristics of fluctuation because of the spatial
and temporal correlations in wind farms identification error [5].

The restricted window length in the sliding window KRLS algorithm appears to have an
inability of handling temporal data points on a larger scale of time. A concept of the reservoir is
established that contains a larger number of hidden units. All the units are interconnected sparsely
and are viewed as a temporal structure that transforms the time series forecasting history into a
particular state space in high dimensional feature space. The KRLS algorithm is used to estimate
the relationship between the target and the reservoir state [6].

The prediction of the transition matrix in RKHS is a challenging task. To cope with this issue,
an extension in the EKRLS is introduced that constructed the state model in the conventional
state space, and the Kalman filter is used to estimate the hidden states. The KRLS Algorithm
estimates concealed states in model measurement. This approach shows suitable flexibility in
estimating the noise model and allows a linear mapping in RKHS [7].

Kernel adaptive filters use kernel functions that exhibit smoothness, symmetry, and linearity
on the entire input domain. The activation function in the neural networks is also a kind of
symmetrical kernel function. A flexible kernel expansion-based activation function reduces the
overall cost of the system. By using kernels as an activation function in the neural networks
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helps in approximating the comprehensive mapping specified across a subset on a real line, either
non-convex or a convex one [8].

As a network grows with the incoming data samples, the overall computation time and mem-
ory time increases. A compact and accurate method of restricting network’s size can accelerate the
learning time and computational burden in the kernel adaptive filtering. A least important data
sample is removed from the dictionary and ordering the remaining data in centers by the value
of their importance. This pruning technique to KRLS dramatically improves the convergence time
of KRLS [9].

Linear LMS is used for training the weights in the Cerebellar Model Articulated Neural
(CMAC) Network in an online manner [10]. CMAC method is a fast converging method, and
typically only one epoch is required, so there is no issue of selecting a suitable learning rate. The
use of the RLS algorithm in CMAC for weight updating is computationally inefficient [11-14].
Kernel methods for CMAC, on the other hand, does have a computational burden, but the
memory requirement and modeling capabilities are somehow improved [15,16].

This research work presents a novelty of the square root EKRLS algorithm with a spon-
taneous dynamic model’s prediction for chaotic stationary and non-stationary time series. The
square root version of EKRLS converges fast as compared to the EKRLS. The computational
burden is also lowered because of the givens rotation that gives excellent online numerical stability.
At each time step, the new patterns are added in the data window of the given’s rotation in the
triangular form, and the rotations are performed with sines and cosines that avoid inverse at each
iteration. The usefulness of the proposed algorithm is checked on the estimation for stationary
and non-stationary cases of the chaotic and non-linear Mackey Glass time series prediction.

The structure of the given paper is constructed with six sections. In, Section 2 details about
the Extended RLS algorithm are presented. Section 3 carries a brief introduction of kernels and
EKRLS. A unique unforced dynamical model of the proposed SREKRLS algorithm has dis-
coursed in Section 4. For simplicity, all deviations and formulation of the algorithm are performed
with the help of real variables. Section 5 holds the result of the simulation and discussion under
the proposed framework. Conclusion and future directions are presented in Section 6.

2 Algorithms

When describing sequential approximation, a generic linear state-space model is given as:
c(n+1)=Acn) +nn) (1
d(n)=um" c(m+vn (2)

Eq. (1) represents the space model, and Eq. (2) represents an observation model. Here A,
n(i) and v(i) represents the state transition matrix,state noise n(f) and even the process noise
or observation. The state model is commonly referred to as the process equation, while the
observation model is referred to as the measurement equation. Either the noises are white as
well as the Gaussian distribution. Tab. 1 shown Algorithm 2, which contains a summary of the
Extended recursive least square algorithm (ERLS).
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Table 1: Algorithm 2 ERLS

Fork=1,2,3,4,5... do
In step 1, the parameters of the algorithm named ERLS for the input data matrix
UkR)y=[ull),u2),...u(n)]
The desired data vector is d(k) =[d (1),d (2),.. .d(n)]T.
Initialization:
w(n)=0,P(0)=1""1
Calculate the value for k> 1

rm=g+umPn—1)um)
gm)y=AP(n—1)u(n)/r(n
emy=dm)—um)Twmn-1)
wn)y=Awn—1)+gn)e(n)
Mm=AMn—-1)A" —gm) g’ rm +q1

3 Introduction to Kernel Methods and EKRLS Algorithm

This section is about the detailed description of positive definite kernels, feature space, or
reproducing kernel Hilbert space, then the EKRLS algorithm along-with brief short details of
the algorithm.

3.1 Kernels

The intended theme of using kernel functions is carrying out the transformation of points (x;)
of input data to F a feature space as ¢(x (i)). To discover the presence of linear relationships in
data, several different methods can be applied in feature space [2]. Symmetric, continuous, and
positive definite property is maintained by the kernel method. k: X x X — R, X: input domain,
a subset of PR"”. The Gaussian kernel function is perhaps the most widely used kernel function:-

n_o o le=¢]
k(c, c) =exp 757 (3)

Here, the kernel’s width is represented by . An adaptive algorithm is aided by kernel function
for the manipulation of converted input data in feature space. Kernel function allows the adaptive
algorithm to manage transformed inputs in feature space not know co-ordinates of data in a
given space. The kernel function maintains the property of symmetry and convexity throughout
the domain.

As per mercer’s principle [1,2] every kernel mechanism k(c,c¢’) masks or transforms the
input data in high dimensional feature space (reproducing kernel Hilbert space) [§] and generally
calculated through inner products, provided as:

K (e ,em) =({ptem” pem) 0

Thus mapping/projection is being performed as ¢: U — F. This method is also known
as the famous kernel trick. The specified scheme is recycled to develop an algorithm named
kernel filtering.
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3.2 Extended Kernel Recursive Least Squares Algorvithm

Triggering through particular un-forced dynamical non-linear state-space model state model is
given in Eq. (5).

c(n+1)=Ac(n) ®)

The measurement model is given in Eq. (6).
d(m)=9" () e +vn (6)

With the mean of zero, the measurement noise is white as well as no process noise due to a
spontaneous dynamic model. When considering the model as mentioned above, recurrent ERSL
equations are written as:

rm=p"+¢" (M@n—1)9 0

gm)y=AM@m—1) @ (n) /r(n)

em)=dm—pm wn-1

wn)=Awm—1)+gn)en)

M) =AM (n—1) =M@~ Do (1) ¢ ()" M (n—1) /r(n)] (7)
Eq. (7) is the difference equation named Riccati in feature space. By keeping in view, the

dimensions of this equation. This equation will be Decomposed and adjusted in matrix form for
further computations through the given’s notation.

| Back
Boundary Interna Substitution
Cell e Cell
Transition Matrix A Identity Matrix |
v v v v v v
Bl I > 11 ¢ 12 q T (511 |7 » | 512 |1 P | 513 |dr >
v v v v v
B2 - > 13 & 1 »{ (521 )¢ » (522 1> > (523 )1 > (¢@'(n) @(n))*
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B3 i t P | 531 | P [ 532 |d P | 533 | >

@'(n) ¢(n)

Figure 1: Cell structure of the square root elements
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In Fig. 1, the primary cell structure is described in the given’s rotation using high dimension
feature space. The transition matrix will be dependent on the value of lambda.

Fig. 2 described the complete architecture of the given rotation works in RKHS. In the first
quadrant, the input is transformed in the high dimensional feature space using a positive definite
Gaussian kernel function. Then the inverse of the Riccati difference equation is computed by
decomposing the M(n) in the triangular form.

4 Identity Matrix |
0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
W4
o Matrix A

ala al3 al2 all
a24 a23 a22 a2l
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Figure 2: Architecture of the given’s rotation in the feature space

4 Proposed Square Root Extended Kernel Recursive Least Squares Algorithm

To acquire KRLS rotation-based characteristic for the unforced dynamic model, we first
totally disregard the term n(n) because ql reduces as well as organizes the essential terms in the
form of a matrix consisting of the critical terms noted as:

1. A 1x1 scaler " +¢ (m)T M(n— g (n)
2. A 1xnvector pmITMm—1A
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3. A vector n x 1 vector AM(n — 1)¢ (n)
4. An n x n matrix AM (n— 1) AT

Given four terms, it carries all the information regarding Riccati difference Eq. (7). By keeping
an eye on the dimensionality of these terms, we can arrange the terms described above in the
form of a matrix, and the combined form of these terms will be written as given below:-

Hn) = B'+omMun—1em om Mn-1A
B AM(n—1) o (n) AM (n— 1) AT

Its factored form yields.

IBn/Z 0 (n)TMl/Z (n— 1)j| |: /3”/2 0T j|

0 AMYZ(n—1) MT2(n—Dem MT/2m—1)AT ®

H®n) = |:

We interpreted the equation’s RHS (8) as one matrix’ product and its transposed term.
Application of this interpretation & matrix decomposition Lemma, we then set the Eq. (5) and
calculate the unspecified or unclear as in Eq. (9).

[ﬂ% w(n)TM%(n—u}@(n):[bmn) 0’}

1 T €))
0 AM2(n—1A b21(n)  Bao(n)

Non-zero block elements of the matrix call it matrix B is made up of scalar 411(n), vector
term b21(i) and matrix By (n) that forms as a result of unitary rotation @ (n). To determine the
missing or unknown elements in Eq. (7), take a square on both sides of Eq. (9).

B2 o)™ (n—1) B/ of BENOR S IO SO
0 AM7Z2@n—1) ||M"72i-De@i) MT72n—DAT | |by(n) By 0 BumT

By identifying point which © (n) is a unit matrix and hence, it is resultant ® (1) © (n)T is
equivalent to unity. The remaining concepts are worded as follows:

b1y (m)1> = B2 + o )T P2 (n— ) PY2(n— e (n) (10)
b11 (m)|* = r(n)

by1 () b1y (n) = AM'2 (n— 1) @ (n) (11)

By () By ()" =AM (n— 1) AT — by () by ()" (12)

By By ()T =AM — 1) AT —(AM@n— 1D o ()@ ()P —1)AT) /r(n)!2r(m)'/? (13)
When fulfilling the above mentioned in Eqs. (10)—(13).

by (m)=r(n)'/? (14)

ba1 (n) =k(myr(n)'/? (15)

By, () = M2 (n) (16)
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The concept 7 (i)!/? is the one-half power variance. The second equation accounts for the gain

together with the term of variance. The Cholesky state-error correlation factor matrix is given for
the third term.

g7 ™21y [ rm'? 0’
0 AMPa-h |7 [gmr 2w ME@)

The B"/? and 0 elements in the pre-array induce 2 variables to be created: r(n) variance

and g (n) gain. Both these variables come mainly from the division and squaring term of r%(n).
The series of equations Eq. (14) through Eq. (16) gives a specific description of the extended ker-
nel Square root RLS and explicitly provides us with definitions of EKRLS parameters. However,
irrespective of this, the actual practice of a rotation matrix is ®y which is a unit matrix excluding
for 4 points wherever the pairs of the poles £ and / overlap. The pairs of column’s rows k and !/

are symbolized as rows k and, ® = HL:I ®y respectively. A complete summary of an algorithm
is specified in Tab. 2, articulates the calculation from pre-array to pasture.

Table 2: SREKRLS (spontaneous dynamical model) algorithm
When n=1,2,3,4...

In Step 1, an algorithm input has the following parameters
Input: ¢ =@ (1),0(2),...00)]
desired d(k) =[d (1),d (2),...dm)]".
Parameters to be initialized:
Step size factor = 8.

Initialization with:
®w(0)=0
M (0) = Al

In Step 2, an obtaining of ®g(n) the rotations for modification

g7 o™ @-D] [ 2 0
- 1
0 AMY7Zm-1 gmr'2m M2 (n)

Step 3. Obtaining w(n), e(n) and g(n)
wn)=Awn—1)+gn) e(n)
em=dm) —pmTom-1

g = (gmr2m) (/2 m) "

5 Simulations and Results

In this part of a given paper, the findings of the prediction of Mackey Glass Time Series and
the x-component of the 3-dimensional prediction of the Lorenz time series are discussed with the
aid of the suggested algorithm.
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5.1 Prediction of Mackey Glass Time Series (PMGTS)

To estimate MGTS, we found both stationary and non-stationary time series in this experi-
ment. The Mackey Glass Time Series is created using the delay differential equation given below:

w =—ax () + —,Bx (=) (17)
di l+x(t—1)10

With « = 0.1, 8 =0.2 and t = 20. So, we obtain a series x(¢) for t =1,2,3,4,...5000 by
the delay as mentioned above differential equation. The series is received by the continuous
curve of x(r) with the time of a one-second interval. The cost function of the time series
projections/predictions is provided here as e = ||Vges — Vobill?, here, vigos = wlxs, w and xy, are
represents the weights that have been trained and samples for training, respectively. y,p; = w! xe,
w denote weights that are trained and x;, denote samples that are utilized for testing.

5.1.1 Stationary Series

In this experiment, the filter’s order is taken as 10, ie., x(¢) =[x (—10),x(t—9),x(t—78),
...,x(t—1D]T, for the prediction of the current one x(f) previous 10 sample points are used as
input. Three thousand (3000) sampling points have been used for training purposes, while the next
250 sample points are absorbed with the proposed EKRLS algorithm for testing. Training with
1501-4500 sample points on the stationary sequence for the output analysis of the proposed algo-
rithm is performed, while 4600-4850 sample points are used to evaluate the proposed algorithm.
During the training step, weights are modified and tested using all these modified weights; learning
curves are produced to evaluate the proposed algorithm through MSE (mean square error). Noise
is applied to time series with multiple variances for further validation of the proposed algorithm’s
output. Five hundred (500) Monte Carlo simulations are run for algorithmic weights modification,
and these modified weights are used for the sample prediction. To produce results, zero-mean
additive noise with a variance of 0.09 is applied to series; see Fig. 3.

-1.064 N — EKRLS
10 T e N SREKRLS ]

10-1.066 |

1.
1008 |

10 F

MSE (dB)
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——————
..

10-1.076 |

~on.
Ssel

| | | | =
4600 4650 4700 4750 4800 4850

No. of iterations

Figure 3: Mean square error curves with stationary MGTSP for EKRLS and SREKRLS while
noise variance (NV)=10.09
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The algorithm parameters used are set as EKRLS (A = «l, ¢ = 0.01, P(0) = Al with
A= é, f=0.01795, «=0.3 and Gaussian kernel with a width of 0.2), and the offered SREKRLS

(A=u«l, €¢=0.01, P(0)=AI with A= é, f=0.01795, «=0.3 and Gaussian kernel with a width
of 0.3).

AWG noise of variance (0.07) is applied to the unique series, and the estimated output of
the suggested algorithm is enhanced by 0.01 dB. The noise level for the proposed algorithm is
increased by a variance of 0.20 to confirm the output and outcomes further; enhancement of
0.07 dB is shown with the EKRLS algorithm. From tests, it’s derived that the proposed algorithm
shows more noise robustness.

The curves present in Fig. 4 depict the progression of 0.04 dB through the noise of variance
of 0.2 and 0.05 dB progression if the noise of variance of 0.1 is applied; data present in Tab. 3
shows mean square error with different noise variances for EKRLS and SREKRLS.

-1.03 T T T T
10 I — EKRLS

A — SREKRLS

4600 4650 4700 4750 4800 4850
No. of iterations

Figure 4: MSE curve of EKRLS and SREKRLS for stationary Mackey Glass Time series
Prediction with noise variance 0.1

See Tab. 3 for a comparative analysis of the proposed algorithm with EKRLS at different
noise variance levels. It is noted that SREKRLS gives more attractive results in terms of mean
square error as comparedto EKRLS. It’s also observed that the proposed SREKRLS gives more
accurate results with high noise variance.

Table 3: Mean square error with stationary MGTSP at different noise variance

Algorithm Noise variance  Iteration count  Mean square error

EKRLS 0.09 4600-4850 1071065
SREKRLS 10—1.084
EKRLS 0.07 46004850 10-1.070
SREKRLS 10-1-077
EKRLS 0.2 46004850 1009218
SREKRLS 10—0.929
EKRLS 0.1 46004850 10-1.058

SREKRLS 10—1.080
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5.1.2 Non-Stationary Series

For more examination and validation of the proposed algorithm’s behavior in compari-
son with EKRLS, a non-stationary series with the addition of a sinusoidal (y = 0.3sin 27f?),
f=1/5000) with an amplitude of 0.3 having an occurrence of five thousand (5000) sam-
ples/second is summed up with original MGTSP. The same factors and samples are used as in
stationary series.

Figs. 5-8 show that MSE curves when noise variance is set as 0.09, 0.07, 0.2, and
0.1, respectively.

0.108

—— EKRLS
""" SREKRLS

0.106 -
0.104 -

0.102 -

MSE (dB)

0.098 | R . .

________

0.096 [~ ]

0.094 ‘ ‘ ‘
4600 4650 4700 4750 4800 4850

No. of iterations

Figure 5: Mean square error with non-stationary MGTSP for EKRLS and SREKRLS while noise
variance (NV)=0.09

Tab. 4 provides insight into the mean square error values for different values of noise variance
(NV) with non-stationary MGTSP for both EKRLS and SREKRLS.

5.2 Lorenz’ Time Series Prediction

The Lorenz series is a non-linear, 3D, and deterministic equation. It is represented as a
sequence of fractional differential equations provided under:

X e —x0) o
d

% =—x(O)z(0) +yx(t) =y (1)
L (0 y @ — Bz(1) 20

dt
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10-0.84 B —— EKRLS
----- SREKRLS
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Figure 6: Mean square error with non-stationary MGTSP for EKRLS and SREKRLS while noise
variance (NV)=0.2
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10_0'032 ! ! ! ! ! N

4500 4550 4600 4650 4700 4750 4800

No. of iteration

Figure 7: Mean square error for x-component of LTSP of EKRLS and SREKRLS while noise
variance is absent

Lorenz’ unpredictable conduct on the parameters, « = 10, y = 28 and B = %. With the
help of a first-order approximation procedure including a sample time of 0.001 s with some
the initial conditions are defined as x(0)y(0) =1 and z(0) = 1. This type of series is a three-
dimensional (3D) Lorenz series. Thus finding the component named as x of LTS and derive 5000
training incidences, i.e., 1500-4500 for the preparation of training the suggested algorithm and
its corresponding part, while the rest of the 300 samples are utilized as a testing set. In terms
of mean square error, learning curves in the absence of noise are shown in Fig. 8. To predict
the current one, the sequence of the filter is designated as three (3). The algorithm parameters
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can be optimized as EKRLS: (4 = al,e = 0.01,P(0) = Al with A = é,ﬂ =0.01795,a0 = 0.3 and
Gaussian kernel with a width of 0.2), and the proposed SREKRLS (4 =al,e =0.01, P(0) = Al with
A= %, B =0.01795,a = 0.3 and Gaussian kernel with a width of 0.4).

T
—EKRLS
10000 L N N SREKRLS ||
10-0.03 I VU _
o
2
(L}J) 1070031 | “.‘ n
E R e
B |
1 0-(1033 | N
| | | | | N
4500 4550 4600 4650 4700 4750 4800

No. of iteration

Figure 8: Mean square error for x-component of LTSP of EKRLS and SREKRLS while noise
variance (NV)=0.09

Table 4: Mean square error with non-stationary MGTSP at different noise variance

Algorithm Noise variance  Iteration count  Mean square error

EKRLS 0.09 46004850 0.0958
SREKRLS 0.99
EKRLS 0.07 46004850 10~0-9607
SREKRLS 1009662
EKRLS 0.2 4600-4850 10089
SREKRLS 100898
EKRLS 0.1 0-250 1009427
SREKRLS 10709482

In Fig. 8 Proposed algorithm’s performance is evaluated without adding noise; performance
improvement is recorded of 0.02 dB as compared to EKRLS.

For further investigation in performance, noise variance of 0.09 is added in Lorenz Series’
x-component, and performance is observed see Fig. 8.

Performance results produced by the proposed algorithm compared to EKRLS are displayed
in Tab. 5. When noise is present or absent, conditions are applied to series generated to the
X-Component of LTSP with different noise variances.
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Table 5: Mean square error for x-component of LTSP of EKRLS and SREKRLS

Algorithm Noise variance  Iteration count  Mean square error

EKRLS 0 4500-4800 10—0-03095
SREKRLS 10—0.03205
EKRLS 0.09 4500-4800 10—0-0314
SREKRLS 10—0.0319
EKRLS 0.9 4600-4850 1000358
SREKRLS 10-0.0332

6 Conclusion

The proposed algorithm offers an enhanced square root algorithm called Extended Kernel
Recursive Least Square (EKRTS). The EKRLS algorithm topic is also presented with reasonable
discussion. One version of the stationary and non-stationary Mackey Glass Time Series prediction
is seen at various noise levels. By the learning curves regarding mean square error (MSE) are
witnessed for demonstration with prediction performance of the proposed algorithm from where
it’s concluded that the proposed algorithm performs better than EKRLS. For further testing, the
validity of the proposed algorithm, LTSP’s x-component is also predicted. This new SREKRLS
based design positively offers an innovative era towards non-linear systolic arrays, which is efficient
in developing very-large-scale integration (VLSI) applications with non-linear input data.
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