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Abstract: In this paper, we investigated the inuence of rotating half-space
on the propagation of Rayleigh waves in a homogeneous isotropic, general-
ized thermo-elastic body, subject to the boundary conditions that the surface
is traction free. In addition, it is subject to insulating thermal conduction.
A general solution is obtained by using Lame’ potential’s and Hankel trans-
form. The dispersion equations has been derived separately for two types of
Rayleigh wave propagation properties by solving the equations of motion with
appropriate boundary conditions. It is observed that the rotation, frequency
and r exert some influence in the homogeneous isotropic medium due to
propagation of Rayleigh waves. The frequency equation has been derived of
homogeneous properties by solving the equations of motion with appropri-
ate boundary conditions. It has been found that the frequency equation of
waves contains a term involving the rotating. Therefore, the phase velocity
of Rayleigh waves changes with respect to this rotating. When the rotating
vanishes, the derived frequency equation reduces to that obtained in classical
generalized thermo-elastic case which includes the relaxation time of heat
conduction. In order to illustrate the analytical development, the numerical
solution is carried out and computer simulated results in respect of Rayleigh
wave velocity and attenuation coefficient are presented graphysically. A com-
parative and remarkable study has been carried out through various graphs to
deliberate the consequences of different parameter on the frequency equation.
The obtained results can be very useful in the design and optimization of
Rayleigh wave.
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1 Introduction

There are many previous studies on generalized thermoelastic waves. Abd-Alla [1] found
the phase velocity of propagation of Rayleigh waves in an elastic half-space of orthotropic
material. Abd-Alla et al. [2] studied the effect of initial stress, gravity field, and rotation on
the propagation of Rayleigh waves in an orthotropic material elastic half-space. Bagri et al. [3]
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discussed a unified generalized thermoelasticity solution for cylinders and spheres. El-Naggar
et al. [4] investigated the effect of initial stress on the generalized thermoelastic problem in an
infinite circular cylinder. Singh et al. [5] discussed the effect of rotation on the propagation of
Rayleigh waves in an incompressible orthotropic elastic solid half-space with impedance boundary
conditions. Singh [6] studied the Rayleigh waves in an incompressible fiber-reinforced elastic solid
with impedance boundary conditions. Green et al. [7] introduced the theory of thermoelasticity.
Lebon [8] introduced the generalized theory of thermoelasticity. Lord et al. [9] solved the dynami-
cal theory of generalized thermoelasticity to take into account the time needed for the acceleration
of the heat flow. Singh et al. [10] investigated the generalized thermoelastic waves in a trans-
versely isotropic media. The generalized thermoelastic waves are discussed by Sharma et al. [11].
Sharma et al. [12] studied the effect of magnetic field on Rayleigh—-Lamb waves in a thermoelastic
homogeneous isotropic plate. Misra et al. [13] discussed the thermo-viscoelastic waves in an
infinite aeolotropic body with a cylindrical cavity. Sharma [14] studied the Rayleigh waves at
the surface of a general anisotropic poroelastic medium. Othman [15] investigated the effects of
rotation on plane waves in generalized thermo-elasticity with two relaxation times. Othman [16]
investigated the effect of rotation and relaxation time on the thermal shock problem for a half-
space in generalized thermo-viscoelasticity. Sinha et al. [17] found the eigenvalue approach to study
the effect of rotation and relaxation time in generalized thermoelasticity. Schoenberg et al. [1£]
studied the effect of rotation on propagation waves in an elastic media. Tanaka et al. [19] studied
the application of the boundary element method to 3D problems of coupled thermoelasticity.
Nowaki [20] introduced thermoelasticity.

This paper brings out the analytical study of generalized thermoelastic medium subjected to
rotation. The generalized thermoelastic cylinder is assumed under the influence of rotation and
the relaxation time. The main aim of the paper is to investigate the effects of involved parameters
on the Rayleigh wave velocity and attenuation coefficient of the wave. Numerical computation has
been accomplished to manifest the effect of rotation and relaxation time on the Rayleigh wave
velocity and attenuation coefficient of the wave for different types of parameters. The numerical
results have been obtained and presented graphically.

2 Formulations of the Problem and Boundary Conditions

Let us consider a homogeneous isotropic elastic solid with an infinite circular cylinder under
initial temperature 6y. The elastic medium is rotating uniformly with an angular velocity Q2 = Qn,
where n is a unit vector representing the direction of the axis of rotation. The displacement
equation of motion in the rotating frame has two additional terms, centripetal acceleration,
O x (Q X g) due to time-varying motion only where u = (u,,0,u.) is the displacement vector, and
0O =(0,0,0). All quantities considered will be functions of the time variable t and the coordinates
r and z.

The dynamic equation of motion is given by Sharma et al. [12] as follows:

oT,, dT,.. 1 0%u
a”+ - +—<Trr—Tee)=ps( —Qzu>, (1)
r 0z r

92
aT,. oT.. 1 aZw
h+ kh‘f’;TrZ:ps(_—QzW). (2)

or dz
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The heat conduction equation is given by [4]:
kV20 = pyey (6 +116) + y 00 (i1 + 8y i) (3)

Where p; is the density of the material, k& is thermal conductivity, ¢, is the specific heat of
the material per unit mass, 7y, Tyg, T-:, and T, are the stresses components, # and w are the
displacement components, and wy is the rotating component.

The stress—strain relations are given by Abd-Alla [12]:

Tyr=(A+2w) Epp+ AE=- + AEgg — y (6 + 100) @
Top = (. +21) Ego + MEy + 2 Egg — y (6 + 700) ©
To:= (A +2p) E-- + AEy + AEgg — v (0 4 100) ©
Ty =2pE;: ™
Two=Ty:=0. ®

where, v =a; (BA+2u), 19 and 11 are thermal relaxation time.

The strain components and the rotation are given by Bagri et al. [13] as follows:

du u dw
K, =7 E = EZZ:_a
T dr =5 dz
)
E—l 8u+8w _ 1 ou ow
=\ T ar ) T2\ T )
Using Eqgs. (4)—(9) into Eqgs. (1) and (2), the following can be written as:
do d 3%u
(A+2u)—V u+2ua—9—y—(9+t00) (a . -0? ) (10)
dwp D ’w o,
()\+2p,)—v w+2u8——y—(0+r09) = —Q%w (11)

By Helmholtz’s theorem [14], the displacement vector % can be written in the following form:

U=V +YAY, (12a)

N
Where the scalar ¢ and the vector i represent irrational and rotational parts of the

—
displacement u. The component of the vector ¥ to be non-zero, as

From Eqgs. (12a) and (12b), we obtain

dp 92 ) 19
:—¢— w, w= ¢+ W_'___W'
or 0roz 0z ar? r or

(12¢)



2518 CMC, 2021, vol.67, no.2

Substituting from (12a)—(12¢) into Egs. (3), (10), and (11), we get two equations for ¢ and v
as follows:

3 3 3
kV20 = pse, [ 1 —o+v0— [ 14+67,— ) V2 13
p.scv( +Tlat) +y Oat( + Tlal) ¢3 ( )
pS 82 2 )/ .
vipg=—"1 [—_Q — (0 +106), 14
*= Gt <3z2 >¢+(/\+2u)( + 70) (14)
V2= " _ 2 " (15)
o \a2 ’
Where,
2 2
g2 ? 19 9 16)

—t-—+—.
or:  ror 0z2
,, Sy : . . . (A+2p)
Eq. (14) represents the longitudinal wave in the direction of r with velocity ¢; =,/ ———

Ps
and Eq. (15) represents the velocity of the shear wave in the direction of r with velocity ¢, = ﬁ.
Ps

3 Boundary Conditions

Let us consider a homogeneous and isotropic elastic solid with an infinite cylinder of the
radius a. The axis of the cylinder is taken along the z direction, subjected to the boundary
conditions are given as follows:

Trr (aa Za t) = Oa
at r=a (17)
Ty-(a,z,)=0
The thermal boundary condition is
06

—=0 atr=a (18)
ar

4 Solution of the Problem
Assume that the temperature and potential functions of solid satisfy

9 — eleiwt’ ¢ — ¢leiwt, w — wleiwt

Egs. (13)—(15) yield a set of differential equations:

. .
(V2 - ’wi SCV) 6, = lwykorl V2 (19)
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2 2 /
vy @ +2Q ) o1 =200, (20)
4 PsCq
2 2
<v2+ w> U1 =0 @1
q

where V2 is the Laplace operator. #* can be eliminated from FEq. (20) by substituting it in
Eq. (19), giving

2 2 . / . 2 2
w +Q IwpgT iw (0™ + Q%) psc
c1 keq
Where
2 19 92 y26,
V4: —_— - - 5 = 5 /:1 ! 5 /:1+8 23
|:8r2 + prw + 3221| € 23, o=l +iowt, T bty (23)

The general solution of Eqs. (21) and (22) can be found. If we introduce the inversion of the
Hankel transform which is defined by

¢>1<r,z,w>=/0 1 (5.2 ) Jo (BN E dE

We obtain
2
P\ — [(0*+Q?)  iwps) B\ —  io(0*+Q?) psey—
2 S / 2 S
- — + — 1+ et - — — =0 24
<61 d22> 1 [ 2 o (Lren) [ {47 = - | &1 P 1 (24)
d>2
By putting A> = | ¢> — — |, the indicial equation governing (24) is
dz?
w? + Qz) iwpst i (0? + Qz) psC
P — L (1 eny) |22 - =0 25
|: 2 k ( 0) ke? 29

where 5]-2 =q? —A} are the roots of Eq. (24) and R, (§) >0, j=1,2.
If ¢ =0, then the roots of Eq. (25) become

) (a)2 + Qz) 2o iwpscyTy
1 C% 2 2 k

(26)
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The above roots correspond to the case in which the elastic wave and generalized heat
condition equations are not coupled. For small ¢, i.e., only the first order is taken. The roots of

Eq. (25) take the form

1 [(w2 +@)  iwpsty/ (4 eyt \/ @ +92)  iopTi’

(.23 =5
2 o k o k

5 (1+e7))

1+ i 20(w? + Q%) pseyt’ (1 — e19))
2 5 (0?4Q2) zwzpsc’%‘[{z(l-FZ{;“[é)

Then the solution of Eq. (24) is
#1(E,z,0) =Dy (E)e M7+ Dy (£) e MF
which leads to
o0
¢ (r,z,0) = / [D) (&) e 117421 4 D, (£) e 27101 Jy (£7) £ diE.
0

The solution of Eq. (21) is

v (r,z, 1) = / e (&) e MO T (1) & dE
0

Where 23 =¢* —

2 _O_Z
(a)—i-—z) and R, (1A3) > 0.
c

2
Substituting Eq. (29) into Eq. (20) yields

o=2 | T [Dr @) (o = ) et g Dy (24 02) = 3) e |y 6y £
0

The stress components 7, and T, are given by

3%¢ GRS
T,y =AV%)+2u—00 —2
" N P

329 a3w+a3w 192y 1oy

ardz  oraz2 | ar3 | r ar2  r or

—y(9+19)

Ty = :u|:2
Substituting Eqgs. (29)—(31) into Egs. (12¢) and (32), we get

w= [ D1 eI Dy @ C @ e ey ) ds
0

e / [[ Dy (§) 1 (§) e MZT 4 Dy (£) hge 270! & 4 C (8) Age—“”"w’] Jo (1) d§
0

27)

(28)

(29)

(30)

(D)

(32)

(33)

(34)
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> 1
Trr=D1(®) fo [(A% —E)MJo(En) — 21 (SzJo(fi’) — &) @r))
=P’ + Q) c%k%)Jo@r)}Se—WW dg +D1(§) / [(x% — &M ()
0
1 »
—2u <§2J0(SV) — ;%'Jl (fr)) — ps(wz + Qz) _ C%)\%)JO(SV)}SQ_)Q:HCM d%'

o0 1 L
+ C (&) fo 2u (;Jl Er) —&Jy (Er)> glemtaTHiol g (35)

Tr:=n / [D1 (&) (2k1$2J1 (Sr)) e MOy Dy (§) (2k2$2J1 (Sr)) e haEtit
0
+C ) (13+€2) €21 (gry e ot | dg (36)

5 Frequency Equation

In this section, we are going to obtain the frequency equation for the boundary conditions
which specify that the outer surface of the cylinder is traction free and the thermal boundary
conditions are illustrated. Substituting Eqgs. (31) and (32) into the boundary conditions (17) and
(18), we get

1 L
D1 (&) [(A% —£2)ErJo(Ea) — 2 [s%@a) - aéle @a)] — ps(@* + Q) — c%x%)sJo@a)] e Ml

1 )
+ Dy(£) [(A% —£2)ErJo(Ea) —2u [s%@cz) - ;szh @a)] — ps(@? + Q) — c%A§>5Jo<5a>] e~haztiol

1 L
+C [2M€3 (Eézh (ag) — £ (aé))] e el = (37)
D (§) (2)\16_)”12+iwt) + D (§) (2)»26_)‘224_1.0)[) + C (&) ()\% +%-2) e—)»32+ia)l -0 (38)
Dy (§)(@” + Q) — c]AD)e MR L Dy i(E) (7 + Q7 — (FAR)e ) =0 (39)

By eliminating constraints D (§), D, (§) and C (&), the frequency equation is given in a form
of third order determinant as follows:

aipl ap a3
a1 axp axy;|=0 (40)
a1 axyp 0

where

1
aj) = [(A% —£%)ErJo(Ea) — 2u [s% (a) — aéle(Sa)] — ps(@? + Q) — c%A%SJo@a)] :
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1
ap = [(A% —£260Jo(Ea) — 2 [s%(sa) —~ E§2J1 (sa)} — ps(@® + Q) — —c%xé)sJo@a)] :

1
a3 = [2MS3 (Eézfl (a§) — $3J0(a$))] , a1 =211, axn=2h,

ary = ()\.% + ‘52), az] = (a)2 + Qz) — C%)\%)e_)‘lz—’_iwl), azy = (a)2 +Q2— C%)»%) ,
azz=0.

The frequency Eq. (40) has a complex root. The real part (Re) gives the velocity of Rayleigh
waves and the imaginary part (I'm) gives the attenuation coefficient.

6 Numerical Results and Discussion

The numerical calculation was carried out of the Rayleigh waves velocity and attenuation
coefficient. To illustrate the theoretical results obtained in the preceding section, we now present
some numerical results. The material chosen for this purpose was carbon steel, the physical data
for which are given below [16]:

p=79x10° kgm™>, 1=93x10"" Nm™', n=84x10"" Nm™', £=0.34, T;=293.1k,
C,=64x10% JKg™ ' deg™", «,=132x10"% deg™!, K=50 Wm 'k !,
xo =0.321 JKg~ ! deg™!.

Fig. 1 shows the variations of Rayleigh waves velocity and attenuation coefficient with
respect to frequency w for different values of rotation QO for the Lord-Schulman theory. The
Rayleigh wave velocity decreases with the increase of rotation and frequency, while the attenuation
coefficient increases with the increase of rotation and frequency.

w +
2 5e+21
> 02 04 06 08 1 =
- 0 - "'*Rn??:_;-x\__ @ b /
% 2e+18] iy 200 ;:_’ Ze+217 o
A
> . R @ =
Ae+18 bR Q=02 /
o o - % S 15e:21 — gy
1 18] ikl ks & =0, EL /
2 Q=02 R S e
= fe+181 * £.X w et A
.g xxxxx ) =0.5 Ii \\ g +
+ +
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Figure 1: Variations of Rayleigh waves velocity and attenuation coefficient with respect to fre-
quency o for different values of @ at tr;y =0.1, r=2

Fig. 2 shows the variations of Rayleigh wave velocity and attenuation coefficient with respect
to frequency o for different values of relaxation time 7; for the Lord-Schulman theory. The
Rayleigh wave velocity decreases with the increase of relaxation time and frequency, while the
attenuation coefficient increases with the increase of relaxation time and frequency.
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Figure 2: Variations of Rayleigh waves velocity and attenuation coefficient with respect to fre-
quency o for different values of relaxation time of 7 at O =0.5, and r=2

(II) GL-model (tp > 11 >0, § =0), 19 =217.

2 ] T SRR
g 1e+19 § ++++++; ' , ' o,
< 'S T 92 04 06 08" 1
0 Be+18] & 0 +;
o B [} %,
> v Q=0 =] )
Ge+18] o _

g Q=02 g 20 ~Q2=0
:Ea de+18] 0o =0.5 s Q=02
2 =1 2303 2K Q = 0_5
= E de+2-
©  2e+18 e
o o g

s "“"'.M r \ He+20-

0 02 04 06 08 1
w

Figure 3: Variations of Rayleigh wave velocity and attenuation coefficient with respect to fre-
quency w for different values of rotation Q, at r=2, 71 =0.1
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Figure 4: Variations of Rayleigh waves velocity and attenuation coefficient with respect to fre-
quency o for different values of relaxation time 7; at Q=0.5 and r=2
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Fig. 3 shows the variations of Rayleigh wave velocity and attenuation coefficient with respect
to frequency w for different values of rotation () for the Green-Linsay theory. The Rayleigh wave
velocity decreases with the increase of rotation and frequency, while the attenuation coefficient
increases with the increase of rotation and frequency; the attenuation coefficient shifts from
positive to negative in the range of frequency.

Fig. 4 shows the variations of Rayleigh wave velocity and attenuation coefficient with respect
to frequency w for different values of relaxation time t; for the Lord-Schulman theory. The
Rayleigh wave velocity decreases with the increase of relaxation time and frequency, while the
attenuation coefficient increases with the increase of relaxation time and frequency.

7 Conclusions

The governing field equations for linear homogeneous and isotropic thermoelastic materials
with rotation are solved to work out appropriate surface wave solutions in an infinite cylinder. The
frequency equation for the Rayleigh surface wave is obtained. The numerical results are illustrated
graphically against frequency for different values of rotation and relaxation time. Some concluding
remarks are given as follows

1. The rotation and relaxation time significantly influence the variations of the Rayleigh wave.

2. Analysis of Rayleigh wave developed into a body due to rotation and relaxation time.

3. The rotation and relaxation time of an infinite cylinder give the same effect in the problem
as mentioned above in the results.

4. The present theoretical results may provide interesting information for experimental scien-
tists, researchers, and seismologists working on this subject.
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