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Application of the Fictitious Notch Rounding Approach to
Notches with End-Holes under mode 2 Loading

F. Berto1, P. Lazzarin1 and D. Radaj2

Abstract: The fictitious notch rounding concept is applied here for the first time
to V-shaped notches with root hole subjected to in-plane shear loading. The fic-
titious notch radius ρ f is determined as a function of the real notch radius ρ , the
microstructural support length ρ∗ and the notch opening angle 2α , at first using the
normal stress criterion in combination with the maximum tangential stress criterion
for finding the crack propagation angle. An analytical method has been developed
resulting in closed form expressions for the multiaxiality factor s in the well known
relationship ρ f =ρ+sρ∗. It expresses the notch stress averaged over the inclined
microstructural support length at pointed V-notches by the maximum notch stress
of fictitiously rounded V-notches (with root hole), taking advantage of a nearly
developed analytical solution. Different failure criteria are considered in combina-
tion with two criteria defining the crack propagation angle: maximum tangential
stress and minimum strain energy density. Plane stress and plane strain conditions,
respectively, are evaluated.

Keywords: Fictitious notch rounding, V-notches with root hole, in-plane shear
loading, microstructural support.

1 Introduction

This work extends the fictitious notch rounding (FNR) concept to in-plane shear
loading conditions and provides a closed form solution to the problem. This con-
cept takes into account that the theoretical maximum notch stress does not charac-
terise the static strength or fatigue strength of pointed or sharply rounded notches
(Neuber, 1958, 1968, 1985). The decisive parameter is the notch stress averaged
over a short radial distance at pointed notches or over a small distance normal to the
notch edge at rounded notches (notch radius ρ). This distance ρ* is termed ‘mi-
crostructural support length’ (MSL). In the high-cycle fatigue regime, the notch
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stress averaging path should coincide with the initial fatigue crack propagation
path. The idea behind the concept FNR is to determine the fatigue-effective notch
stress directly (i.e. without notch stress averaging) by performing the stress analysis
with the fictitiously enlarged notch radius, ρ f given by

ρ f = ρ + sρ∗ (1)

Using the analytic frame given by Filippi, Lazzarin and Tovo (2002) and Neuber
(1958), the FNR approach was applied to V-notches subjected to mode 1 and mode
3 loading, respectively (see Berto, Lazzarin and Radaj (2008, 2009)). The factor
s, which quantifies multiaxiality effects, was found to be highly dependent on the
notch opening angle 2α , resulting in a similar variability of ρ f . A good corre-
spondence was found between the theoretical stress concentration factors Kt(ρ f )
(evaluated at the fictitiously rounded notch) and the effective stress concentration
factors (obtained by integrating the relevant stress over the distance ρ* in the bi-
sector line of the pointed V-notch).

The notch stress averaging method was originally proposed for static loading and
brittle fracture by Wiegardt (1907) and later on extended by Weiss (1971). The
concept was introduced into notch stress considerations by Neuber (1936) and later
on substantiated for fatigue loading (Neuber, 1968) and static loading (Neuber,
1985). There is a vague correspondence to the ‘critical distance approach’ proposed
by Peterson (1950), which was applied many years later to notched thin plates
subjected to fatigue loading (Atzori, Lazzarin, Tovo, 1992 and Lazzarin, Tovo,
Meneghetti, 1997) using the characteristic length a0 derived by El-Haddad,Smith
and Topper (1979) from the conventional endurance limit and the threshold stress
intensity factor.

Referring to Neuber’s basic work, Radaj (1969, 1990, 2003) and Radaj, Sonsino
and Fricke (2006) proposed to assess the high-cycle fatigue strength of welded
joints (toe or root failures) based on the FNR concept. A worst case assessment
for low-strength steels, notch radius ρ = 0 mm, MSL ρ* = 0.4 mm and factor s=
2.5, resulted in ρ f = 1.0 mm. This radius was found to be generally applicable to
welded joints in structural steels and aluminium alloys and has become a standard-
ised procedure within the design recommendations of the International Institute of
Welding (IIW) (Hobbacher, 2009).

The present work is related to in-plane shear loading (mode 2) which is more com-
plex to analyse than mode 1 and mode 3 loading. The reason for the higher com-
plexity is the fact that out-of-bisector crack propagation occurs, because the maxi-
mum notch stress occurs outside the notch bisector line. The mode 2 problem was
considered from a theoretical point of view resulting in closed-form solutions for
elliptical notches (Radaj and Zhang, 1993). In a recent paper, pointed V-notches
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subjected to pure mode 2 loading were investigated (Berto and Lazzarin, 2010).
Due to the complexity of the analytical developments, the factor s was determined
there numerically using the FE method. For the pointed V-notches, the first prob-
lem was the choice of the path direction for stress averaging over the MSL. Two
criteria available from the literature were used to determine the angle of most prob-
able crack propagation, the maximum tangential stress (MTS) criterion according
to Erdogan-Sih (1963) and the minimum strain energy density (MSED) criterion
according to Sih (1974). In cracked plates subjected to in-plane shear loading or
to superimposed in-plane tensile and shear loading, the crack grows in the radial
direction perpendicular to the maximum tangential stress according to the MTS cri-
terion. The MSED criterion determines the crack growth direction from the mini-
mum value of Sih’s strain energy density factor S around the so-called ‘core region’
surrounding the crack tip. The factor S is the strain energy density multiplied a dis-
tance from the point of singularity. Failure is thought of as controlled by a critical
value of S, whereas the direction of crack propagation is determined by imposing a
minimum condition on S. When considering rounded notches in the present paper,
the minimum strain energy density will be evaluated at the notch edge.

The FNR concept is applied to V-shaped pointed notches and notches with root
hole subjected to in-plane shear loading (see Berto, Lazzarin and Radaj, 2012). An
analytical method has been developed for determining the fictitious notch radius
ρ f and therefrom the factor s dependent on the notch opening angle 2α .

2 Pointed versus rounded V-Notch with root hole

The factor s is found from integrating the normal stress along ρ* in the crack propa-
gation direction β determined by the MTS criterion and from equating the averaged
stress at the free edge of the V-notch root hole, Fig. 1.

�

�� ��

�

�
��
����

�
���
��

�
	���

�	

�


	

� � 	

��

��
��

�����

�

�
 �
�

����
�

Figure 1: Fictitious notch rounding concept applied to in-plane shear loading: real
notch with stress averaged over ρ* (a) and substitute root hole notch with fictitious
notch radius ρ f producing σmax= σ̄ (b).
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Considering mode 2 loading, the stress field of pointed V-notches can be expressed
as follows (Lazzarin and Tovo, 1996):σθ

σr

τrθ

=
1√
2π

rλ2−1K2

(1−λ2)+ χ2(1+λ2)

−(1+λ2)sin(1−λ2)θ
−(3−λ2)sin(1−λ2)θ
(1−λ2)cos(1−λ2)θ


+ χ2(1 + λ2)

−sin(1+λ2)θ
sin(1+λ2)θ
cos(1+λ2)θ

 (2)

where K2 is the mode 2 generalised stress intensity factor defined according to
Gross and Mendelson (1972) and λ 2 is Williams’ eigenvalue (Williams, 1952)
whereas χ2 is an auxiliar parameter related to the notch opening angle 2α . The
parameters of Eq. (2) are summarised in Tab. 1.

Considering the MTS criterion, the equation to determine the crack propagation
angle β is obtained from dσθ /dθ = 0, resulting in:

(1+λ2)χ2 cos(1+λ2)θ − (λ2−1)χ2 cos(1−λ2)θ = 0 (3)

The solution of Eq. (3) gives the angle β dependent on the notch opening angle
2α , Tab. 1.

Considering σth = σθ along the MTS direction and integrating σ th from 0 to ρ*,
the expression for the averaged stress is:

σ̄ =
1

ρ∗

ρ∗∫
0

σth dx =−K2
(1+λ2) [χ2 sin(β (1+λ2))+ sin(β (1−λ2)]]

λ2
√

2π [1+λ2(χ2−1)+ χ2]
(ρ∗)λ2−1

(4)

The maximum principal stress along the free edge of the root hole of a V-notch
can be determined from a newly developed theoretical solution by Zappalorto and
Lazzarin (2011).

The stress component σθ around V-notches with root hole subjected to the anti-
symmetric loading, mode 2, is:

σθ =

A2rλ2−1
{

sin(1−λ2)θ
[
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(5)
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where the auxialiar parameter φ2 depends on the notch opening angle 2α , Tab. 2.
The closed-form expressions for the other auxiliary terms depend also on the polar
co-ordinate θ (Zappalorto and Lazzarin, 2011):

ψ̃21(θ) = [(1−λ2)sin(2λ2−1)θ −2cosλ2θ sin(1−λ2)θ ]/sinθ (6)

ψ̃22(θ)×χ22(θ) = 2(2−λ2)/
[

tan(λ2−1)
tanλ2

−1
]

(7)

Table 1: Generalised stress intensity factors K2 [MPa(mm)1−λ2] of pointed V-
notches in rectangular plate subjected to in-plane shear loading and parameters
of the relevant stress fields; crack propagation angle β according to MTS criterion
with notch depth a.

2α β λ 2 χ2 K2 a=50 mm) K2 a=10 mm)
0˚ 70.56˚ 0.500 1.000 1220 560
30˚ 65.23˚ 0.598 0.921 1070 578
45˚ 62.42˚ 0.660 0.814 951 570
60˚ 59.60˚ 0.731 0.658 800 541

Table 2: Parameters for determining the maximum tangential stress component σθ

on the edge of V-notch with root hole; in-plane shear loading; data after Lazzarin,
Zappalorto and Berto (2011) in converted form.

2α θ̄/π θ̄ ξ θ φ 2

0˚ −0.392 −70.6◦ 4.042 1.500
30˚ −0.344 −61.9◦ 4.000 1.472
45˚ −0.329 −59.2◦ 3.997 1.351
60˚ −0.313 −56.3◦ 3.951 1.140

By imposing the condition dσθ /dθ = 0, it is possible to obtain the maximum stress
on the notch edge in the following form (after Lazzarin, Zappalorto and Berto,
2011):

σmax =
ξθ√

2π ρ
1−λ2
f

(8)

where ξθ has a closed form expression. Here, for the sake of brevity, only some
values of the parameter ξ θ are given in Tab. 2 as a function of the notch opening
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angles 2α investigated in the present paper. By setting the maximum stress on the
root hole edge equal to σ̄ derived for the pointed V-notch, the following equation
is obtained:

−(1+λ2)(ρ ∗ )λ2 (χ2 sin[β (1+λ2)]+ sin[(1−λ2)β ])
λ2
√

2πρ ∗ (1+λ2(−1+ χ2)+ χ2)
=

1
√

2π (ρ f )
1−λ2

ξθ (9)

The fictitious notch radius ρ f derived therefrom is:

ρ f =
(
−(1+λ2)(χ2 sin[β (1+λ2)]+ sin[(1−λ2)β ])

ξθ λ2 (1+λ2(−1+ χ2)+ χ2)

) 1
−1+λ2

ρ∗ (10)

where the first term with the parenthesis on the right hand side represents the factor
s because of ρ f = s ρ*. Some values of s from Eq. (10) are summarised in Tab. 3.

The two equations for the stress concentration factor are as follows:

K̄t =
σ̄

τ0
=

1
ρ∗τ0

ρ∗∫
0

σth dr (11)

Kt (ρ f ) =
σmax(ρ∗,s)

τ0
(12)

The geometry used for the application of the FE method is shown in Fig. 2 (where
a= 10 mm and w = 90 mm). The results in terms of and K̄t are compared in terms
of the relative deviation ∆ defined as follows:

∆ =
Kt (ρf)− K̄t

Kt (ρf)
(13)

For determining the averaged stress σ̄ from the theoretical (equivalent) stress σ th,
mainly the normal stress (Rankine) criterion is used, which gives identical results
under plane stress and plane strain conditions. When combined with the MTS
criterion, the stress σ th = σθ is integrated because this is the maximum principal
stress (τrθ = 0). On the other hand, when combined with the MSED criterion, the
first principal stress has to be evaluated:

σth = σ1 =
σθ +σr

2
+

√(
σθ −σr

2

)2

+(τrθ )2 (14)

For determining the crack propagation angle β at pointed V-notches, the MTS cri-
terion is used with priority. The MTS occurs where dσθ /dθ = 0. The condition
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Figure 2: Geometry and dimensions of the V-notched plate specimen (symmetry
quarter) considered in the FE analyses; remote loading by prescribed edge displace-
ments.

above is represented by Eq. (3). There is no difference in β under plane stress and
plane strain conditions. In some cases, the MSED criterion is additionally eval-
uated. Here, slight differences in β occur between plane stress and plane strain
conditions. The crack propagation angle β is obtained from dW /dθg 0, with W
being the strain energy density. The following two equations are derived for plane
stress and plane strain conditions, respectively:

(1+λ2)(1+ν)χ2 sin(2θ)+(ν−1)sin2(1−λ2)θ = 0 plane stress (15)

(1+λ2)χ2 sin(2θ)+(2ν−1)sin2(1−λ2)θ = 0 plane strain

The values of β according to the MSED criterion are listed in Tab. 3.

3 Validation of the FNR approach

The FNR approach applied to in-plane shear loading conditions is validated by
comparisons based on the FE method considering pointed V-notches with different
notch opening angles. Geometry and dimensions of the V-notched plate are shown
in Fig. 2 together with the applied remote boundary conditions. The values of the
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Table 3: Crack propagation angle β according to the MSED criterion for different
notch opening angles 2α; in-plane shear loading.

2α β (plane strain) β (plane stress)
0˚ 82.38˚ 79.70˚
30˚ 82.82˚ 80.39˚
45˚ 82.91˚ 80.54˚
60˚ 82.91˚ 80.57˚

generalised stress intensity factor K2 for the considered geometries are reported in
Tab. 1 for different notch opening angles. The following parameters are considered
in the numerical investigation:

• The normal stress criterion (Rankine) for σ̄ in combination with the MTS
criterion for β ,

• the notch opening angles 2α = 0, 30, 45 and 60˚,

• the MSL ρ* varying between 0.01 mm and 0.4 mm.

As the first step of the evaluation, the crack propagation angle β has been deter-
mined according to the MTS criterion, which gives the same angle under plane
stress and plane strain conditions. The values of βgepend on the notch opening
angle and vary from β = 70.5˚ for 2α = 0˚ to β = 59.6˚ for 2α = 60˚, see Tab. 1.

It was shown by the numerical investigation that the values of s found based on the
MTS criterion for β in combination with the normal stress criterion for σ̄ can be
used with sufficiently small errors in a limited range of ρ* values. This validation
implies the generality of the values of s summarised in Tab. 4, and it is of major
importance for the applicability of the method proposed when considering differ-
ent materials. To this end, a large number of FE analyses have been performed.
Different values of ρ* have been considered, with ρ* ranging from 0.05 to 0.4
mm.

The validation is performed with restriction to pointed notches.

In Tab. 6, the values of the stress concentration factors, Kt (ρ f ) versus K̄t , for values
of ρ* ranging from 0.05 to 0.4 mm, are summarised.

The results in the table are discussed based on the stated ∆ values:

- Positive and negative ∆ values occur with approximately the same frequency.

- The ∆ values change continuously between small and large ρ* values with a
tendency of larger ∆ values for larger ρ* values.
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Table 4: Factor s for pointed V-notches from according to Method 1; different fail-
ure criteria, plane stress and plane strain conditions; β values determined according
to MTS criterion; in-plane shear loading.

Factor s
2α Normal stress von Mises von Mises Beltrami Beltrami

plane stress plane strain plane stress plane strain
0˚ 3.06 3.06 3.88 3.06 3.37

30˚ 6.34 5.05 5.93 5.44 5.83
45˚ 11.87 7.60 9.27 9.02 9.62
60˚ 33.03 17.75 20.44 21.03 22.43

Table 5: Factor s for pointed V-notches according to Method 1; different failure
criteria, plane stress and plane strain conditions; values of β determined according
to MSED criterion; in-plane shear loading.

Factor s
2α Normal Str. Normal str. von Mises von Mises Beltrami Beltrami

Pl.stress Pl. strain Pl.stress Pl. strain Pl.stress Pl. strain
0˚ 3.03 2.99 3.31 4.75 3.17 3.60
30˚ 6.15 6.12 5.97 8.10 6.01 6.75
45˚ 11.32 11.31 10.19 13.87 10.54 11.89
60˚ 31.00 31.29 25.17 35.61 26.82 30.79

4 Application of the method combined with different failure criteria

With the aim to complete the present investigation on pointed V-notches with root
hole, two additional failure criteria have been considered. In particular the dis-
tortional strain energy criterion (von Mises) and the total strain energy criterion
(Beltrami) have been applied both under plane stress and plane strain conditions
in addition to the normal stress criterion discussed in the previous sections. The
MTS and MSED criteria have been used again to determine the crack propagation
angle at the pointed V-notch tip. In Tab. 4 and 5, the factor s for the different
failure criteria with the angle β according to the MTS and the MSED criterion are
summarised. The values related to the normal stress criterion are also repeated in
order to facilitate comparisons. The great influence of the notch opening angle 2α

on the value of s is evident. The Beltrami criterion under plane strain conditions in
combination with the MSED criterion correlate best with the normal stress criterion
in combination with the MTS criterion. The Beltrami values of s range from 3.60
(for 2α = 0˚) to 30.79 (for 2α= 60˚) to be compared with the normal stress data
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Table 6: FNR results according to the normal stress failure criterion combined with
the MTS criterion for β ; different values of ρ* and notch depth a;in-plane-shear
loading.

Notch depth a=10 mm
ρ* ρ f [mm] Kt(ρ f ) K̄t ∆

2α=0˚ 0.05 0.153 22.97 23.07 -0.45
s=3.06 0.10 0.306 16.40 16.31 0.52

0.20 0.612 11.80 11.54 2.23
0.30 0.918 9.82 9.42 4.12
0.40 1.224 8.68 8.16 6.07

2α=30˚ 0.05 0.32 14.67 14.63 0.25
s=6.40 0.10 0.64 11.14 11.07 0.58

0.20 1.28 8.50 8.38 1.43
0.30 1.92 7.32 7.12 2.77
0.40 2.56 6.64 6.34 4.40

2α=45˚ 0.05 0.60 10.76 10.80 -0.36
s=11.97 0.10 1.20 8.50 8.53 -0.37

0.20 2.39 6.75 6.74 0.15
0.30 3.59 5.97 5.87 1.62
0.40 4.79 5.53 5.32 3.64

ranging from 3.03 to 31.00.

In Tab. 7 and 8, results of the application of the FNR approach to the V-notched
plate shown in Fig. 2, considering the notch depth a= 50 mm and the MSL ρ* =
0.2 mm, are summarised. The stress concentration factors are shown as well as the
relative deviation ∆. The correspondence between Kt(ρ f ) and K̄t is satisfactory in
all cases, the maximum relative deviation amounting to 2.6%.

5 Conclusions

Based on FNR concept used in combination with the normal stress criterion for
σ̄ and the MTS criterion for β , the multiaxiality factor s has been evaluated for
V-notches with root hole subjected to in-plane shear loading (mode 2). Taking
advantage of a recently conceived analytical frame for V-notches with root holes,
the original Neuber procedure for determining the fictitious notch radius ρ f and the
factor s was applied out-of-bisector, the propagation direction being determined by
the MTS criterion.

The values of s for pointed V-notches have been found to be almost coincident and
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Table 7: FNR concept combined with the MTS criterion applied with different
failure criteria; ρ*=0.2 mm, a=50 mm and w=50 mm; in-plane shear loading. Ab-
breviations: vM von Mises criterion, B Beltrami criterion, ps plane stress, pn plane
strain. Results for the normal stress criterion in Tab. 6.

2α=0˚
ρ*= 0.2 mm s ρ f =sρ* Kt(ρ f ) K̄t ∆ %

vM, ps 3.06 0.612 25.60 25.14 1.80
vM, pn 3.88 0.776 22.75 22.35 1.76
B, ps 3.06 0.612 25.60 25.14 1.80
B, pn 3.37 0.674 24.39 23.98 1.68

2α=45˚
ρ* = 0.2 mm s ρ f =sρ* Kt(ρ f ) K̄t ∆ %

vM, ps 7.60 1.520 13.02 12.84 1.38
vM, pn 9.27 1.854 12.16 12.23 -0.58
B, ps 9.02 1.804 12.26 12.35 -0.73
B, pn 9.62 1.924 12.00 12.08 -0.67

mainly dependent on the notch opening angle.

A number of FE analyses have been carried out in order to compare the theoretical
stress concentration factor to the effective stress concentration factor, the former
obtained by considering a fictitiously rounded notch using the new values of s,
the latter obtained by evaluating the stress rise at the pointed V-notch over the
MSL, aligned in the most critical direction. Different values of the microstructural
support length, the notch depth and the notch opening angle have been considered.
The obtained values of s are well suited for engineering usage in structural strength
assessments.

Finally, the distortional strain energy criterion (von Mises) and the total strain en-
ergy criterion (Beltrami) have been applied under plane stress and plane strain con-
ditions, in addition to the normal stress (Rankine) criterion. The MTS and MSED
criteria have been used to determine the crack propagation angle at the pointed V-
notch. The values of the multiaxiality factor s have been validated by means of a
large amount of FE analysis results.

When considering the significance of the encouraging results presented in the pa-
per, it should be kept in mind that FNR is a procedure well suited only for the
engineers’ preliminary strength assessments, because the effects of nearby bound-
aries, loading and support conditions, cross-sectional weakening among them, may
deteriorate the results. As soon as FE models are available, direct notch stress av-
eraging over the microstructural support length in the critical directions or strain
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energy density evaluation over a control volume should be preferred.

Table 8: FNR concept combined with the MSED criterion applied to different fail-
ure criteria; ρ*=0.2 mm, a=50 mm and W=50 mm; In-plane shear loading. Abbre-
viations: NS normal stress criterion, vM von Mises criterion, B Beltrami criterion,
ps plane stress, pn plane strain

2α=0˚
ρ*= 0.2 mm s ρ f =sρ* Kt(ρ f ) K̄t ∆ %

NS, ps 3.03 0.606 25.71 25.25 1.79
NS, pn 2.99 0.598 25.88 25.31 2.20
vM, ps 3.31 0.662 24.61 24.17 1.79
vM, pn 4.75 0.950 20.59 20.17 2.04
B, ps 3.17 0.634 25.14 24.70 1.75
B, pn 3.60 0.720 23.61 23.19 1.78

2α=45˚
ρ*= 0.2 mm s ρ f =sρ* Kt(ρ f ) K̄t ∆ %

NS, ps 11.32 2.264 11.35 11.43 -0.71
NS, pn 11.31 2.262 11.35 11.43 -0.71
vM, ps 10.19 2.038 11.77 11.84 -0.60
vM, pn 13.87 2.774 10.57 10.66 -0.85
B, ps 10.54 2.108 11.63 11.71 -0.69
B, pn 11.89 2.378 11.16 11.24 -0.72
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