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The Numerical Analysis of Reinforced Concrete Beams Using Embedded
Discontinuities
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Abstract: In this paper a numerical simulation is per-
formed on the behaviour of reinforced concrete beams,
submitted to initial damage, subsequently strengthened
with external steel plates bonded with epoxy. Mod-
elling these structures requires the characterization of
the behaviour of different materials as well as the con-
nection between them. Fracture is modelled within the
scope of a discrete crack approach, using a formulation
in which strong discontinuities are embedded in the fi-
nite elements. In this approach, the displacement field is
truly discontinuous and the jumps are non-homogeneous
within each parent element [Alfaiate, Wells and Sluys
(2000)].
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1 Introduction

The strengthening and repair technique using glued steel
plates, in parallel with other techniques of reinforcement
with non-metallic materials, has been frequently applied
to beams, as well as to slabs and columns. In this pa-
per the behaviour of reinforced concrete beams is stud-
ied; these beams were first submitted to initial damage
and subsequently repaired and strengthened with exter-
nal steel plates bonded with epoxy.

The modelling of these structures requires the character-
ization of the behaviour of different materials as well as
the connection between them. In the description of the
concrete behaviour, two non-linear phenomena are cen-
tral: i) cracking and ii) crushing.

In the past, cracking has been modelled according to
two different approaches: the smeared crack approach
and the discrete crack approach. In the smeared ap-
proach, the constitutive relations of the continuum are
modified, in order to take into account softening under
tensile stresses. The microcracks are smeared in a band,
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usually corresponding to the width of one element. In
this case it is possible to identify the cracked elements
but not the crack paths, since cracking never localizes
into a discontinuous surface. Mesh dependency is ob-
tained unless special regularization procedures are intro-
duced, which are introduced in nonlocal, strain gradient
or rate dependent models.

In the discrete crack approach, cracking / microcracking
is assumed to localize into a discontinuity surface, also
called a fictitious crack, since stress transfer between its
faces is still possible. In general, interface elements with
initial zero width are used to simulate these discontinu-
ities. The interface elements are aligned with the element
boundaries and no mesh dependency is obtained with this
approach. However, if the crack path is not known a pri-
ori, remeshing may be required, which usually leads to
distorted meshes.

More recently, two major numerical approaches com-
pete in simulating cracking without introducing any of
the short-comings mentioned above: i) the extended fi-
nite element method [Duarte and Oden. (1996), Babuška
and Melenk. (1997), Möes et al. (1999), Wells and
Sluys (2000)] and ii) the strong embedded discontinu-
ity approach [Dvorkin et al. (1990), Simo et al.(1993),
Lotfi and Shing (1995), Armero and Garikipati (1996),
Larsson and Runesson (1996), Oliver (1996a), Oliver
(1996b), Jirásek and Zimmermann (2001a), Jirásek and
Zimmermann (2001b)]. In the strong embedded discon-
tinuity approach, cracking is embedded into the parent
elements. In particular, Oliver and his co-workers intro-
duced the Continuous Strong Discontinuous Approach,
in which fracture emerges as a natural evolution of dam-
age from the continuum to a localized discontinuity.
However, although this approach is quite useful when
the bulk behaviour is clearly non-linear, it is often the
case that the non-linearities are mostly due to the fracture
behaviour, the bulk behaviour remaining linear-elastic.
As a consequence, the fracture model can be chosen in-
dependently from the bulk, in a pure discrete way. In
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this paper, this pure discrete approximation using strong
embedded discontinuities is adopted and it shall be re-
ferred to as the Discrete Strong Discontinuity Approach
(DSDA). For this purpose, it is necessary to define an ini-
tiation criterion, for instance based upon a limit surface
in the stress space, which provides information regard-
ing both when a crack initiates and in which direction
it should evolve - either in mode I or along an inclined
direction with respect to the direction I (see fig.1). In
fig.1, tn, ts are the stress components acting at the discon-
tinuity, σI, σII are the principal stress components, ft0 is
the tensile strength of the material, fc is the compressive
strength of the material and c0 is the cohesion. Vectors n
and I correspond to the direction normal to the disconti-
nuity surface and to the direction of σI, respectivelyu In
this figure, mode-I opening is illustrated, which occurs
whenever the stress state lies on the surface at the point
(ft0,0). Moreover, the formation of two shear bands are
also illustrated in fig.1: one corresponds to mode-II open-
ing, the stress state lying on the surface at the point (0,c0),
whereas the other corresponds to an uniaxial compres-
sion state. In these two cases, the discontinuity evolves
along a direction inclined of an angle θgith respect to the
direction I. This angle depends on material characteris-
tics, namely on the internal friction angle.
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Figure 1 : Crack initiation criterion based on a limit sur-
face in the stress space.

In the extended finite element method (XFEM), also
known as the partition of unity method, the possibility of
interpolating a field over a body using partitions of unity
is explored. The cracks are modelled as strong discon-
tinuities across the elements. However, the concept of

embedded discontinuity is no longer addressed, since the
crack openings are measured at additional global degrees
of freedom located at the standard element nodes.

In order to approximate crushing behaviour, an elasto-
plastic model under compression is adopted. The
concrete-internal reinforcement bond is modelled with
interface elements, adopting the adhesion relationships
proposed by the CEB; the links between concrete and
epoxy and between epoxy and external steel plates are
modelled also using interface elements, under Mode-II
fracture, adopting the relationship introduced in [Neto
and Alfaiate (2003)].

A special non-implicit numerical procedure is adopted
based on a sequentially linear approach [Rots (2001)].
The numerical results are compared with the experimen-
tal results and some conclusions are drawn.

2 Description of the experimental tests

The experimental tests analyzed consisted of four point
bending beams, with a free span of 1800mm, and a cross
section of 80 x 200mm. The reinforcements are: As1

(traction reinforcement) –2Ø8mm; As2 (compression re-
inforcement) – 2Ø6mm; Asw (shear reinforcement) –
Ø6//0.08m; AsR/As1 = 0.68 (AsR – steel plate cross-
section).

The beams were submitted to initial damage and subse-
quently strengthened with the addition of bonded plates.
The general material properties are: concrete grade
C20/25, modulus of elasticity, Ec = 32 GPa; compres-
sion strength, fck=21.67MPa and fcm = 29.67MPa. The
fracture energy (GF) for mode-I fracture was calculated
as a function of the mean compression concrete strength
value (fcm) and of the maximum aggregate dimension
(dmax) [CEB (1991)]; the obtained value was GF= 0.056
N.mm/mm2 which lies in the expected range according
to literature [Täljsten (1994)].

The internal reinforcements were characterized by the
module of elasticity Es = 205 GPa and yield stress of
fsy= 410MPa. For the external reinforcement a steel
with module of elasticity EsR = 200GPa and yield stress
fsyR = 250 MPa was used. The resins utilized in the
tested beams were of the type “Concresive 1380” (ESBD
–European Structural Bonding Division Holland) with
prescribed strengths of 62.4 MPa under tension and 83.4
MPa in bending.
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3 Numerical behaviour and implementation

In this work, a stress/displacement (t-w) relation is used
for the embedded cracks, based on a local damage model
[Alfaiate, Wells and Sluys (2000)]:

t = (1−d)Telw, (1)

in which, d is a damage variable (0 ≤ d≤ 1) and Tel is the
elastic constitutive tensor in which all the off-diagonal
components are null and the diagonal components are
penalty functions used to avoid overlapping of the faces
of closed cracks. The damage evolution law is:

d = d(k) = 1−exp

(
− ft0

GF
κ
)

, (2)

where k is a scalar variable that corresponds to the max-
imum positive normal component of the displacements
jump:

k = max < wn >+, k ≥ 0, (3)

ft0 is the initial traction resistance (taken equal to fctm)
and GF is the fracture energy. A loading function f is
also defined by:

f = wn −k, (4)

Mode-I fracture is assumed for cracking initiation.

Modelling of the reinforcements, both internal and exter-
nal, was done with linear 2 node finite elements, adopting
an elastoplastic constitutive relation. The internal rein-
forcement / concrete bond was modelled with interface
elements overlaid on top of the concrete mesh, using the
constitutive relation given by the CEB-FIP model code
90 [CEB (1991)]. The adhesion between external rein-
forcement and concrete was modelled by interface ele-
ments with zero initial thickness, introducing a constitu-
tive relation, with exponential softening, relative to the
Mode-II fracture. The parameters that characterize this
connection are: i) the cohesion (c), ii) the shear stiff-
ness (Kint) and the fracture energy in Mode-II, GII

F . The
adopted values were taken from a parametric study pre-
sented in [Neto and Alfaiate (2003)], where it was found
that the exterior reinforcement-epoxy connection breaks
normally by detaching a layer of concrete adjacent to the
reinforcement.

The adopted values are: cohesion, c = 2.50 MPa, shear
stiffness, Kint = 103 MPa/mm and the fracture energy in
Mode II, GII

F = 1.38 N.mm/mm2.

The use of nonlinear constitutive relations requires, in
general, the use of an iterative procedure. In this paper,
a different method is introduced, based on a formulation
presented in [Rots (2001)] for the continuum, called se-
quentially linear model. Here, as well as in [Alfaiate,
Almeida and Gago (2003)], a new version of the sequen-
tially linear model is used to describe the local behaviour
of the fictitious cracks. In this model, the response of the
structure is not obtained incrementally; instead, a total
formulation is used, in which the stiffness of the struc-
ture is decreased according to a material model, obtain-
ing successive equilibrium states through the use of suc-
cessive linear analyses.

4 Variational formulation used for the finite ele-
ments with embedded cracks

In the discrete cracking approach using embedded
cracks, whenever the principal tensile stress equals the
concrete tensile strength (fct) a discontinuity is embed-
ded in the finite element. In this discontinuity four ad-
ditional global nodes are inserted, two at each boundary
of the element [Alfaiate, Wells and Sluys]. The total dis-
placement values correspond to the addition of a contin-
uous part, û, with a discontinuous part corresponding to
the displacement jump [[u]] in the discontinuity surface
[Alfaiate, Simone and Sluys (2003)]:

u(x) = û(x)+HΓd[[u]], (5)

where HΓdis defined as;

HΓd = HΓd − (1− r), 0 ≤ r ≤ 1, (6)

and HΓd is the Heaviside function. The variational for-
mulation at the element level is obtained applying the
principle of virtual work:

−
Z

Ω\Γd

(∇sδû) : σ(ε̂)dΩ+
Z

Ω\Γd

δu.bdΩ

+
Z

Γt

δu.t dΓ+
Z

Γd

δ [[u]] .t+ dΓ = 0 (7)

where b are the body forces, t are the stresses acting on
the boundary and the last integral represents the energy
dissipated in the crack discontinuity Γd .
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Figure 2 : P-Δ curves for beam type B with low level of initial damage

Figure 3 : P-Δ curves obtained with high level of initial damage

In equation (7) the stresses t in the discontinuity surface
are obtained using the stress-jump law described in sec-
tion 3.

5 Numerical results

In this section the numerical results are presented. First,
the experimental (thin line) and numerical (thick line)

load-displacement curves obtained at mid-span are com-
pared. The cracking load – (Pcr) and the ultimate load
(Pult) are marked in the graphics.

Two different damage levels were applied to the beams
before reinforcement (see figs. 2 and 3). During the ex-
perimental tests, the loading was kept fixed for some days
before repairing; due to the high level of previous dam-
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Figure 4 : Crack pattern obtained without micro crack filtering

Figure 5 : Crack pattern over the deformed beam, obtained filtering cracks widths less than 10µm (before strength-
ening)

Figure 6 : Numerical test on bonding and plate length

age, creep took place, which was not modelled numeri-
cally; the corresponding additional displacements due to
creep were added in the graphics to permit the compari-
son with the experimental results. The unloading cycles
were not modelled numerically either.

In order to clarify the P-Δ graphics shown below, some
noticeable points were marked on the numerical curves,
namely:

• point A - identifies the load for which the stress fcm

was first attained;

• point B - beginning of internal reinforcement yield;

• point C - beginning of epoxy glue interface yielding;

• point D - beginning of external reinforcement
(plate) yielding;
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Analyzing the load-displacement graphics, it is possible
to verify that a good approach between the numerical and
experimental results is obtained. The differences found
can be explained by: i) the influence of the unloading
cycles, ii) the choice of the bond-slip relationship and iii)
the lack of softening in the elastoplastic law adopted for
the concrete under compression.

In figures 4 and 5 the cracking pattern under the ulti-
mate load is presented which, in general, is similar to
the one obtained experimentally. In figure 3, some of the
cracks drawn correspond to micro cracks (fictitious). No-
tice that, due to the fact that each element is only able to
present a single discontinuity, some of the cracks are not
continuous. The crack pattern consists of vertical cracks
at mid span and 45o cracks near the support, as expected.

In figure 5, the cracks widths are represented and micro
cracks are filtered, allowing the identification of the main
cracks in a clear way.

Some tests were carried out with similar beams using top
anchorage with mechanical bolts. The results obtained
both experimentally and numerically were similar to the
results obtained without anchorage. Thus, it is concluded
that, in this case, the anchorage length was enough and
there was no failure of the glued connection.

In order to obtain conclusions on the importance of bond-
ing in this type of structure, three numerical tests were
made, changing both the bonded length and the plate
length (see fig.6). When the plate covers the whole lower
surface of the beam and the full strength of the plate is
mobilized, an increase of both the stiffness and the ulti-
mate load is obtained.

A strong decrease of the plate length (to the central zone
length), gives rise to failure in the glue interface and a
decrease of the ultimate load. An insufficient bonding
length (a mean value of the previous ones) leads to a
somewhat brittle solution: compared to the shorter bond
length analyzed, stiffness is improved and a higher ulti-
mate load is obtained. However, instead of a ductile rup-
ture, a sudden drop in the load/displacement relationship
occurs which can be dangerous, specially if the load is
applied in fast manner. Similar results were obtained for
beams with AsR / As1= 1, as presented in [Costa (2005)].

6 Conclusions

In this paper, the finite element method is used to model
externally strengthened beams with bonded steel plates.

Fracture in concrete is described by a discrete crack ap-
proach with an embedded technique. The behaviour of
the connection between the internal reinforcement and
the concrete is modelled using interface elements with
null initial thickness and the constitutive relation given
by the CEB-FIP MC90. The bonding of the steel plate
with epoxy is described also using interface elements
under mode-II fracture, using a model previously intro-
duced in another work [Neto and Alfaiate (2003)].

It was shown that this approach leads to good results
when compared to the experimental ones, namely the
crack paths and the load-displacement curves. It was
also numerically confirmed that, if the anchorage length
is sufficient, the use of end mechanical anchors doesn’t
change the structural response.
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Babuška, I.; Melenk, J. M. (1997): The partition of
unity method. International Journal for Numerical Meth-
ods in Engineering 40 (4), pp. 727-758.
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Oliver, J. (1996a): Modelling strong discontinuities in
solid mechanics via strain softening constitutive equa-
tions. Part 1: Fundamentals. International Journal for
Numerical Methods in Engineering 39 (21), pp. 3575-

3600.

Oliver, J. (1996b): Modelling strong discontinuities in
solid mechanics via strain softening constitutive equa-
tions. Part 2: Numerical simulation. International Jour-
nal for Numerical Methods in Engineering 39 (21), pp.
3601-3623.

Rots, J. G. (2001): Sequentially linear continuum model
for concrete fracture, in Fracture Mechanics of Concrete
Structures - FRAMCOS4, 831-840, R. de Borst and J.
Mazars and G. Pijaudier-Cabot and J. G. M. van Mier
eds., France.

Simo, J. C.; Oliver, J.; Armero, F. (1993): An analysis
of strong discontinuities induced by strain-softening in
rate-dependent inelastic solids, Computational Mechan-
ics 12, pp. 277-296.

Wells, G. N.; Sluys, L. J. (2000): Analysis of slip planes
in three-dimensional solids. Computer Methods in Ap-
plied Mechanics and Engineering 190 (28), pp. 3591-
3606.




