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ABSTRACT: Non-Newtonian fluids, characterized by shear-rate-dependent viscosity, exhibit complex flow behaviors.
This study examines the stagnation point flow and heat transfer characteristics of a tangent hyperbolic fluid, a non-
Newtonian fluid model, over a flat plate. The plate surface is maintained at constant temperature and stretches with
a linear velocity. The energy equation is modelled, incorporating the time-lag factor via the Cattaneo-Christov (CC)
heat flux model, and is further, assisted with the non-uniform heat source/sink effect. The governing equations are
transformed into ordinary differential equations (ODEs) using similarity transformations and solved using the Physics-
Informed Neural Network (PINN), in which a deep neural network approximates the velocity and temperature field
embedding the governing equations and boundary conditions into a composite loss function, trained without labeled
data. The accuracy of the model is validated by comparing the computed local Nusselt number values with benchmark
results from the literature, demonstrating excellent agreement. The findings of the study show that increasing the
Weissenberg number reduces flow velocity and raises temperature, while higher values of the velocity ratio parameter
enhance velocity and lower temperature due to stronger convective effects. An increase in the material power-law
index leads to diminished velocity and elevated temperature, indicating shear-dependent behavior. Quantitatively, the
magnitude of skin friction coefficient decreases by approximately 24.6% with increasing material parameter, while the
local Nusselt number decreases by about 5.0%, indicating a reduction in the heat transfer rate. These results provide
valuable insights into the control of heat transfer and flow characteristics in solar thermal systems, particularly in
enhancing thermal efficiency of solar collectors and related energy conversion devices.

KEYWORDS: Tangent hyperbolic fluid; Cattaneo-Christov heat flux; stagnation point; flat plate; physics-informed
neural network; wavelet activation function; solar thermal systems

1 Introduction

The study of non-Newtonian fluids has gained substantial attention recently due to its various appli-
cations in engineering and industries such as polymer processing, biofluids, and chemical manufacturing.
Among the diverse range of non-Newtonian fluid models, the tangent hyperbolic fluid (THF) model has
proved highly effective in representing shear-thinning behavior while maintaining mathematical tractability.
Furthermore, when such fluids interact with the flat stretching surfaces, the resulting flow and thermal
phenomena demand sophisticated modelling, especially under the influence of modern heat flux theories
like the Cattaneo-Christov (CC) model. The stagnation point flow regime adds another layer of complexity
and industrial relevance to such configurations. The following review presents significant literature classified
according to these themes, highlighting both foundational and recent contributions.
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Tangent hyperbolic fluids (THFs) form a notable category of shear-thinning non-Newtonian materials
whose behavior is captured through a constitutive model based on the hyperbolic tangent function. Such
fluids arise frequently in processes involving polymers, biological fluids, food products like ketchup, and a
variety of slurry-based materials. Akbar et al. [1] examined the boundary layer (BL) flow behavior of THFs
under magnetohydrodynamic (MHD) effects over a stretching surface. Their numerical results revealed the
pronounced effects of magnetic fields and nonlinearity inherent in THF on velocity profiles. Hayat et al. [2]
conducted a study on the stagnation flow of a tangent hyperbolic nanofluid, incorporating nonlinear thermal
radiation, highlighting the influence of double-diffusive convection mechanisms. Khan et al. [3] incorporated
Wuss slip conditions, electrical MHD, and activation energy into a tangent hyperbolic nanofluid model,
advancing electro-conductive applications. These studies highlighted the importance of non-Newtonian
fluids in complex thermal systems. For example, Chu et al. [4] analyzed thermophoretic effects in Maxwell
fluid flow, while Li et al. [5] examined Hall and viscous dissipation effects in Jeffrey nanofluid transport.
Asogwa et al. [6] studied the electro-magnetohydrodynamic THF flow across a Riga surface incorporating
the effects of Dufour diffusion and activation energy, while Hamad [7] examined MHD THF flow across a
stretching surface with activation energy. Ahmadi Azar [8] analyzed dusty THF flow under thermal radiation
and magnetic influences, emphasizing high Prandtl number conditions. These works emphasized the need
for advanced modelling of nonlinear fluid and heat transfer behavior.

The analysis of boundary layer (BL) flow over a stretching flat plate is fundamental in understanding
drag reduction, heat transfer, and material stretching in industrial processes. Aziz [9] presented one of
the foundational works on laminar thermal BLs under convective conditions; Ishak [10] extended this to
the permeable surfaces with convective heat transfer. Khan and Pop [11] introduced nanofluids into flat
plate models, marking an advancement in thermal fluid modelling, and Makinde and Aziz [12] further
investigated the nanofluid convection over stretching surfaces. Waqas et al. [13] investigated magneto-
thixotropic nanofluid flow over a variable thickness surface, highlighting the significant influence of surface
geometry on flow and heat transfer characteristics. Recently, Reddy et al. [14] provided a modern numerical
investigation into tangent hyperbolic fluids over a stretching sheet, incorporating slip conditions to reflect
real surface-fluid interactions.

Traditional Fourier’s law suggests infinite thermal propagation speed, a physical inconsistency corrected
by the CC heat flux model. This model modifies the classical theory by introducing a relaxation time
and employing the material derivative, as formulated by Christov [15], ensuring frame indifference. Azhar
et al. [16] validated this model in MHD THEF flow over a porous surface, confirming its improved physical
representation, and Naveen Kumar et al. [17] studied the influence of the CC heat flux model on nanofluid
flow over a non-flat stretching boundary, integrating Stefan blowing effects, thereby highlighting the model’s
flexibility in complex thermal-fluid environments. Recent studies have also emphasized the significance of
non-Fourier heat flux models in advanced thermal systems. For instance, Oreyeni et al. [18] investigated
the CC heat flux model in bioconvective thixotropic fluid flow, highlighting its role in accurately capturing
thermal transport behavior in energy storage applications.

Stagnation point flow occurs when fluid impinges directly on a surface, a situation frequently encoun-
tered in aerodynamic and industrial cooling systems. Hayat et al. [19] coupled this flow regime with the CC
heat flux model and homogeneous-heterogeneous reactions, offering insights into chemical thermal systems.
Mehmood et al. [20] addressed viscoelastic stagnation flow under CC flux, showing how relaxation effects
and fluid elasticity influence the thermal profiles. In recent studies, Madhu et al. [21] analyzed the influence of
nonlinear radiation and activation energy in hybrid nanofluid flow, while Ali Shah [22] examined micropolar
bioconvection nanofluid flow over an inclined Riga plate. These studies highlighted the growing interest in
complex stagnation-point flow configurations with advanced heat transfer mechanisms.
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The recent study combines these complex phenomena into unified models to reflect real-world
3] analyzed CC heat flux in THF with thermal radiation over a stretching
surface, emphasizing applications in renewable energy systems, and Salahuddin et al. [24] examined Darcy-
Forchheimer flow of THF with radiation, viscous dissipation, and activation energy, capturing advanced
industrial conditions. Kallem et al. [25] carried out an incorporation of irregular heat generation and Darcy-
Forchheimer effects for a detailed numerical investigation of stagnation point flow involving a tangent
hyperbolic nanofluid over a stretching surface, making it one of the most integrative and recent contributions
in the domain.

scenarios. Boujelbene et al. [2

Recent advancements in intelligent computational modelling have highlighted the power of Physics-
Informed Neural Networks (PINNs) for solving complex fluid flow and heat transfer problems. Raissi
etal. [26] pioneered the PINN framework as a unified deep-learning approach capable of solving the forward
and inverse nonlinear differential equations problems without the need for mesh-based discretization.
Building on this foundation, several researchers have extended PINNs and unsupervised neural-network
strategies to nonlinear differential systems. For instance, Uddin et al. [27] developed a wavelet-based
PINN architecture for efficiently solving nonlinear differential equations, while Sai et al. [28] applied
unsupervised neural networks to model Maxwell fluid flow with nonlinear convection and temperature-
dependent properties over curved geometries. Further innovations include the exploration of swirling
Maxwell hybrid-nanofluid convection with nonlinear radiation using machine learning-based solvers by Sai
et al. [29], and Al-driven thermal analysis of nano-encapsulated phase-change material fluids over wedge
geometry by Upreti et al. [30]. More recently, PINN-based modelling of micropolar phase-change fluids over
paraboloidal surfaces for solar-thermal applications was reported by Vaseem et al. [31]. For instance, Israr
et al. [32] employed PINN-based methods for heat regulation of nanofluids, demonstrating their capability
in accurately solving complex heat transfer problems in industrial applications. Collectively, these studies
demonstrated the growing reliability and versatility of PINNs for tackling nonlinear, non-Newtonian, and
thermally complex flows, However, despite these advancements, a clear gap still exists in the literature
regarding the simultaneous investigation of THF behavior under CC heat flux within a stagnation-point flow
configuration, particularly in the presence of non-uniform heat source/sink effects using a PINN framework.

Furthermore, most existing studies rely on conventional numerical solvers such as shooting or bvp4c
methods, which often require strong initial guesses assumptions and may face convergence difficulties for
highly nonlinear coupled systems. In contrast, the PINN framework offers a mesh-free alternative that
directly incorporates the governing physics into the learning process, making it more flexible and robust for
such complex problems.

The present study introduces the following key contributions:

« Integrates tangent hyperbolic fluid behavior with the CC heat flux model to account for thermal
relaxation effects and enhance the physical realism of heat transfer.

o Analyses two-dimensional stagnation-point flow over a stretching flat plate under the influence of non-
uniform heat source/sink.

«  Applies a PINN framework to solve the highly nonlinear coupled governing equations, demonstrating
its effectiveness as a mesh-free and robust alternative to traditional numerical methods.

2 Mathematical Formulation

The mathematical formulation of THE a class of non-Newtonian fluids, is defined by a constitutive
equation involving the hyperbolic tangent function to capture its shear-thinning behavior. The stress tensor
is given by [1]:
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_ A
= [poo + (o + ptoc) tanh (I'7)"]Aa

where py and po denote viscosities at zero and infinite shear rates, A is the material (power law) index, I' is

the time-dependent material parameter, y represents the shear rate, and A, is the first Rivlin-Ericksen tensor.

For many practical non-Newtonian fluids, the infinite shear rate viscosity g« is significantly smaller
than po, and can therefore be neglected. Furthermore, for small values of I'y << 1, the hyperbolic tangent
function can be approximated using a first-order Taylor expansion as:

tanh (I'y) ~ I'y
Using these assumptions, the constitutive relation simplifies to:
T=uo[l+A(I'y-1)]A,

This approximation significantly reduces the mathematical complexity while retaining the essential
shear-thinning characteristics of the fluid.

Consider the flow to be steady, laminar, and incompressible over a flat stretching surface aligned along
the x-axis, with the fluid occupying the region y > 0. The plate stretches with a velocity u,, (x), while the free-
stream velocity is given by u,(x). Heat transfer within the fluid is characterized by a spatially varying heat
source/sink and is governed by the Cattaneo-Christov (CC) model, which accounts for thermal relaxation
effects beyond classical Fourier’s law (Christov [15]). The physical configuration is illustrated in Fig. 1.
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Figure 1: Geometry of the problem.

Based on boundary layer approximations, the governing equations for momentum and energy are
formulated accordingly [23].
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Here, the variables u, v represent the velocity components along the x and y-directions directions,
respectively. The variable p(Kgm™) represents the density of the fluid, while the variable y(Kgm™'s™!) is
the dynamic viscosity, Cp(Jkg 'K™") denotes the specific heat capacity, T, (s) is the thermal relaxation time,
k(Wm™'K™) is the fluid’s thermal conductivity. Furthermore, the parameters A; and A, characterize the
space-dependent heat source/sink effects, where A; represents the non-uniform heat generation associated
with the flow field, and A, corresponds to temperature—dependent heat absorption or generation within
the fluid.

To reduce Eqs. (1)-(3) along with (4) into a system of ODEs, the following similarity transformations
are introduced [11,12]:

T-Te

Uo
=\ 5 ¥ (%) = VUIxf (1),0 = ———=,
ST (5)
9 d
= = U f )y =~ 2F = ~VTIF ()
Y x

These transformations are applicable to steady, two-dimensional boundary layer flow over a linearly
stretching surface with velocity u,, (x) = U,x, for which the governing equations admit similarity solutions.
Substituting Eq. (5) into Eqs. (1)-(3), Eq. (1) is identically satisfied, while Eqs. (2) and (3), together with
boundary conditions (4), are transformed to the following dimensionless ODEs (see Appendix A for details).

(I_A)fll/_fIZ+ff//+/\Wefl/fll/+A2:0 (6)
1 " 1 ! 4 144 'n/

P—re —P—r(Alf +A,0) + f0 -7 [ 20" + ff'0'] =0 7)
with

(8)

f(m) =01 (n) =1,9(n)=1,atﬂ=0}
f'(00) = A, 0 (c0) = 0asy — oo

Here (We =Tu, 2‘(9]”) represents the Weissenberg number, (Pr = S(chp )) represents the Prandtl

Uo
eter and A is the material power law index.

number, (A = U;") represents the velocity ratio variable, (7 = U,7,) denotes the thermal relaxation param-
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The skin friction coefficient (SFC) Cy and the local Nusselt number (LNN) Nu, are [11]

Tw Xqw
Cfr=——— Nuy=——7——7— )
T (na(x))? k(T ~ T)
where 7,, is the wall shear stress and g, is the heat flux at the surface, which are given by
2
ou AI' {ou oT
Ty = Y (1—/1)—+—(—) y Qw = —K— (10)
( ay V2\dy) J| _ 9y,
y=0 y
Substituting Eq. (10) into Eq. (9) and employing (5), we obtain:
CyRe? = ((1-1) f(0) + 2 Wef"(0)?) and
(11)

1
Nu,Re 2 =-6'(0)

XUy .
where Re = 5 local Reynolds number.

3 Methodology

To model the governing differential equations (DEs) describing the stagnation point flow and heat
transfer of a THE, the PINN framework is employed. PINNs embed the governing physical laws into the loss
function of a neural network, enabling simultaneous learning of the solution and enforcement of physical
constraints. This mesh-free methodology is particularly effective for highly nonlinear and coupled thermo-
fluid systems. The present formulation follows the pioneering work of Raissi et al. [26], and its subsequent
applications in complex transport problems [28-31].

The architecture of the PINN model is illustrated in Fig. 2, where the neural networks approxi-
mate the solution fields while the governing equations and boundary conditions are enforced through
residual minimization.

Deep Neural Network

(A= + FO0f" @ = 2@+ AW Gdf () + 42)°

' V)
4 (0 - s 0+ 04 000 =17 00" 0 - a0 ) ||
' i

i
0))? + (o) = D2 + B0nie) = D? + () = 2 + (0)’) 1

Final
Solution

Figure 2: Schematic diagram of the PINN architecture showing input variable #;, hidden layers, outputs f;(#) and
8i (), and residual connections used for computing Ly and L.
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3.1 Neural Network Representation

The solution variables are approximated using two separate neural networks, each trained using
identical optimization settings (optimizer, learning rate, and activation function), while the number of
hidden layers and neurons is tailored separately for each network:

f(n) =~ f(1 Wy, by), 6(n) ~ 6(17; W, by)

where W and b denote the weights and biases of the respective networks, and the subscripts f and 6
correspond to the velocity and temperature fields, respectively. The velocity network consists of 4 hidden
layers with 30 neurons in each layer, whereas the temperature network comprises 6 hidden layers with 60
neurons per layer, providing enhanced representational capacity for capturing the thermal field. The trainable
parameters are initialized using the Xavier (Glorot) initialization scheme, which ensures stable variance
propagation across layers.

3.2 Activation Function

A Gaussian wavelet activation function is employed in all hidden layers to improve approximation
capability for boundary layer-type solutions. The adopted activation function is expressed as:

p(x) = xe %)

This wavelet-based activation provides localized feature extraction and superior representation of steep
gradients compared to conventional smooth activations, making it particularly suitable for non-Newtonian
boundary layer flows, as reported in [27].

3.3 Loss Function Construction

The total loss function is formulated as:
L= Lf + Ly

where the physics loss is given by:
1 Nf s 1 12 1! 1 2 2
Ly = 3, S0 £ 0+ £ ) £ () = £ (1) + AWef” (1) £ (1) + )
i=1

# (58 O = o (A () + 420) + 56" () = £ [ (1) 87 (1) = £ () (1) 8 ()] }

and the boundary loss is defined as:

1Y

Lo =37 LA 010"+ (f (o) =17+ (0 Grio) =1)”+ (f () = 4)" + (8 (1))}

Here, Ny = 10,000 and N;, = 500 denote the number of collocation and boundary points, respectively.
The boundary points #; correspond to the physical constraints imposed at # =0 and # — oo. All the
derivatives are computed using automatic differentiation applied independently to each neural network,
ensuring high numerical accuracy without discretization error.
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3.4 Collocation Strategy and Domain Analysis

The collocation points are randomly sampled within the computational domain # € [0,3]. To ensure
domain adequacy, a domain-independence analysis is conducted by extending the computational domain
beyond # = 3. The results indicate negligible variation in velocity, temperature, SFC, and LNN, confirming
that #,mqx = 3 is sufficient to capture the asymptotic decay of the solution.

3.5 Training Procedure

The optimization problem is solved using the Adam optimizer with a learning rate of 10~*, minimizing
the total loss function (L <107°). A fixed random seed is used to ensure reproducibility of the results. The
model is implemented in the TensorFlow framework, and all computations are performed on a standard
computational setup.

3.6 Model Validation

To validate the accuracy of the proposed PINN framework, the wall heat transfer rate —6’(0) is
computed and compared with previously published results for varying Prandtl number Pr, while keeping
other parameters fixed as:

A=0=A,,7=0,We=0,A=0,1=0

As shown in Table 1, the present results exhibit excellent agreement with [33,34], confirming the validity
and robustness of the proposed approach. Furthermore, a direct comparison between the present PINN
predictions and numerical solutions obtained using the MATLAB bvp4c solver is presented in Fig. 3a,b for
both velocity and temperature profiles, demonstrating excellent consistency between the two approaches.

Table 1: Comparison of numerical values of —6’(0).

Pr Devi and Devi [33] Waini et al. [34] Present Results
2 0.91135 0.911353 0.9117882
6.13 1.75968 1.759682 1.7501237
7 1.89540 1.895400 1.8861945
20 3.35390 3.353902 3.3340702
1.0 —— PINN 1.0 Pr=2
=== FDM NUM Pr=6.13
Pr=7
0.8 04954 \ 0.8 1 Pr=20
06 ’”’”‘\ 0.6
S ) —— PINN
\\ 0.4950 ; === FDM NUM

0.6818 0.6820

0.6822

04 0.4
0.2 Pr=2 0.2
Pr=6.13
Pr=7
0.0 Pr=20 0.0
0.0 0.5 Lo L5 2.0 2.5 3.0 0.0 0.5 L0 L5 2.0 2.5 3.0
n n
(a) (b)

Figure 3: (a) Comparison of velocity profile for varying Pr. (b) Comparison of temperature profile for varying Pr.
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4 Results and Discussion

This section presents an in-depth analysis of the influence of varying parameters on flow behavior
derived from the proposed PINN framework. The computations are carried out with fixed values of
Pr=7,A,=0.2=A,,and 7 = 0.1, while systematically varying parameters We, A, A. The selected parameter
ranges are based on values reported in the literature and are consistent with realistic operating conditions
in solar thermal systems. The Cattaneo-Christov heat flux model is employed to incorporate thermal
relaxation effects, which overcome the limitation of infinite heat propagation speed associated with classical
Fourier’s law. The effects of these parameters are illustrated through velocity and temperature distributions
(see Figs. 4-6). Furthermore, their impact on the skin friction coefficient (SFC), which provides insight into
shear stress behavior at the surface, and the local Nusselt number (LNN)-characterizes surface heat flux is
computed and presented in Table 2 for the corresponding parametric variations.

1.01 Lo — We=0.1
—-= We=0.2
- We=04
0.8 1 0.8
0.6
= 0.6 1 ‘,;
= NS
- B
0.4
0.4 ' '
0.50 0.52 0.54
0.2
0.2 1
0.0
0.0 0.5 1.0 L5 2.0 2.5 3.0 0.0 0.5 Lo L5 2.0 2.5 3.0
n n
(a) (b)
Figure 4: (a) Velocity profile for We. (b) Temperature profile for We.
1.0 — A=0.1
== A=0.15
« A=0.2
0.8 1
0.6
2
S
5
0.4 1
0.2 1
0.0 1
0.0 0.5 1.0 L5 2.0 2.5 3.0 0.0 0.5 Lo L5 2.0 2.5 3.0
n n
(a) (b)

Figure 5: (a) Velocity profile for A. (b) Temperature profile for A.



10 Rev Int Métodos Numér Célc Disefo Ing. 2027;43(1):13

— A=04
—-= =05
- A=06

0.300

(A0)]

0.275

0.250

0.225

0.200
0.4

0.0 0.5 1.0 L5 2.0 2.5 3.0 0.0 0.5 L0 L5 2.0 2.5 3.0
n n

(a) (b)

Figure 6: (a) Velocity profile for A. (b) Temperature profile for A.

Table 2: Computed the values of | CfRel/2| and the Nu,Re™"/? when Pr=7and A; = 0.2 = A,, 7= 0.1.

We A A |CfRe1/2| Nu,Re™'/?
0.1 0.5 0.1 0.66746575 1.9808197
0.2 0.64710474 1.9674130
0.4 0.59068420 1.9262013
0.2 0.4 0.72711710 2.0055122
0.5 0.64710474 1.9674130

0.6 0.54786164 1.9054294

0.5 0.1 0.64710474 1.9674130

0.15 0.63215530 1.9826853

0.2 0.61460350 2.0055520

Fig. 4a,b shows the impact of the We on the fluid velocity and temperature profiles. An increase in
We leads to a decline in velocity, accompanied by a thinning of the BL. This behaviour is attributed to the
enhanced elastic nature of the fluid, which resists deformation and slows the motion. Physically, the stored
elastic energy within the fluid opposes the shear-induced deformation, thereby suppressing momentum
diffusion across the BL. Conversely, the temperature profile exhibits an increase with rising We, particularly
evident at lower values We, indicating that fluid elasticity exerts a more substantial influence on momentum
transfer than on thermal diffusion in this range. This enhancement in temperature can be associated with
reduced convective transport due to slower fluid motion, which allows more heat to accumulate within the
BL region. Moreover, due to thermal relaxation, heat propagation occurs at a finite speed, which further
enhances thermal accumulation within the BL compared to Fourier conduction. The combined influence of
fluid elasticity and non-Fourier heat flux leads to a comparatively thicker thermal BL.

The influence of A on the profiles is depicted in Fig. 5a,b. An increase in A enhances the fluid velocity,
as higher values of A suggest dominance of the free-stream velocity over the surface velocity, intensifying
the flow near the stagnation region. This results in a stronger stretching of fluid layers, which promotes
momentum transport and elevates the velocity within the BL. On the other hand, temperature decreases with
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increasing A, a consequence of the reduced thermal BL thickness due to the accelerated surface flow, which
enhances convective heat removal. Physically, the intensified convection limits heat accumulation near the
surface, leading to a thinner thermal BL and lower temperature distribution. In addition, the presence of
thermal relaxation moderates the rate of heat diffusion, while the dominance of stretching and stagnation
flow enhances convective transport. This reflects a competing interaction between surface stretching and
finite-speed heat propagation in shaping the thermal field.

In Fig. 6a,b, the behavior of the A is examined. As A increases, a noticeable drop in velocity and a
concurrent rise in temperature are observed. This is indicative of shear-thickening fluid behavior, where
increased resistance to flow reduces velocity but enhances energy dissipation as heat, thereby elevating
temperature levels. Physically, the higher effective viscosity associated with larger A suppresses fluid motion
and thickens the momentum BL. Simultaneously, the increased internal friction generates additional thermal
energy, contributing to the rise in temperature within the BL. Furthermore, the coupling of shear-dependent
viscosity with thermal relaxation significantly alters heat transport characteristics, while the non-uniform
heat source/sink contributes to either augmentation or suppression of temperature within the BL. This
demonstrates a strong interaction between rheological and thermal mechanisms.

Fig. 7a,b illustrates the effect of spatially varying heat source parameters on the temperature distribution.
In Fig. 7a, Ay is varied while A, = 0.2 is kept fixed, whereas in Fig. 7b, A, is varied with A; = 0.2 held constant.
Itis observed that an increase in A; results in a noticeable reduction in temperature within the BL. Physically,
a positive value of A, represents a space-dependent heat generation mechanism associated with the flow field.
Larger values of A, correspond to the heat source being located farther away from the surface of the plate.

10 — A;=02 1.0 — A;=02
—-= A;=05 —-= A;=05
+ A1=08 ceer A,=0.8
0.8 0.8 1
0.20
0.6 ots I 0.6 1
2 =2
; 0.10 g
0.4 0.05 0.4 1
0.00 T
.4 )
0.2 s 0.48 0.50
0.0 NNEEEETTTT TTTTITTTTY 0.0
0.0 0.5 1.0 L5 2.0 2.5 3.0 0.0 0.5 L0 L5 2.0 2.5 3.0
n n
(a) (b)

Figure 7: (a) Temperature profile for A; > 0 & A, = 0.2. (b) Temperature profile for A, > 0 & A; = 0.2.

From the velocity profiles, it is evident that the velocity f’(#) decreases with increasing distance from
the plate. Consequently, the combined effect of a higher A; and the decaying f’(#) reduces the effectiveness
of heat generation within the BL. As a result, the temperature decreases with increasing # for larger values
of Aj, see Fig. 7a. Similarly, increasing the values of A,, which represents temperature-dependent heat
generation, also leads to a decrease in temperature, as shown in Fig. 7b.

In contrast, Fig. 8a,b represents the heat sink case. In Fig. 8a, A; is varied while A, = -0.2 is fixed,
whereas in Fig. 8b, A, is varied with A; = —0.2 held constant. In this scenario, increasing the magnitude of
the negative parameters A; or A, leads to an increase in temperature. Although a more negative value of A,
represents a stronger heat sink, it is also associated with the spatial positioning of the heat sink away from the
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plate. Since f’(#) decreases with distance from the surface, the combined effect of spatial variation and the
decaying f’(#) reduces the effective influence of the heat sink within the BL. Consequently, increasing the
negative magnitude of A; weakens the overall cooling effect, resulting in a rise in temperature, see Fig. 8a.
A similar trend is observed for the temperature-dependent heat sink parameter A,, as depicted in Fig. 8b,
where increasing its negative magnitude also leads to an increase in temperature.

L0 —_ A=-02 1.0 —_ Ay=-02
—-= A;=-05 —= A;=-05
- Aj=-08 ceer A;=-08
0.8 1 0.8 1
0.6 0.6 1
2 S
N~ N
5 5
0.4 0.4 1
0.2 1 0.2 1
0.0 0.0
0.0 0.5 1.0 L5 2.0 2.5 3.0 0.0 0.5 1.0 L5 2.0 2.5 3.0
n "
(@) (b)

Figure 8: (a) Temperature profile for A; < 0 & A, = —0.2 fixed. (b) Temperature profile for A; < 0 & A; = —0.2 fixed.

From Table 2, it is observed that the magnitude of the skin friction coefficient (SFC) consistently
decreases with increasing We, A, and A. Quantitatively, SFC declines by approximately 11.5% as We increases
(0.1-0.4), 24.6% with 1(0.4—0.6), and about 5.0% with A(0.1-0.2). This reduction reflects the combined
influence of fluid elasticity and enhanced viscous resistance, which suppresses the velocity gradients at the
wall and weakens the shear stress.

Similarly, the local Nusselt number (LNN) also decreases by nearly 2.8% with increasing We and 5.0%
with A, whereas it increases by about 2.0% with higher A. Physically, higher We and A reduce convective
transport due to slower fluid motion and increased internal resistance, leading to weaker heat transfer.
In contrast, increasing A accelerates the flow near the surface, strengthens convection, and consequently
enhances the heat transfer rate.

5 Conclusions

This study presents a PINN-based approach to model the stagnation point flow and heat transfer of THF
over a flat plate, incorporating CC heat flux and the effect of heat source/sink. The model successfully captures
the nonlinear behavior of non-Newtonian fluids under thermal relaxation and is validated by benchmarking
results against existing literature, confirming its accuracy and physical reliability. Moreover, the proposed
framework demonstrates strong capability in handling complex coupled thermo-fluid problems without
relying on traditional mesh-based numerical schemes.

Key findings from the analysis include:
o Increasing We reduces velocity and slightly increases temperature due to stronger fluid elasticity.

o Increasing the A enhances fluid flow and reduces temperature via convective heat removal.
o Ahigher A leads to lower velocity and higher temperature, reflecting shear-thickening behaviour.
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o SFC shows limited variation with changes in parameters, while the LNN decreases with We and A but
increases with A.

From an application perspective, these findings are particularly relevant to solar thermal systems, where
control of heat transfer and fluid behavior is crucial for improving thermal efficiency. The ability to regulate
temperature distribution through fluid elasticity and flow parameters can be beneficial in optimizing solar
collectors and thermal energy storage devices.

Furthermore, the inclusion of thermal relaxation effects provides a more realistic description of
heat transport in high-temperature solar applications, where classical Fourier assumptions may become
inadequate.

In future work, the present model can be extended to more complex geometries, variable heat
source/sink conditions, and hybrid nanofluids to further enhance its applicability in advanced solar thermal
technologies. Additionally, sensitivity analysis, experimental validation and real-system integration may
provide deeper insights into practical implementation.
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Appendix A

For a non-dimensional form, following similarity transformations are used
T-Ts
n= y\/ y(x,y) =V UeIxf (1), H—T T (A1)

. . _ oy _dy
where, ¥ (x, y) is the stream function, and u = 3 and v = —-3z-

0 [ U, __i . /U,
uzg U09xf(y ?),andv ™ VU, Sf( )

By evaluating the partial derivatives and rearranging, the velocity components take the forms

u=Upxf "M,v==/U,9f (1) (A2)
By differentiating the velocity components u and v, as well as the temperature T, with respect to x and

yare

a - U.f (1) (A3)
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Ju U, 1"
2 (5 ) (a9

o*u U,?
-7 7 AS
Rk ) (A5)
ov
=0 A6
o (A6)
0

o= Uaf (1) (47)
y

oT
2 -0 A8
e (A8)
oT Us \ ./
= = Tw ~Te e A
5, )(\/9)601) (A9)
82
Z - = Al
ox? 0 (A10)
T 1, - 1) Ze07 () (A1)
2 )g 7 M

*T o (oT 0 U,

=— === (T, - T 21 =0 Al2
axdy  ox (ay) ox (( )(\/ 9 ) (’7)) (A12)
Continuity equation:

ou ov
& + a—y =0 (A13)

=> % {xU,f"(n)} + % {-VU,9f (1)} = 0 is identically satisfied.

Momentum equation:

u%wa“ (x) (x)+—[(1 A)+)LF\/_( )]gzy (AL4)

= (xUaf (1)) 3 (5Uof” (0} + {V/UOF ()} 55 (Vo (1)) = (U} - (30}
U d / /
ctaen anva( 3o o) | 2 o o)

=>> {xUaf' (1)} Uof" () + {~V/T.9F (n) {on\/%f"w)} = {(xUss} U

+—[(1 /\)+/U"\/_(xU\/7f”( ))] o’ £ (1)
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simplifying the equation, yields the reduced ordinary differential equation is

(1 _ )()fm _frz +ff// + AWef"f'" +A2 =0 (AIS)

where We = I'u,,\/ 2 ISJ” is the Weissenberg number, A = U is the velocity ratio parameter.

Energy Equation:
C ua—T+vaT+T ui+vzaz—T+ u%+v% 8_T+ u@+vi a—T+2uvaZT —KaZT
PEPI%ox ay ° ox? 2y? ox  dy) ox ox dy) dy oxdy )| " ay?
kit (T — Too) of T-Tw
W T/ A L+ A Al6
' x9 ( 1877 T Tw - Too) ( )

Using the definition of u and v from Eq. (A2), we obtain

=>>pcp[{uoxf'(n>}§—§+{—@f<n>}—+ro({U xf’ <n>} >+ (VTR () a—yT
O e K ({onf’w)}g—}{ Vis ) 5) 5
Too

y

+2{onf'(r1)}{—\/U09f(17)}aiay)]=’<3;+KuW(ZS fes )(Algj; Azf T) (A17)

The corresponding partial derivatives are expressed in Eqs. (A3)-(A12). Substituting these expressions

into equation

= Cp [{mf’(n)} <0+ {=V/UIf ()} {(Tw - T.) (\/%)e%n)}

10 ({Usf (1)) %0+ (~/OIF ()} > { (1 - 1) 320" ()}

+({onf’(11)} <AUS' (0} + {~VTIF ()] = {xua (\/%)f"w)}) x0

+({Uaxf ()} x 0+ {-/UIF ()} x =Uof ()} {(Tw - T.o) (\/%) e'(n)}

£ (Upxf ()} x {-V/UBF ()} x0)] = { (T, - 1) 226" ()|
P 22T (1) + 20 () (a18)

and simplifying the equation, yield the reduced non-dimensional energy equation of the form

1 1
—0" - — (Aif +A0) + f0 -7 [f*0" + ff'0'] =0 (A19)
Pr Pr
where Pr = w denotes the Prandtl number, and 7 = U, 1, represents the thermal relaxation parameter

based on the CC heat flux model.
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