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Mathematical Model for Skeletal Muscle to Simulate the
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Abstract: Skeletal muscles are responsible for the relative motion of the bones
at the joints and provide the required strength. They exhibit highly nonlinear me-
chanical behaviour and are described by nonlinear hyperelastic constitutive rela-
tions. It is distinct from other biological soft tissue. Its hyperelastic or viscoelastic
behaviour is modelled by using CE, SEE, and PEE. Contractile element simulates
the behaviour of skeletal muscle when it is subjected to eccentric and concentric
contraction. This research aims to estimate the stress induced in skeletal muscle
in eccentric and concentric contraction with respect to the predefined strain. With
the use of mathematical model for contraction of skeletal muscle for eccentric and
concentric contraction, the stress induced in the skeletal muscle is estimated in this
research. Mathematical model is developed for the muscle using EMG signals and
Force-velocity relationship calculated. With the use of force-velocity of contraction
of muscle, mathematical model is developed. This can be useful to understand the
mechanical behaviour of skeletal muscles in eccentric and concentric contraction
with clinical relevance.
Authors are further working to develop the mathematical model with torsion force
with proper activation function of muscle and experimentation for extraction of the
anisotropic mechanical properties of skeletal muscle.
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1 Introduction

Skeletal muscles are highly non linear and anisotropic material. It is mainly com-
posed of cluster of muscle cells. Muscle shows the different characteristics to the
isometric and isotonic contraction. Muscle fiber generates tension during the action
of actin and myosin cross-bridge cycling. The term contraction implies shortening,
when referring to the muscular system; it means muscle fibers generating tension
with the help of neurons. Its electrical activity is measured using electromyography
(EMG) or s-EMG.

In earlier era, the research was focused on physiological, biomechanical and human
models based on rigid skeletons [1-6]. The physically unrealistic muscle model
was used to present elastic deformation of soft tissues [7]. Several efforts were
carried out to model realistic muscle to represent the muscle shape and deformable
behaviour. The medical imaging technique has improved the visual quality and
realism of muscle geometry and was used to developed models [8]. The realistic
muscle geometry has been developed to describe the muscle deformable charac-
teristics during its contraction. Numerous methods and approaches have been pro-
posed to identify the mechanical properties of skeletal muscle like Mathematical
formulation and experimentation under tension-compression test.

In the recent past, numerous bio mathematical models of skeletal muscle have been
proposed. Existing models were focused on narrow (and at times, isolated) aspects
of the excitation–contraction coupling process. Those were like (1) phenomeno-
logical energy-conversion models, which consider only one or two steps in the bio-
chemical sequence of events [9, 10]. (2) Generalized viscoelastic Voigt, Maxwell,
and Kelvin models, which applies to any one of many biological materials [11].
(3) Models that are applicable under certain conditions, such as Hill’s model that
applies to tetanised whole muscle; and (4) microscopic models, such as the H.E.
Huxley cross-bridge model. First mathematical model proposed by V. Comincioli
et al, describes the cross bridge mechanics for active muscle. It also described the
dynamics of muscle contraction at macromolecular level [12-14]. Mathematical
models based on electrical simulation were also used to predict non linear prop-
erties of skeletal muscle, which was used in physiological based design of control
strategies of neuro-prosthesis [15-17].

More numbers of mathematical models were focused on force-length, force–velocity
relation of active and passive contraction of the muscle. These models were based
on differential equation with static and dynamic condition with fiber recruitment
rate and fiber type within the muscle [18-22]. Several numbers of numerical mod-
els were formulated to simulate the mechanical properties of skeletal muscle with
the assumption of isotropic and homogeneous material behaviour of the muscle [7,
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23-30]. EMG-driven models measured muscle activity to estimate muscle force,
these models implicitly account for a subject’s individual activation patterns with-
out the need to satisfy any constraints imposed by an objective function [31, 32].
Later on mathematical models were refined further and formulated based on strain
energy density function with the consideration of hyperelastic, viscoelastic and
anisotropic skeletal muscle [33-36]. These models were well examined for the
active and passive response of the skeletal muscle with the fiber orientation within
the muscle mass. Skeletal muscles drive the movement of human body so with this
keen perception, various researchers have formulated the numerical tool to predict
the functioning and mechanical properties of skeletal muscle.

2 Method

28 male subjects (age 22 ± 3 years; BMI 18.5-22.5 kg-m−2) volunteered for the
study after a detailed explaination of the procedures and possible risk involved.
They were asked to perform isometric exercises (hold) at an elbow angle main-
tained at 1000 to record their maximum voluntary contraction using s-EMG. Each
contraction was to be held for 60 seconds. The experimental protocol of the study
was ethically approved by local ethics committee, India. Isometric contraction is
performed to get the skeletal mscles maximum force T0 at resting length of the
muscle Lp0. Also Isotonic contraction [eccentric and concentric contraction on
the same subjects are performed for the period of 5 sec in order to get the muscle
activation in each contraction. The Mathematical model is used to compute the
stress in contractile element of the biceps brachii with using the muscle dynamics
parameters from the EMG data.

2.1 EMG signal recording

The signals are recorded from the biceps brachii of each subject’s right arm. After
the skin preparation a wireless bipolar surface electrode was attached to the skin
over the belly of the biceps at the area where maximum bulk of biceps was found.
All EMG data recordings are carried out using a Power Lab 2/26 (AD Instruments,
Australia). EMG signals were sampled at a rate of 1 kHz with a 24-bit analog-to-
digital resolution.

2.2 EMG Signal acquisition and analysis

Recorded EMG signal from the subject is the raw EMG data. To remove the arte-
facts from the raw EMG data; band pass filter of 20-450 Hz is used. Low end
cutoff removes electrical noise associated with wire sway and biological artifacts
while high end cutoff eliminates tissue noise at the electrode site. Filtered EMG
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data is then further processed using full wave rectification to get absolute value of
each data point see figure 1. The force generated by the muscle during the Isometric
contraction is given by equation (1).

Ft = gE (t) (1)

Where, Ft is the muscle force at instant t during static contraction and E(t) be the
rectified EMG at that instant of contraction.

g – gain factor of S-EMG

Figure 1: EMG signal in isometric contraction [Raw emg to Filtered EMG to Rec-
tified EMG].

2.3 Mathematical Model

In the present study, mathematical model is used for simulating behaviour of mus-
cle for eccentric and concentric type of contraction. Hyperelastic or viscoelastic
behaviour is modelled by using Contractile Element, Series Elastic Element, and
Parallel Elastic Element refer figure 2. This model simulates the contractile element
of the muscle. Stress stretch relations are estimated using current mathematical
model and recorded EMG signals of muscle electrical activity.

In eccentric contraction, the muscle elongates while under tension. Contractions
that permit the muscle to shorten are referred as concentric contractions.

Hills tree element basic muscle model consist of contractile element in series with
series elastic element and those in parallel with parallel elastic element (figure 2).
Most important equation of the muscle mechanics to refer skeletal muscle property
by Hills is given by

(v+b)(T +a) = b(T0 +a) (2)
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Figure 2: Hills Three Element model.

Where T represents tensional force in muscle, v the velocity of the muscle con-
traction, and a; b and T0 are constants. The constant T0 is the maximum force
developed in the muscle under isometric condition at resting length of the muscle
(Lp0) . The maximum Isometric force is computed by using equation (1) from
EMG signal see figure 3. A dimensionless form of Hill’s equation is

T
T0

=
1− v/v0

1+ c(v/v0)
(3)

c = T0/a (4)

From the figure 2, following relation is for the muscle without activation or unde-
formed muscle

Lp0 +U0
p = Lc0 +U0

c +Ls0 +U0
s (5)

Where Lc0 and Ls0 are initial lengths of contractile and series elastic elements. U0
p

, U0
c and U0

s =0 are elongations (displacements) of the corresponding elements at
Isometric contraction.

We further suppose that we have the relations between the lengths given by

For undeformed skeletal muscle, elongations in CE, SEE, and PEE are zero.

Hence, equation (5) can be rewrite as

Lp0 = Lc0 +Ls0 (6)

Relations between lengths is given by equation (7)

Ls0 = kLm0 (7)

Where k is constant.
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Figure 3: Average Isometric Force for Biceps Brachii of 28 subjects.

Dividing equation (5) by Lc0,

Lp0

Lc0
+

U0
p

Lc0
= 1+

U0
c

Lc0
+

Ls0

Lc0
+

U0
s

Lc0
(8)

From equation (6), (7) and (8)

δ
0
c = (1+ k)δ

0
p − k (9)

δ 0
p = 1, it shows the initial state corresponds to the undeformed state of the skeletal

muscle.

Hence δ 0
c = 1.

At time instant t, equation for lengths given by equation (10)

Lt
p = Lc0 +U0

c +
∫ t

ta
vcdt +Ls0 +U t

c = Lp0 +U t (10)

Where vc is the rate of change of the muscle length, and ta is activation time. Di-
viding this equation by Lm0, obtaining equation (11)

(1+k)δ
t
p = δ

0
c +

∫ t

ta

vc

Lc0
dt + kδ

t
s (11)

Rewriting the above equation for the end of the time step with increments of stretches
as equation (12)

(1+ k)δ
t+∆t
p = δ

t
c +∆δc + kδ

t
s +∆δs (12)

The relation between tension in the skeletal muscle and its velocity of shortening is
further modified in an incremental form as follows
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For concentric contraction

The stress produced by contractile element of the Muscle at time t +∆t is

σ
t+∆t
c = σ

t
0 f t+∆t

ce (13)

Where σ t
0: stress corresponding to tδ

σ
t
0 = α

t+∆t
a ∗σ0

σ0 =
T0

A
Where A is the physical cross section area of the muscle.

fce : function of contractile element

fce = α
t+∆t
a ∗ 1+∆δc/∆δc0

1− cδc/∆δc0
(14)

Where ∆δm : Stretch increment in CE

αa : Activation function and it is given by the equation(15)

α
t+∆t
a = F t+∆t/Fc (15)

Ft+∆t is the instantaneous force generated by skeletal muscle at time t +∆t and
Fc is the maximum tetanised force generated by skeletal muscle. These forces are
computes from the s-EMG signal of the muscle. To compute the forces from s-
EMG signal, first raw signal is rectified using full wave rectifier and then convert it
into force from the amplitude of rectified signal see figure 4.

∆δc0 = ∆tδ̇c0 (16)

Where δ̇c0 : stretch rate of the CE.

For eccentric Contraction

The tension-velocity relation during muscle lengthening was then characterized in
the form of an equation by Otten, (1987) and later adopted by Van Leeuwen, (1991)
[37, 38]. This tension –velocity general relation during eccentric contraction of
skeletal muscle is given by equation (17)

T
T0

=

[
d − (d −1)

(
1− v/v0

1+ c(v/v0)

)]
(17)

Where d is a parameter quantifying the force offset with respect to the isometric
case due to the eccentric movement.
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(a)

(b)

Figure 4: EMG signal recorded for concentric and eccentric contraction of biceps
brachii (a) Rectified EMG in concentric contraction. (c) Rectified EMG in eccentric
contraction.

This relation is modified into an incremental form to obtain stress-stretch relation
by the contractile element for describing the eccentric contraction. Hence the stress
produced by contractile element of the skeletal Muscle at time t +∆t is given by
equation (18).

σ
t+∆t
c = σ

t
0 f t+∆t

ce (18)

fce = α
t+∆t
a

[
d − (d −1)

1+∆δc/∆δc0

1− cSp∆δc/∆δc0

]
(19)

Sp: the shape parameters of force-velocity curve of the CE From equation (12),

∆δc = a1 − k∆δs (20)

where

a1 = (1+ k)δ
t+∆t
p −δ

t
c − kδ

t
s (21)
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Stresses σc and σs in the contractile element and the series elastic element are
considered to be equal at any moment. Hence

σ
t+∆t
c = σ

t+∆t
s (22)

Force stretch relation for non linear elastic element (SEE) is given by

S = (S∗+β )ea(δ−δ ∗)−β (23)

Where α and β are constants, and S∗ is the force corresponding to stretch δ ∗.

The constitutive equation for the stress in SEE from equation (23) is given by

σ
t+∆t
s = β

[
eα(δ t

s−1+∆δs)−1
]

(24)

The governing equation for solving the stress increament of SEE from equations
(20), (22) and (24), ∆δs is given by

f (∆δs) = (a2 +a3∆δs)ea∆δs −a4∆δs −a5 = 0 (25)

Where for concentric contraction

a2 =
(
σ

t
s +β

)(
1− ca1

∆δc0

)
(26)

a3 =
(
σ

t
s +β

)( kc
∆δc0

)
(27)

a4 =

(
βc−σ t

0α t+∆t
a

∆δc0

)
k (28)

a5 =

(
σ

t
0α

t+∆t
a +β +

σ t
0α t+∆t

a −βc
∆δc0

a1

)
(29)

and for eccentric contraction

a2 =
(
σ

t
s +β

)(
1+

cspa1

∆δc0

)
(30)

a3 =−
(
σ

t
s +β

)( kspc
∆δc0

)
(31)

a4 =

(
β spc−σ t

0α t+∆t
a (dspc+d −1)

∆δc0

)
k (32)

a5 =

(
σ

t
0α

t+∆t
a +β −

σ t
0α t+∆t

a (1−d −dcsp)−β spc
∆δc0

a1

)
(33)

Equation (25) can be solved numerically by standard Newton’s method. Once the
value of ∆δs is known, the values of σc and σs at time t +∆t can be obtained using
equations (13), (18) and (24). All the constants are used from the study of Kojic et
al see table 1.
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Table 1: Material Parameters for simulating skeletal muscle [41].

b c (N/m2) α β (N/m2) d sp δ̇c0 (s−1) k a (N/m2)

2.1 8210 100 0.1 1.65 3.14 2 0.3 70x103

2.4 Statistical data

In this study, the SIGMAPLOT software package was used for data analysis. To
assess the variations in the stress in the contractile element of the muscle asso-
ciated with the effects of muscle activation on muscular contractions. Data were
represented as mean ± standard deviation (mean ± SD). Statistical testing between
males test model and existing Martins et al. model is examined by student t-test.
Significance test for the alpha value was set at 0.05.

3 Results and Discussion

Force and velocity of shortening of skeletal muscle relationship curve is extracted
from recorded EMG signals. Also activation functions of skeletal muscle during
the concentric and eccentric contraction are recorded from EMG. In this article,
activation function is considered in the form of ratio of amount of instantaneous
force generated to that of maximum force generated by the muscle during the iso-
tonic contraction. In order to simplify the computation, activation functions are
considered as 0%, 25%, 50%, 75% and 100% in isotonic contraction of skele-
tal muscle.Numerous mathematical equations were described in the literature used
to explain the eccentric and concentric contraction of skeletal muscle [38-40].The
present model compute eccentric and concentric behaviour of skeletal muscle. The
stress in the contractile element during concentric contraction is computed using
equation (13) see table 2 and during eccentric contraction is computed by equation
(18) see table 3.

The stress in the contractile element in eccentric contraction is calculated using
equation (18) see table 3.

The stress in contractile element of Hills three model is used to simulate the muscle
condition during the contraction. The stress response is different in shortening and
lengthening of the muscle see figure 5 and 6. In the shortening of the muscle
the stress response is negative while in lengthening it is positive.. The stress in
the contractile element is negative during the shortening of the muscle because
the change in length of the muscle is shortened by 10 % of its resting length while
positive stress in lengthening due to increase in muscle length by 10% in steps. The
maximum stress in contractile element of biceps brachii muscle is 1644.74 KPa at
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Table 2: Stress in the contractile element in concentric contraction expressed in
mean±(SD).

Time
(sec)

Activation Stretch
(λ f )

Test Model
Stress σm

Exisitng Model
Stress σm

0 0 1 0 0
1 0.25 0.9 -0.24 (0.016) -0.39
2 0.5 0.8 -1.17 (0.06) -2.15
3 0.75 0.7 -3.6 (0.09) -4.25
4 1 0.6 -11.7 (0.18) -11.52

P<0.05

Table 3: Stress in the contractile element in eccentric contraction expressed in
mean±(SD).

Time
(sec)

Activation Stretch
(λ f )

Test Model Stress
σm [KPa]

Exisitng Model
Stress σm [KPa]

0 0 1 0 0
1 0.25 1.1 101.23 (7.66) 101.6
2 0.5 1.2 409.19 (20.73) 200.7
3 0.75 1.3 924.20 (23.84) 409.2
4 1 1.4 1644.74 (10.589) 780.9

P<0.05

40 % elongation of its resting length see table 3. This shows that the muscle can
generate more force during eccentric contraction than the concentric contraction.
Results from the current numerical formulation shows the significance difference
(p<0.05) from the results of Johansson et al and Martins et al [39, 40] and this
discrepancy in the results is because of hyperelasticity or fiber orientation within
the muscle.

The results of the present study shows that the eccentric contraction of the muscle
plays a vital role in monitoring the muscle conditioning during the contraction. If
the stress is increased further there are chances of damage to the muscle during the
specific task. If the analyzed EMG data is available before the simulation of model,
the solution converges in a very short time. This study has limitation that the the
range of motion or joint angle is not considered during the simulation of eccentric
and concentric contraction. The maximum yield stress or safe stress condition is
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Figure 5: Stress vs. Stretch in Concentric contraction.

Figure 6: Stress vs. Stretch in eccentric contraction.
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not computed in this study. Furthermore the limitations of the study needs to be
investigated in future. Neverthless this study can be useful to compute the stress in
the muscle at any instant during its contraction.

4 Conclusion

This article is availing the numerical procedure for the stress calculation for a three-
element Hill’s model of muscle. The computational procedure of the current re-
search is numerically efficient and reliable. The presented approach is applicable
to real life muscle problems, with various muscle groups, arbitrarily oriented in
space, with external loading and computed activation functions from s-EMG.

This research output will be helpful for further investigation of mechanical be-
haviour of muscle for various types of load. The results of such numerical methods
can be used to enhance the Finite element analysis of the skeletal muscle. The
model presented can be used to study numerical biomechanical experiments in dif-
ferent areas, i.e. muscle recruitment, muscle architecture, and stabilization. Future
scope of the study is the anisotropic properties of skeletal muscle using in vivo
method.

Acknowledgement: This project is funded by the Department of Science and
Technology of India. The authors would like to thank Dr. Neha Deshpande for her
support during the research.
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