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Modeling Ultrasonic Transient Scattering from Biological Tissues Including
their Dispersive Properties Directly in the Time Domain

G.V. Norton∗ and J.C. Novarini†

Abstract: Ultrasonic imaging in medical ap-
plications involves propagation and scattering of
acoustic waves within and by biological tissues
that are intrinsically dispersive. Analytical ap-
proaches for modeling propagation and scattering
in inhomogeneous media are difficult and often
require extremely simplifying approximations in
order to achieve a solution. To avoid such ap-
proximations, the direct numerical solution of the
wave equation via the method of finite differences
offers the most direct tool, which takes into ac-
count diffraction and refraction. It also allows for
detailed modeling of the real anatomic structure
and combination/layering of tissues. In all cases
the correct inclusion of the dispersive properties
of the tissues can make the difference in the in-
terpretation of the results. However, the inclusion
of dispersion directly in the time domain proved
until recently to be an elusive problem. In order
to model the transient signal a convolution oper-
ator that takes into account the dispersive charac-
teristics of the medium is introduced to the linear
wave equation. To test the ability of this operator
to handle scattering from localized scatterers, in
this work, two-dimensional numerical modeling
of scattering from an infinite cylinder with physi-
cal properties associated with biological tissue is
calculated. The numerical solutions are compared
with the exact solution synthesized from the fre-
quency domain for a variety of tissues having dis-
tinct dispersive properties. It is shown that in all
cases, the use of the convolutional propagation
operator leads to the correct solution for the scat-
tered field.
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1 Introduction

Ultrasonic imaging in medical applications in-
volves propagation through and scattering by bio-
logical tissues that are intrinsically dispersive, i.e.,
they present a frequency-dependent attenuation
and associated frequency-dependent sound speed
(dispersion). Analytical approaches to the prob-
lem of modeling the propagating and backscat-
tered field in inhomogeneous media are diffi-
cult and invariably requires severe simplifying ap-
proximations in order to achieve a solution. Stan-
dard ultrasound imaging methods such as pulse
echo techniques and tomography use either the
scattered field or both the transmitted and scat-
tered field to form a two-dimensional (2-D) image
of the tissue under investigation. Clinical broad-
band pulse echo systems utilize the spectrum of
the backscattered signal and relates it to the phys-
ical properties of the tissue, which is valuable for
clinical diagnosis [Lizzi, Greenebaum, Feleppa,
Elbaun, and Coleman (1983)]. Different tissues or
different states of a tissue (benign, malignant) can
then be discriminated by using broadband pulses
in scattering and/or transmission. For example,
breast tumours can be identified due to their high
loss relative to the surrounding tissues [Manry and
Broschat (1996)].

Numerical models applicable for ultrasound prop-
agation and scattering in anatomic structures, are
usually used to validate and calibrate image re-
construction algorithms. In general they are based
on first order scattering approximations (weak
scattering), either Born or Rytov approximations,
which are also invoked in the algorithms for im-
age reconstruction. As pointed out by Manry
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and Broschat (1996), even in cases where scat-
tering is weak (e.g., within a breast) the fat lobes
near the surface of the breast strongly refracts the
acoustic beam, thus invalidating the hypothesis
of weak scattering. To avoid over simplification
in modeling the acoustic field, direct solution of
the wave equation via robust numerical methods
(finite differences, finite elements, k-space meth-
ods, etc.) are desirable. They offer the most
direct tool to produce numerical acoustic fields
from which synthetic images of realistic anatomic
structures can be generated, while fully account-
ing for diffraction, refraction, attenuation and dis-
persion.

When modeling transient propagation, the time-
domain is the natural and more efficient domain
to work in. Analytical and numerical approaches
for modeling broadband pulses are usually the re-
sult of inverse Fourier transforming a collection
of discrete frequency-domain solutions. In the
case of inhomogeneous media, where propaga-
tion occurs in irregular shaped layered media with
a collection of embedded scatters analytical ap-
proaches are limited by the severe approximations
invoked in order to produce a solution. Most ear-
lier efforts in direct time-domain numerical mod-
eling through complex anatomical structures have
either ignored dispersion and attenuation [Tabei,
Mast, and Waag (2002);Tabei, Mast, and Waag
(2003)] or assumed a frequency independent at-
tenuation [Manry and Broschat (1996)]. One of
the main uses of numerical modeling in medical
ultrasound is to produce simulated acoustic fields
upon which back propagation algorithms, tomo-
graphic reconstruction or imaging processes are
then benchmarked. In all cases it is important to
properly account for both attenuation and disper-
sion. Ignoring them leads to erroneous scatter-
ing amplitudes at interfaces, and incorrect overall
losses and phase shifts in the propagating field.
Exact inclusion of frequency dependent attenu-
ation and its casual companion, dispersion into
the linear wave equation (while remaining in the
time-domain) can provide higher accurate numer-
ical fields for benchmarking inverse reconstruc-
tion methods. However, until recently such inclu-
sion remained elusive.

Recently, large scale simulation of ultrasonic
pulse propagation through realistic anatomic
cross sections have been performed [Mast,
Hinkelman, Orr, Sparrow, and Waag (1997)] us-
ing a full-wave k-space method based on coupled
first-order differential equations for linear acous-
tic propagation [Mast, Hinkelman, Orr, Sparrow,
and Waag (1998)]. The model included atten-
uation and dispersion and presents low numeri-
cal intrinsic dispersion. The k-space method has
been shown to be more efficient than a 2-4 finite-
difference-time-domain (FDTD) solution for ho-
mogeneous soft tissues. However, it should be
noted that the k-space model is not exact for inho-
mogeneous media. The spatial differential equa-
tions are solved globally by fast Fourier trans-
forms (FFT), and temporal iteration is performed
using a k-t space temporal propagator. The propa-
gator is exact only for homogenous media. When
scatterers of high impedance contrasts are present,
a filter is applied to smooth the contrasts in
the density and the compressibility functions to
avoid numerical artifacts associated with Gibbs
phenomenon. Causal attenuation is introduced
through a generalized compressibility, determined
by a series of relaxation mechanisms. The number
of relaxation processes are adjusted until the re-
sulting attenuation matches the measured depen-
dence on frequency. However, as pointed out by
Sushilov and Cobbold (2004), evidence is not cur-
rently available to support the view that multiple
relaxation mechanisms are responsible for the in-
trinsic attenuation in media such as biological tis-
sue in which the exponent differs from two (2).
Methods such as the k-space method have the at-
tractive feature of being less computer intensive,
since it allows for large time and spatial steps than
a FDTD method. On the other hand, solving the
problem through direct solution of the wave equa-
tion via finite differences with due regard to atten-
uation and dispersion, without resorting to global
manipulations or to filtering, can provide the most
precise discrete, exact solution to the problem,
when computationally affordable.

Additionally, fractional caculus has been used as
an empirical method to describe the properties
of viscoelastic materials. The observation that
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asymptotic expressions of stiffness and damping
in porous materials are proportional to the frac-
tional powers of frequency suggests that time
derivatives of a fractional order might describe
the behavior of sound waves in this kind of ma-
terial, including relaxation and frequency depen-
dence [Fellah, Wirgin, Fellah, Sebaa, Depollier,
and Larusiks (2005)].

Szabo (1994) proposed a way to include attenu-
ation and dispersion effects directly in the time-
domain through the inclusion of a causal convo-
lutional propagation operator into the wave equa-
tion for media whose attenuation is described by
a power law. Waters, Hughes, Brandenburger,
and Miller (2000) showed that Szabo’s opera-
tor could be used for a broader class of media,
provided the attenuation possess a Fourier trans-
form in a distributional sense Waters, Mosley, and
Miller (2005). Norton and Novarini (2003) clar-
ified the use of the operator and demonstrated
its validity by solving the inhomogeneous wave
equation including the causal convolutional prop-
agation operator via a FDTD scheme. All com-
putations were performed entirely in the time-
domain. It was shown that the inclusion of the
operator in modeling propagation in a homoge-
neous, weakly dispersive medium correctly car-
ries the information on attenuation and disper-
sion into the time-domain. The method was first
applied to a medium whose attenuation was de-
scribed by a power law. And then to a medium
possessing a bell-shaped attenuation profile, i.e.,
zero at zero frequency, peaks and decreases to
zero as the frequency goes to infinity. This is
the typical behaviour of most materials and solu-
tions when an extended frequency band is consid-
ered (e.g., bubbly liquids, suspensions, seawater,
etc). Next, as a measure of the effectiveness of us-
ing the local operators to model a spatially vary-
ing medium, the convolutional propagation oper-
ator was used to model 2-D pulse propagation in
the presence of an interface separating two dis-
persive media [Norton and Novarini (2004)]. The
attenuation used in both media was of the generic
type described above. It was shown that the use
of the operator leads to the correct reflected and
transmitted fields. Additionally this technique has

been used to describe scattering from and propa-
gation through bubble clouds in the ocean [Norton
and Novarini (2006)]. More recently, Sushilov
and Cobbold (2004) derived an exact analytical
time-domain solution for propagation in a homo-
geneous, dispersive medium obeying a power law
function describing the attenuation for exponents
between 0 and 3. Results were compared with the
numerical solution obtained by Norton and No-
varini (2003) for the case of the linear power law
showing excellent agreement.

In this work the ability of the operator to bring at-
tenuation and dispersion into the scattering prob-
lem of a localized scatterer, with impedance con-
trast typical of biological tissues is examined. To
that end, 2D scattering from a fluid, lossy infi-
nite cylinder with acoustic properties of biologi-
cal tissue is modeled. Biological tissues are soft
and do not support shear waves, therefore they
can be treated as a lossy fluid. In this work,
where the operator is based on causality, the ori-
gin of the losses include all mechanisms that re-
move energy from the beam within a given tissue
(viscosity, thermal loss, and scattering by micro-
inhomogeneities within the tissue). Causality, in-
voked through the Kramers-Kronig (K-K) rela-
tions leading to the operator, relates the total at-
tenuation with its corresponding dispersion. The
input information will be the frequency depen-
dent attenuation, usually available in empirical
form. The causal sound speed associated with it is
automatically included through the convolutional
propagation operator. The FDTD method adopted
is 4th order in space and time, thus minimizing
the intrinsic grid dispersion to negligible levels. It
will also be shown that with adequate spatial and
temporal sampling, high impedance contrast re-
quires no special handling by the model. Numer-
ical solutions are benchmarked against exact so-
lutions synthesised from a frequency-domain so-
lution (cw), which makes use of the effective at-
tenuation and dispersion implicitly contained in
the operator. A normal-mode solution for a fluid
cylinder with density and sound speed contrast
is adopted [Stanton (1988)] as the reference so-
lution. Attenuation is included by making the
wavenumber complex [Vogt, Flax, Dragonette,
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and Neubauer (1975)].

In this work it is shown that the inclusion of
the convolutional propagation operator into the
linear wave equation, produces the correct scat-
tered field for a variety of tissues each having a
unique power law attenuation form. Thus, the in-
clusion of the convolutional propagation operator
in large-scale time-domain 4-4 finite-difference
modeling of propagation of anatomically realis-
tic tissue cross sections could lead to further im-
provement in the fidelity of the modeling results.
This will be particularly useful when the synthetic
field is used as input for image reconstruction al-
gorithms, where dispersion may introduce distor-
tion of the propagating waveform, as well as ad-
ditional fluctuations in the time of arrival.

2 The convolution propagation operator

A brief review of the convolution propagation
operator is now given. For details see [Sz-
abo (1994); Waters, Hughes, Brandenburger, and
Miller (2000); Norton and Novarini (2003)].
Assuming that propagation occurs through an
isotropic lossy linear medium, the propagation is
governed by a modified wave equation of the form

∇2 p(r, t)− 1

c2
0

∂ 2 p(r, t)
∂ t2 − 1

c0
Lγ (t)∗ p(r, t)

= δ (r− rs) s(t) (1)

Where c0 is a reference sound speed (usually the
thermodynamic sound speed in the medium as-
sumed lossless), s(t) is the source signature at
location rs, and Lγ (t) is the causal convolutional
propagation operator, which controls the attenua-
tion and dispersion. It plays the role of a gener-
alised dissipative term in the time-domain. In the
framework of generalised functions, assuming the
pressure field is a distribution, this operator is de-
fined as Lγ (t)≡ Γ(t)∗δ (1)(t).

The function Γ(t) is the kernel of the operator, and
represents a causal time-domain propagation fac-
tor that accounts for causal attenuation. That is, it
also governs the dispersion in the system in order
to insure causality. It is the parameter that needs

to be calculated. Equation (1) can be rewritten in
terms of the time-domain propagation factor as

∇2 p(r, t)− 1

c2
0

∂ 2 p(r, t)
∂ t2 − 1

c0

∂ (Γ(t)∗ p(r, t))
∂ t

= δ (r− rs) s(t) (2)

In the frequency-domain, propagation in a disper-
sive medium can be described through a complex
propagation factor

k (ω) = −α (ω)+ iβ (ω) (3)

Where α(ω) is the frequency dependent attenua-
tion and β (ω) = ω

c0
+β ′ (ω) is the real wavenum-

ber, with β ′ (ω) its dispersive component given by

β ′ (ω) = ω
[

1
c(ω)

− 1
c0

]
. (4)

The complex propagation factor can also be ex-
pressed as

k (ω) = γ ′ (ω)+ i
ω
c0

. (5)

And γ ′ (ω)=−α (ω)+iβ ′ (ω) represents the dis-
persive component of the complex propagation
factor. Szabo defined the causal time-domain
propagation factor as the inverse Fourier trans-
form of γ ′ (ω).

Γ(τ) = F−1 {
γ ′ (ω)

}
(6)

where τ is retarded time τ = t − r/c0. Since
in weakly dispersive media α(ω) and β ′ (ω) are
related by causality through the (K-K) relations
(they are the Hilbert transform of each other) then,

β ′ (ω) = −H {−α (ω)} (7)

Finally Szabo arrived with

Γ(τ) = −21+ (τ)FT−1 {α (ω)} (8)

where 1+(τ) represents the step function defined
as
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1+ =

⎧⎨
⎩

0 τ < 0
1
2 τ = 0
1 τ > 0

⎫⎬
⎭ . (9)

Note all that is required to generate the causal
time-domain propagation factor is the attenua-
tion associated with the media in terms of fre-
quency. This attenuation could be determined
from analytical means or from experiment. Once
the causal time-domain propagation factor is de-
termined, Eq. (2) can be solved with both the
medium’s attenuation and associated sound speed
dispersion incorporated into the solution.

3 Numerical modeling

3.1 The reference solution

The time-domain solution used as a benchmark
is calculated via Fourier synthesis of cw solu-
tions. In the frequency domain, an exact solu-
tion for 2-D scattering from an infinite fluid, lossy
cylinder is available. A cw normal model solu-
tion for a fluid cylinder with density and velocity
contrast is adopted [Mortesen, Edmonds, Gorfu,
Hill, Jensen, Schattner, Shifrin, Valdes, Jeffrey,
and Esserman (1996)] assuming a cylindrical in-
cident wave generated by a line source, instead of
a plane wave. Attenuation is included by mak-
ing the wavenumber complex [Stanton (1988)].
Given a frequency dependent attenuation, the as-
sociated sound speed dispersion is calculated via
causality through the K-K relations, implicitly in-
voked and obtained as a by-product in the genera-
tion of the causal time-domain propagation factor
[Eq. (8)]. The following are the boundary con-
ditions on the cylinder, the pressures are equal on
each side of the interface as are the normal com-
ponents of the particle velocity equal on each side
of the interface.

The scattered pressure is given by

pscat (t, r) = e−iωtPinc

∞

∑
m=0

bmimH(1)
m (kr)cosmφ

(10)

with r the distance from the source to the center
of the cylinder, φ the azimuthal angle between the

incident and scattered wave (0deg is backscatter-
ing), k the incident wave number, and the function
b is given by,

bm =
−εm

1+ iCm
(11)

where εm is the Neumann factor (εm = 1 for m = 0
and 2 for m = 1,2, ..) and the function C is given
by

Cm =
J′m (k1a)Nm (ka)−ghN′

m (ka)Jm (k1a)
J′m (k1a)Jm (ka)−ghJ′m (ka)Jm (k1a)

(12)

where Jm (x) and Nm (x) are the cylindrical Bessel
and Neumann functions and the primes denote
their derivatives, and the functions g and h are
the ratios of the densities (g = ρ1/ρ0) and sound
speed (h = c1/c0).

In the case of a line source the incident field on the
cylinder (the field at the location of center of the
cylinder in the absence of the cylinder) is given by

Pinc = A( f )H1
0 (k (ω) r) (13)

with A( f ) the spectral amplitude of the source
function. Note that for dispersive media, the argu-
ments of the cylindrical functions become com-
plex. In this work the sound speed inside the
cylinder is a function of frequency. To accommo-
date attenuation, the wavenumber in the interior
of the cylinder is complex, k1 = [2π f/c1( f )][1 +
iδ ( f )], where δ ( f ) = c1( f )α( f )/2π f , and α , the
attenuation in Neper/m. In this case the argu-
ment of the Bessel and Neumann functions are
complex. The series in Eq. (10) converges quite
quickly. For all numerical calculations fifty terms
were used.

3.2 Finite-difference-time-domain scheme

The solution of Eq. (2) originally was expressed
in terms of finite-differences using the classical
explicit second-order scheme in time and fourth-
order in space. However, to make the algorithm
uniformly fourth-order accurate, the second par-
tial of the field with respect to time had to be
extended to fourth-order. The usual fourth-order
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finite-difference representation of the second par-
tial derivative would lead to unconditionally un-
stable schemes. A technique presented by Co-
hen (2001), based on the "modified equation ap-
proach", was used to obtain fourth-order accu-
racy in time. This technique while improving the
accuracy in time preserves the simplicity of the
second-order accurate time-step scheme. Absorb-
ing Boundary Conditions (ABCs) were imposed
at the end of the numerical grid and at the cor-
ners. A technique named the Complementary Op-
erators Method (COM) was employed [Schnei-
der and Ramahi (1998)]. The COM is a differ-
ential equation-based ABC. This differs from the
other common approach of terminating the grid
with the use of an absorbing material. An exam-
ple of this type of boundary condition is the Per-
fectly Matched Layer (PML) method originally
proposed by Berenger (1994). Implementation of
the ABCs via the COM requires only two grid
points around the perimeter of the computational
domain.

It is beyond the scope of this paper to present the
derivation of either the fourth-order accurate time
derivative algorithm or the implementation of the
COM operators. The interested reader should re-
fer to Norton and Novarini (2005). The resulting
computer model is designated causal-FDTD.

3.3 Numerical experiments

An infinite circular cylinder 7mm in radius is en-
sonified by a line source parallel to its axis. The
cylinder has the acoustic properties of a biologi-
cal tissue. Five tissues are examined; brain, liver,
kidney, heart and tendon. The attenuation for each
tissue is described by a power law whose func-
tional form is of the type α(f) = bfy. Units are
in dB/cm with b in units of dB/cm/MHzy. The
parameters are taken from Edmonds and Dunn
(1981) and Gross, Johnston, and Dunn (1978),
and are listed in Table I. For simplicity, the sur-
rounding (background) medium is water (ρ0 =
1gr./cc,c0 = 1500m/s) and thus, the assump-
tion is that dispersion can be neglected in this
medium (the case of two dispersive media in con-
tact was already addressed in Norton and No-
varini (2004)). The modeling is carried out in 2-

D. Backscattering in the direction of the source
(φ = 0) is modeled. The source is located 140mm
from the center of the cylinder, with its axis par-
allel to the cylinder. The receiver is located be-
tween the cylinder and the source, co-linear with
the source-receiver direction, at 14mm from the
center of the cylinder.

The cylinder is interrogated by a broadband sig-
nal, with a source function (a doublet in this case)
of the form

s(t) = te−μt2
(14)

where μ is a constant governing the time inter-
val between the negative and positive peaks of the
doublet. Its amplitude spectrum is given by

A(ω) =
π1/2ω
2μ3/2

exp

(
−ω2

4μ

)
(15)

The peak frequency (in Hz) is given by

fpk =
√

2μ
2π

. (16)

For the desired peak frequency (500kHz) the con-
stant μ is chosen equal to 4.93×1012.

In the current implementation of Szabo’s ap-
proach, when attenuation increases monotonically
with frequency (as it is for the case when the at-
tenuation is described by a power law function)
it is necessary to generate the attenuation func-
tion over a much wider frequency range than the
source bandwidth. A window function is then
applied that leaves invariant the region of inter-
est (e.g., source bandwidth defined at half-power).
This is done to avoid introducing artifacts stem-
ming from the numerical implementation of Eq.
(8) to generate the time-domain propagation fac-
tor Γ(t). In this case, a Hamming window cen-
tered at zero Hz was applied over the entire fre-
quency range. The frequency increment (δ f ) is
5714.5Hz and the number of frequencies is equal
to 4096. This methodology has been successfully
verified in a previous work [Norton and Novarini
(2003)]. It was demonstrated that upon propaga-
tion between two points using the FDTD solution
in an isotropic medium, the retrieved attenuation
and dispersion are in agreement with the theoreti-
cal expectations over the bandwidth of interest.
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As explained elsewhere, the frequency depen-
dence of the attenuation is the required informa-
tion from which the time-domain propagation fac-
tor and hence the convolutional propagation oper-
ator, is generated. Detailed information pertain-
ing to the physical properties of mammalian tis-
sues in the literature is scarce. Even scarcer is
information on the spectral description of the at-
tenuation. In most cases partial information is
provided, e.g. attenuation at a specific frequency,
implicitly assuming a linear dependence with fre-
quency. In this work the spectral description of
the attenuation at 37C for five tissues as given
by Gross, Johnston, and Dunn (1978) and sum-
marized in Edmonds and Dunn (1981) is adopted
(Table I), where the coefficients b and y defining
the functional form were found by regression fit-
tings. To obtain the corresponding sound speed
at each frequency, necessary to obtain the cw so-
lution from which the expected results are syn-
thesized, a unique reference sound speed c0 is re-
quired for each tissue. These values are not read-
ily available. However, for each of the selected
tissues, sound speed has been reported at spe-
cific frequencies. The procedure adopted in this
work was to generate the Hilbert transform of the
known attenuation, which returns the dispersive
part β ′ of the total wavenumber (Eq. (7)) in order
to form the sound speed assuming different val-
ues of the reference speed c0. This procedure was
continued until finding the c0 that when combined
with β ′, as prescribed in Eq. (4), produces the re-
ported value of c(w) at the particular frequency.
The density is uniformly set to 1.0gr./cc. Table I
lists the spectral parameters (b and y) describing
the attenuation function, along with the adopted
reference speed and the reported density.

The causal-FDTD modeling was accomplished
using the following parameters. The spatial step
in both the X(δX) and Z(δZ) direction was equal
to 7.0×10−5m. The number of grid points in the
X direction equaled 5000 and the number of grid
points in the Z direction was 2500. The time step
used was δ t = 2.13623×10−8 sec. The computer
model is parallelized over 40 processors, running
on a CRAY MTA 2. The geometry is shown in
Fig. 1. The number of grid points inside the cylin-

Table 1: Parameters describing the modeled tis-
sues

Tissue b[dB/cm/MHzy] y C0[m/s]
Brain 0.607 1.14 1541
Heart 1.128 1.07 1586

Kidney 0.868 1.09 1563
Liver 0.690 1.13 1580

Tendon 4.860 0.763 1780

der that required solving Eq. (2) was 31599. The
maximum number of convolution terms at each of
these grid points was 1024. Each run took approx-
imately 45 minutes of wall clock time.

Figure 1: Geometry of numerical expriment

4 Results

Figures 2 and 3 depict the attenuation and phase
speed for the tissues over a frequency band larger
than the source bandwidth. The source band-
width is 2.5MHz. Within this interval, the win-
dow imposed on the original attenuation func-
tion to generate the propagation factor has negli-
gible effect, thus retaining the original functional
form. Note that the attenuation and phase speed
for the tendon is markedly different compared to
the other tissues. Figure 4 displays the causal
time-domain propagation factor, calculated from
Eq. (8), for the five tissues. Only the earlier times
are shown. For later times, in all cases the func-
tional form decays monotonically to zero. Notice
that the time-domain propagation factor for the
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Figure 2: Attenuation vs. tissue type

Figure 3: Phase speed vs. tissue type

tendon is markedly different/stronger than those
for the other tissues, which follows the difference
observed with the attenuation and phase speed of
Fig. 2 and 3. Figure 5 shows the backscatter re-
sponse of the tissue synthesized from the CW ap-
proach for the different tissues. The density for
each tissue was set equal to 1.0gr./cc, so as to
compare with results from the current version of
the causal-FDTD model. As expected the tendon
shows the largest initial reflection due to its large
impedance contrast. The reference sound speed is
1780m/s. And as a consequence the second ar-
rival occurs sooner than for the other tissues. This
second arrival results from the sound penetrating
the tissue, traveling to the back wall and reflect-
ing back and exiting the tissue and traveling to
the receiver. The third arrival which is most pro-
nounced with the tendon, results from a circum-
ferentially traveling wave.

Figure 6 shows the comparison of results obtained
via the causal-FDTD model versus the expected
values synthesized from the exact CW solution

Figure 4: Time-domain propagation factor vs. tis-
sue type

Figure 5: Synthesized backscatter amplitude vs.
tissue type

shown in Fig. 5 for the simulated brain tissue.
The comparison between the causal-FDTD result
and those synthesized from the exact CW solu-
tion for the simulated heart, kidney and liver are
nearly identical to those for the simulated brain
tissue and hence are not shown. Figure 7 com-
pares the causal-FDTD result and those synthe-
sized from the exact CW solution for the simu-
lated tendon tissue. The tendon result is shown
since it represents a more demanding case. Due
to its dispersive characteristics being markedly
stronger than the other tissues (See Figs. 2 and 3.)
its backscatter response is likewise markedly dif-
ferent than the other four simulated tissues. In all
cases the results are normalized to the peak value
of the reflected return. Generally, the causal-
FDTD matches the exact results with high accu-
racy. There are noticeable differences that oc-
cur between the first and second arrival for all
tissues. The causal-FDTD solution has a notice-
able interference or modulation of the signal be-
tween these two arrivals. Other than this discrep-
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Figure 6: Comparison of the normalized
backscatter field for simulated brain tissue

Figure 7: Comparison of the normalized
backscatter field for simulated tendon tissue

ancy the arrival structure matches the analytic so-
lution in both relative amplitude and time to a
high degree. This demonstrates that the use of the
local convolutional propagation operator (intro-
duced through the time-domain propagation fac-
tor) brings the correct impedance contrast (pro-
duced by the change in sound speed and attenua-
tion) into the model within the pulse bandwidth.
It also demonstrates that the FDTD model as im-
plemented (4th order in space and 4th order in
time), correctly handles the impedance contrast in
the scattering process with no noticeable grid dis-
persion.

To illustrate the importance of including disper-
sion (and causal attenuation) in the scattering
problem, Fig. 8 compares the results for the ten-
don assuming first that it is non-dispersive (α = 0
and c2 = c0 = 1780m/s for all frequencies) (solid
line) and then dispersive (i.e., α( f ) and c2( f ))
(dotted line). As expected the major difference

Figure 8: Comparison of the normalized
backscatter field for simulated non-dispersive ten-
don tissue (solid line) with dispersive tendon tis-
sue (dotted line).

occurs for the second and third returns. The sec-
ond return which is due to the signal traveling
through the tissue, hitting the other side and re-
turning, arrives at the receiver at an earlier time
and with a higher amplitude than that resulting
from a dispersive tissue. This is because the all
frequencies experience the same sound speed in-
side the tissue namely c0 = 1780m/s, which is
faster than the phase speed in the dispersive case.
In addition there is no attenuation, thus the ampli-
tude is much large for the dispersive case. Addi-
tionally the temporal width of the positive portion
of this return is very similar to the return due to
the reflection. Note the signal is not spreading
in time, as is the signal in the dispersive tissue.
Finally note that the third return, resulting from
the circumferentially traveling wave, for the non-
dispersive case is much stronger than for the dis-
persive case and further the signal arrives at the
receiver sooner than for the dispersive case. It is
apparent that the presence of dispersion dramati-
cally alters the backscattered signal in both ampli-
tude and temporal location.

5 Concluding remarks

Direct time domain modeling of transient 2D
scattering by a localized object, with dispersive
acoustic properties representative of biological
tissues, has been performed via direct numeri-
cal solution of the modified linear wave equa-
tion for an inhomogeneous medium, which in-
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cludes attenuation and dispersion while remain-
ing entirely in the time-domain (causal-FDTD).
It was demonstrated that the inclusion of Szabo’s
causal convolutional operator acting as the only
descriptor of the object, successfully reproduces
the scattered field for a variety of tissues, each
one described by a different power law. This
finding adds to previous findings, where it was
shown that the use of the local operator to de-
limit regions of different dispersive properties ac-
curately reproduces the reference solution. The
method provides an exact solution for propagation
and scattering in inhomogeneous dispersive me-
dia, and has the attractive attribute that it only re-
quires the functional form of the attenuation (em-
pirical or analytic) within the bandwidth of the
signal for the tissues involved. Although compu-
tationally more intensive than approximate meth-
ods, the causal-FDTD method has the attractive-
ness of producing the most direct, exact solu-
tion to the problem. It can be used for high fi-
delity time-domain modeling of sound propaga-
tion through and scattering from complex anatom-
ical structures, including high contrast scatteres,
with highly accurate amplitude and timing of the
transient arrivals and wavefront distortion.
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