
Copyright c© 2007 ICCES ICCES, vol.3, no.4, pp.217-223, 2007

B-Spline Wavelet Galerkin Method for the Problems of
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Summary
It has been recognized that the bottle-neck in solid/structural analyses using the

finite element method is in their model generation phase. Methodologies that elim-
inate the needs for “elements” have been proposed by many researchers. They can
be categorized into “meshless” and “virtually meshless” finite element methods.
The “meshless” method may be represented by moving least square Ptrov-Galerkin
(MLPG) method [1] and element free Galerkin Method (EFGM) [2]. The free-
mesh method [3] and voxel finite element method [4], etc. are classified to be the
“virtually meshless” approaches. The “meshless” methods eliminated needs for el-
ement connectivity information in their input data and interpolation functions are
based on nodal points only. The “virtually meshless” methods do not require el-
ement connectivity data as input, but they do use elements in their computations.
The free-mesh method generates triangular (2D) or tetrahedral (3D) elements when
stiffness matrices are evaluated. The voxel approach is a kind of fixed grid ap-
proach.

The authors have developed an advanced fixed grid finite element method that
is based on B-spline scaling function/wavelet functions [5, 6]. Proposed method is
considered to be a “virtually” meshless approach. In this paper, we present equa-
tion formulations and numerical implementations. Then, some numerical examples
are presented.

Equation formulations of B-spline wavelet Galerkin method
B-spline scaling function/wavelet approximation can be written, as:

f j(x) = ∑
k

a j,kφ (2 jx−k) = ∑
k

a j,kφ j,k(x)

g j(x) = ∑
k

b j,kψ(2 jx−k) = ∑
k

b j,kψ j,k(x)
(1)

In equation (1), φ j,k (x) and ψ j,k (x) are called the scaling function and wavelet of
level “ j”. f j (x) and g j (x) are called the approximate functions of level “ j”. a j,k

and b j,k are the coefficients of level “ j” that defines the spatial resolution of the
approximations. When the coefficients b j,k are appropriately chosen, we can write
the following relationship.

f j+1(x) = f j(x)+g j(x)
f j+1(x) = ∑

k
a j+1,kφ j+1,k(x) = ∑

k
a j,kφ j,k(x)+∑

k
b j,kψ j,k(x) (2)
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We can start with an approximation with the level “ jo” scaling function and the
approximation of level “ j+1” can be written to be:

f j+1(x) = ∑
k

a j0,kφ j0,k(x)+
j

∑
i= j0

∑
k

bi,kψi,k(x) (3)

This is the so-called “multi-resolution property” of wavelet analysis. The m-th
order B-spline function is represented by piecewise (m-1) –th order polynomial
functions and its derivatives up to (m-2)-the order are continuous. For example, the
scaling functions φ (m)(x) and the wavelet for m=3 are given, as:

φ (3)(x)=

⎧⎪⎪⎨
⎪⎪⎩

x2/2, 0 ≤ x < 1
(−2x2 +6x−3)/2, 1 ≤ x < 2
(x2−6x+9)/2, 2 ≤ x ≤ 3
0, x < 0,3 < x

,

ψ(3)(x) = 1
480 φ (3)(2x)− 29

480 φ (3)(2x−1)
+ 147

480 φ (3)(2x−2)− 303
480φ (3)(2x−3)

+ 303
480 φ (3)(2x−4)− 147

480φ (3)(2x−5)
+ 29

480 φ (3)(2x−6)− 1
480φ (3)(2x−7)

(4)

Wavelet Galerkin Method (Equation Formulations and
Discretizations)

To interpolate the displacements, the interpolation functions consisting of B-
spline scaling function/wavelets are used in each coordinate direction. In the case
of two-dimensional problems, the displacements are expressed by:

u j(x1,x2) = ∑
k

∑
�

u j,k,�Φ j,k,�(x1,x2), Φ j,k,l(x1,x2) = φ j,k(x1)φ j,�(x2) (5)

where φ j,k(x1) and φ j,�(x2) are the scaling functions of level j in x1 and x2 direc-
tions, respectively. Subscripts k and � indicate the central positions of supports of
the scaling functions. u j,k,� are the coefficients. When the interpolation functions
of level j are expressed by the scaling functions and wavelets of level j− 1, we
have:

u j(x1,x2) = ∑
k

∑
l

u j−1,k,lΦ j−1,k,l(x1,x2)+
3

∑
i=1

∑
k

∑
l

vi
j−1,k,lΨ

i
j−1,k,l(x1,x2) (6)

Φ j−1,k,l(x1,x2) = φ j−1,k(x1)φ j−1,l(x2), Ψ1
j−1,k,l(x1,x2) = ψ j−1,k(x1)φ j−1,l(x2)

Ψ2
j−1,k,l(x1,x2) = φ j−1,k(x1)ψ j−1,l(x2), Ψ3

j−1,k,l(x1,x2) = ψ j−1,k(x1)ψ j−1,l(x2)
(7)

where v j−1,k,l are the coefficients.The boundary value problem of our interest is
shown in Fig. 1 (a) in which the boundary conditions are given to be:

σσσT ·n = t̄ on Γt and u = ū on Γu (8)
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Since the interpolation functions based B-spline scaling function/wavelet do
not have the Kronecker’s delta properties, we adopt the penalty method. The state-
ment of virtual work with the penalty term is written, as:

∫
Ω

εεε(δu) : D : εεε(u)dΩ−
∫

Γt

δu · tdΓt +α
∫

Γu

δu · (u− ū)dΓu = 0 (9)

where εεε (u) and ε (δu) are the symmetric parts of displacement gradients and D
represents the elastic constants. α is the penalty constant that has a large positive
value. To discretize the body by the B-spline scaling function and wavelet, the
scaling functions and wavelets are placed periodically along the directions of the
coordinate axes. For example, in the case that only the scaling functions are used,
we construct a sort of cellular structure as depicted in Fig. 1 (b). The cells are used
to perform stiffness integrations. The boundaries of complex shaped structures are
modeled by dividing the cells at the boundaries into many sub-cells. Then, the
integration for the stiffness is performed based on the sub-cells and those outside
the boundary of the body are excluded from the stiffness integration. Degrees of
freedoms that have zero stiffness are eliminated to avoid singular matrix. Hence,
the final matrix form can be written to be:

(K+Kα )u = f+ fα (10)

The stiffness matrix K is consisting of a number of sub-matrices, as:

K =

⎡
⎢⎢⎣

KΦ,Φ KΦ,Ψ1 KΦ,Ψ2 KΦ,Ψ3

KΨ1,Φ KΨ1 ,Ψ1 KΨ1 ,Ψ2 KΨ1 ,Ψ3

KΨ2,Φ KΨ2 ,Ψ1 KΨ2 ,Ψ2 KΨ2 ,Ψ3

KΨ3,Φ KΨ3 ,Ψ1 KΨ3 ,Ψ2 KΨ3 ,Ψ3

⎤
⎥⎥⎦ (11)

where the subscripts indicate the corresponding components of the interpolation
functions, as shown in equation (7). When the computation is based only on the
scaling functions, the right hand side of equation (11) contains KΦ,Φ only. Force
vector f and the penalty term Kα are expresses, as:

f =
∫

Γt

NT
j · t̄dΓt , Kα = α

∫
Γu

NT
j ·N jdΓu (12)

Discretization Technique at the Boundary of Body
As discussed in previous section, due to the multi-resolution property in the

theory of wavelet, we can add interpolation functions based on the wavelets for the
purpose of enhancing the spatial resolution of discretization. In previous wavelet
Galerkin formulations [7, 8, 9], the so-called fictitious domain approach was adopted.
In the fictitious domain approach, the body is extended to its exterior but very small
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stiffness (Young’s modulus) is given to the exterior region. When the fictitious do-
main approach is used in the penalty formulation [equations (9)-(12)], the stiffness
matrix that is given in equations (10) and (11) contains very large and very small
elements. Therefore, iterative equation solvers such as CG and ICCG method may
suffer from convergence problems. Also, the degrees of freedoms may become
large. We think that the reason why the fictitious domain was used in the previous
formulations was due to the loss of linear independence of the basis functions.

O
O

F
Figure 1: The boundary value problem and the scheme of discretization [(a) BVP
and (b) discretization scheme]

R
O

Figure 2: The treatment of the boundary of body [interpolation functions are elim-
inated appropriately]

We developed a scheme to eliminate the basis functions appropriately so that
remaining ones are linearly independent from each other. The scheme is schemati-
cally presented in Fig. 2.

Numerical Examples
First, analyses using the scaling function only are presented. A plate with a

small hole as depicted in Fig. 3 (a) is solved and the numerical results are compared
with that of analytical solution for a hole in an infinite plate subject to remote
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tension. The domain of analysis is divided into 20 by 20 cells as shown in Fig. 3 (b).
The central positions of linear and cubic scaling functions are at the grid points and
that of quadratic scaling functions are at the centers of the cells. Cells that contain
the boundary of the hole are divided into 10 by 10 sub-cells. The distributions of
stress σ22 along the bottom edge are shown in Fig. 4. It is seen that stress computed
with the linear scaling function slightly deviates from the analytical solution. The
solutions of the quadratic and cubic scaling functions are on the curve of analytical
solution. However, they overestimate the maximum stress at the edge of the hole.

O
O(a) (b)

Figure 3: Quarter model of a plate with a
hole (a=0.5) [(a) Analysis model and (b)
wavelet FE model] O

O
Figure 4: Stress (σ22) distribution along
the bottom edge.

R
O

(a) (b)

Figure 5: Quarter model of a plate with a
hole (a=2.0) [(a) Analysis model and (b)
wavelet FE model].

O
(a) (b)

Figure 6: Stress (σ22) distributions along
the bottom edge evaluated by using the
scaling function only and scaling func-
tion/wavelet [(a) quadratic and (b) cubic
functions].

Next, we compare the solutions with the scaling functions only and with the
scaling functions and the wavelets. In Fig. 5 (a), a plate with relatively large size
hole subject to tension is presented. Analyses based on the scaling functions and
wavelets are performed using 10 by 10 cells as depicted in Fig. 5 (b). According to
the multi-resolution property, their solutions must be identical with those based on
the scaling functions only with 20 by 20 cells. In this problem, cells that contain
the boundary of circular hole are divided into 32 by 32 sub-cells. In Figs. 6 (a)
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and (b), stress distributions based on the quadratic and cubic B-spline scaling func-
tions/wavelets are depicted, respectively. The solutions based on the scaling func-
tions only and on the scaling functions and the wavelets perfectly agree. Therefore,
the validity of the multi-resolution property in present wavelet Galerkin method is
confirmed.

Concluding Remarks
The multi-resolution property is confirmed to be valid in present wavelet Galerkin

method. This means that the resolution of spatial discretization can be enhanced
by adding wavelets. Wavelets may be added to parts of domain of analysis where
higher spatial resolutions are required. Furthermore, wavelets can be superposed
repeatedly according to their multi-resolution properties. These open a possibility
to develop an adaptive strategy
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