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ABSTRACT: The work presents new methods for selecting adaptive artificial viscosity (AAV) in iterative algorithms
of completely conservative difference schemes (CCDS) used to solve gas dynamics equations in Euler variables. These
methods allow to effectively suppress oscillations, including in velocity profiles, as well as computational instabilities
in modeling gas-dynamic processes described by hyperbolic equations. The methods can be applied both in explicit
and implicit (method of separate sweeps) iterative processes in numerical modeling of gas dynamics in the presence of
heat and mass transfer, as well as in solving problems of magnetohydrodynamics and computational astrophysics. In
order to avoid loss of solution accuracy on spatially non-uniform grids, in this work an algorithm of grid embeddings
is developed, which is applied near transition points between cells of different sizes. The developed algorithms of CCDS
using the methods for AAV selection and the algorithm of grid embeddings are implemented for various iterative
processes. Calculations are performed for the classical problem of decay of an arbitrary discontinuity (Sod’s problem)
and the problem of propagation of two symmetric rarefaction waves in opposite directions (Einfeldt’s problem). In the
case of using different methods for selecting the AAV, a comparison of the solutions of the Sod’s problem on uniform
and non-uniform grids and a comparison of the solutions of the Einfeldt’s problem on a uniform grid are performed.
As a result of the comparative analysis, the applicability of these methods is shown in the spatially one-dimensional
case (explicit and implicit iterative processes). The obtained results are compared with the data from the literature.
The results coincide with analytical solutions with high accuracy, where the relative error does not exceed 0.1%, which
demonstrates the effectiveness of the developed algorithms and methods.

KEYWORDS: Gas dynamics; adaptive artificial viscosity; equations in Euler variables; completely conservative differ-
ence schemes; heat and mass transfer

MSC: 76 M20; 65M12; 35L65; 80M20

1 Introduction

The gas dynamics equations are the expressions of the basic conservation laws (mass, momentum, and
energy) in a continuous medium. Therefore, it is natural to construct a discrete model of the medium under
study in such a way that the discrete analogues for these laws are also fulfilled in it. Practice shows that
the application of such difference schemes is especially effective for solving the problems in which solution
profiles change sharply in time and space. Further developing the integral consistency principles for the mass,
momentum, and various types of energies led to the completely conservative difference schemes (CCDS) [1],
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which discretely conserve also the internal and kinetic energies of the system and are used in Lagrangian and
Eulerian methods of describing the continuous medium [2-4]. Introducing the adaptive artificial viscosity
(AAV) [5] into the CCDS allows to suppress the oscillations arising in the numerical solution locally. It
is made by controlling the spatial approximation of the discrete model without changing its properties of
conservative consistencies by the various types of energy, mass transfer and momentum components. In
this case, a qualitative physical solution of the problem is obtained. The solution of the nonlinear algebraic
equations system corresponding to the implicit CCDS is realized by some iterative process. Note also that
the different iterative processes used in this work affect the choice of the AAV type in the difference scheme
and thus determine the dynamically generated local approximation of this difference scheme.

In the last years, the introduction of the AAV is a widely used method for suppressing the computational
instabilities arising in discrete modelling of transport processes in the mathematical physics problems [6-18].
In work [6], a method of the global AAV by space for the conservative laws was developed, but it was required
to refine the AAV coefficient on a coarse grid, then perform the calculation on a fine grid. In work [7], a new
method for constructing the adaptive artificial viscosity in the context of one-dimensional, staggered-grid
Lagrangian hydrodynamics, was proposed to accurately model the non-viscous flow with the shock wave.
In work [8], a wave number based on the AAV addition method for quintic spline reconstruction scheme
was studied for flows with discontinuities and a broad range of scales, e.g., shock-turbulence interactions.
In work [9], the AAV model depending on the smoothness indicator was considered. In work [10], the
difference schemes with Lax-Wendroff corrections and the AAV were proposed. In work [11], the corrective
mechanism with an entropy-based adaptive artificial viscosity was investigated. In work [12], an entropy-
stable artificial viscosity with the production of coefficients for the first-order Graph Viscosity and high-order
Graph Viscosity (entropy viscosity) methods was also used for the Euler equations system. In work [13], a
provably entropy stable shock capturing approach for the high order entropy stable discontinuous Galerkin
spectral element method based on a hybrid blending with a subcell low order variant was studied. The AAV
was also used for solving the shallow water flows problem [14], reducing grid orientation effect in numerical
modelling for steam thermal recovery [15], modelling the two-phase flow in porous media [16] and modelling
the atmosphere dynamics process [17]. This work presents the methods for selecting the local AAV that is
automatically tuned in the iterative processes.

The present study is a continuation of the work [19]. In work [19], a calculation of artificial viscosity
coefficients was an internal iterative process at each iteration of the sweep algorithm. In the present work,
some realisations of the CCDS with the AAV using the different iterative processes are proposed. We
present the method of the explicit iterations, the method of the sweep algorithm with a one-time change
of the artificial viscosity coefficients at one iteration and the improved method of the explicit iterations,
which are used to solve the problem of arbitrary discontinuity decay (Sod’s problem [20]) and the problem
of two symmetric rarefaction waves propagation in the opposite directions (Einfeldt’s problem [21]). A
simple implementation of the developed methods is shown. To solve the Sod’s problem and the Einfeldt’s
problem, the methods are implemented using the same algorithms with the same parameters of the AAV
selection algorithms. This study also presents the method to incorporating the AAV to effectively suppress the
oscillations in the velocity and pressure profiles. A comparative analysis of the developed iterative methods
and approaches to the AAV selection is carried out, and their efficiency compared to the works of other
authors [6-9,22-24] is shown. This work also proposes the grid embedding method to solve the problem on
spatially irregular grids.

Due to the impossibility of applying the sweep method in the spatially multidimensional case on the
irregular grids, the improved method of explicit iterations developed in this work can be effectively used to
solve such problems.
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The Section 2 presents the initial formulation of the gas dynamics problem in Euler variables, a two-layer
time-dependent fully conservative difference scheme for its solution and approximation operators for the sys-
tem of equations in Euler variables. The Section 3 describes the methods and approaches developed and used
in this work, which are the method of explicit iterations, the method of joint iterations, the improved method
of explicit iterations, the velocity viscosity approach and the grid embedding method. Section 4 demonstrates
the computational results obtained by the different methods and gives their comparative analyses.

2 Formulation of the Gas Dynamics Problem in Eulerian Variables

Consider a spatially one-dimensional flow of a compressible gas in Euler variables in the Cartesian
coordinate system:

%(dM) _ —dv‘;—i, )
%(udM) =—dV3—i—dV%(yu)+df, )
%(de) _ —Pdvg—z—dV%(ye)ﬂlQ, 3)
%(u;dM) :—udV%—dV%(yu;)+udf. (4)

Here % represents material derivative with respect to t, % is the partial derivative with respect to x, u
is the velocity of flow, p is the density of medium, y = p - u is the mass flux density, P is the pressure, df is
the external force, ¢ is the specific internal energy, dQ is the external heat. It is considered that mass d M is
enclosed in the volume dV, through the boundaries of which flows the mass flux y carrying the momentum
p - u and internal energy pe.

Fig. 1 corresponds to the difference scheme Eqs. (5)-(8). Here w are the nodes of the difference grid, Q
are the cells. Thermodynamic quantities p, €, P and internal energy E = pe refer to the nodes w. We will also
refer the velocity u, volume v and node mass m = pv to the nodes w, and the volume V—to the grid cells.
Here k is an arbitrary index numbering the nodes and i is an index numbering the cells. The sign function
at the boundary of node’s domain w is 1 on the right cell of the node w and -1 on the left cell of the node
w. Z,(q) involves summing over the nodes w which form the cell Q. Also 2, is sum over the cells O
adjacent to the node w.

S e N
kI k12 kK2 KL K32 k2
AVa P, AVa ©- A V2 0 AVa
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32 il 2@ 2 B 32
k=i—1/2 S~
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Sqr(w) = -1 So(w) = +1
Figure 1: Difference grid. Scheme of grid’s nodes (w) and grid’s cells (Q) in space

Obviously:

h + hy_ ‘ ;
Vo = by = k+1/22 k1/2=hl+2h1_1, Vo = hi, Pw:Pk:%,
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where h and h refer to the sizes of cells () and node domains w, respectively.

For the system of Eqs. (1)-(4) we write out the two-layer time completely conservative difference scheme
in Euler variables:

m¢ = —vDINpup, (5)
(mu); = —vGRAD,n" —vDITp(up - up), (6)
1
(me); = - > (n"VDIVyu™)q — vDINpuzp, @)
Q(w)
uz u2~
(m;) = —v(u”,GRAD,n~) - vDINp (#BTD) , (8)
t
where

U=pu, up=eu=Eu, E=pe, p” = p("’ﬂ), Y, = const,

L L .
Mp =2 3 (putta) ™, uy = Mp = v;GRANDp®,
(@)

1
g = P(()O'S) —v.DIV,(p~u")), Py = = > Py, Y = const,
w(Q)

Z (Eouo) ), uip = Mjp — viGRANp (p~ ), v, = const.
2 u@)

Quantities from a set of artificial viscosities v = {7, v;;, v} are defined in the cells by the formulas

v, = =B, — v, /3u — Vg = [35}’72 [25], where B = {B,, Bu, BE} is the viscous filling, depending on Courant-
Frledrlchs -Lewy (CFL) number kr. According to the sufficient conditions obtained in [25] for satisfying the
maximum principle in modeling the mass transfer process with the continuity equation in the presence of
the AAV, the lower bound of the coeflicient f3 is related to the CFL number kr, which thus becomes a scaling
physical factor influencing the suppression of the local instabilities in the problem. In this regard, in this
work, to suppress local instabilities, a gradual increase in the coefficient of reduced artificial viscosity by
fractions of the CFL number in the form of p - kr is used, where const, is a constant that can be adjusted in
practice. The mathematical justifications for the stability of the momentum and energy equations exhibit an
analogous character. In addition, by M7, and M7, we understand some approximations of the mass flux and
internal energy flux in the cell Q, respectively. Also in cell formed by the nodes w and w’ we can define the
following quantities:

= Sl -l = 0, u).

On the explicit and implicit time layers ¢ and £ =t + 7 (7 > 0 is the time step), the difference time
derivatives and spatial-point time interpolations are introduced as a; = ‘i%“, a® =84+ (1-8)a. Here
interpolation weight 8 can be related to the nodes w of the spatial grid, e.g., by the law: & = \/7i1/ (V71 + /m).
v = {¥,, Yu, ¥} are the constant time interpolation weights. By arbitrary time interpolation of the grid
functions a and 4 between the layers ¢ and f we mean some interpolation values a”, e.g., for velocity we
assume u~ = u(®),
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The difference analogues of the vector analysis operations used in Eqs. (5)-(8) and the range and
codomain of the corresponding operation analogue are defined as follows:

DINDyD:% 3 Sa(@)up(Q), DINp: (Q) - (), 9)
Q(w)

DITD(‘MD . MD) = % Z SQ(C())‘MD(Q)MD(Q), DITD : (Q) — (w), (10)

Q(w)

GRANp P = %AQP, GRAND : () — (Q), (1)

GRAD, 7 = %Aan, GRAD, : (Q) - (©), (12)

DIVyu=-+ 3 So(@)ue, DIVy: (w) > (Q), (13)
w(Q)

where AqP = —2,(0)Sa(w) Py, AgT = +Z0(4)Sa(w)Tq + S50 T, Finally, in the expression for A, 7 at the
boundary node w = dw, a term 7;,, is added at the boundary of the domain with the sign function S, = +1
depending on the direction of the boundary normal.

3 Methods for Computing Completely Conservative Difference Schemes

In this work, the improved method of explicit iterations (Section 3.3) based on the method of explicit
iterations (Section 3.1) and the method of joint iterations (Section 3.2) are used to realise the nonlinear
implicit CCDS. In addition, the velocity viscosity method is used to approximate the velocity (Section 3.4),
and the grid embedding method is developed for the problem on a non-uniform grid (Section 3.5).

Hereinafter, all quantities are defined at the nodes except the CFL number and the viscosities (viscous
filling B and artificial viscosity v). In addition, variables with a hat sign “*” denote the quantities at the implicit
time layer, e.g., p, 1, E, and those without a hat sign denote the quantities at the explicit time layer, e.g., p, u,
E. External iterations are used to compute quantities from the explicit layer to the implicit layer in time and
are denoted by the index s, while internal iterations are also used in an iterative process or procedure within
a single external iteration.

3.1 Method of Explicit Iterations

This work presents the explicit iteration method (hereafter Method 1), which also uses additional
optimization criteria for the AAV selection in rarefaction wave, shock wave and contact rupture structures,
which were tested on solving the Sod’s problem [20]. In the following Sections 3.2 and 3.3, such optimization
is not required. Using this method, the satisfactory results are obtained, but the processor time spent on the
iterative processes is significant.

In Method 1, an explicit iterative process is performed to calculate the quantities in the next time step.
The formulas of this iterative process for the Eqs. (5)—(7) are as follows:

s+1

s s T ~ -
pr = folp,p’suu >ﬁp)=Pk—h—k(m ~Bis) (14)

N s N S 1 T ~ ~ T ~ o~ ~ ~
ukﬂ = fu(PaP S u,u’,E,E Bu) = S+l (pruk — —(m7 = miy) - _(l"i u; — /41‘—1”1'—1)): (15)
Pk Flk hk
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EIS<+1 — fs(P’PSHa u,us+1,E,ES,ﬁE) —

T
=E - —

~y o~ ~ ~ ~ ~ T ~ ~
(707 (g —ug) + iy (ug —uy ) = ——(PE,; — BEio1)- (16)
2k Ay

When determining the viscosity in the flux 4~ in the Eq. (14), the time interpolation p~ = y,p* + (1 -
v,)p is used. Also for the Eq. (15) u™ = y,u® + (1- v, )u and Eq. (16) E” = y.E* + (1 - y,)E. In the s-th
iteration, the quantities are denoted by the upper index s, e.g., p*, u*, E°. In the external iteration, the viscosity
is selected in computing p**! as follows: at the beginning of a given external iteration, 8 = 0 is assumed and
the computation is performed. If oscillations occur, f8 is increased and the internal iteration is repeated in a
loop until the value of 3 reaches its limiter [25]. Analogous actions are performed in the momentum Eq. (15)
and energy Eq. (16) groups when computing **' and E**'. The convergence of the external iterative process
is defined as follows. If [yi*! = 3| < €re1 * Ymax + €abs» ¥ = {p>u, E}, k =1, n (where &, is the relative error,
€,4ps is the absolute error, y,,,y is the maximum value of the desired quantity in space), then the result of the
external process converges and the quantities at the next layer in time are obtained.

The algorithm of Method 1 is shown in Algorithm 1.

Algorithm 1: Method of explicit iterations (Method 1)

Input: {py, ur, Ex}, k=1n
Output: {ﬁk,ﬁk,ﬁk}, k=1n
1s=0
2{pi-up. Ex} = {pi" i B} = {poui, Ex b k=L
3 Convergence = false;
4 while (Convergence == false) do
monotonicity = false, 8, = 0, 8, = 0, B¢ = 0;
while (monotonicity == false) do
Compute p**!
monotonicity = true;
if (there is nonmonotonicity in node k ((p3*} — pi) (pi™! - pi™) < 0) between cell i and
i—1) AND (ﬂp,i:ﬁp,i—l < ﬂp,limiter) then
Bp.ic1 = Bp.ic1 + consty x kri_y, B,i = Bpi + const, x kri;
monotonicity = false;
end
if (there is nonmonotonicity in node k after small addends to density in k-th node
(Pt = (pit + &) ((pi + &) — pi) < 0, e — tiny value) between cells i and i — 1 in zone
of rarefaction wave and contact discontinuity) AND (B, i, Bp.i-1 < Bp,1imiter) then
Bp.ic1 = Bp.ic1 + consty, x kri_y, Byi = Bpi + const, x kri;
monotonicity = false;
end

if (By,i > Bp.timiter>i = 0, 1) then

ﬁp,i = ﬁp,limiter;
end

_ Bpil’,
Vpi = T

5 end
6 Do the same cycles for {uy, Ex } using Formulas (15)-(16) to set viscosity;

using Formula (14);

7 1f|)’i+1 —;Vf{| < &rel * Ymax T Eabs> ) = {P, u, E}, k =1, n then

(Continued)
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Algorithm 1 (continued)

8 Convergence = true;
9 end

10 s=s+1;

11 end

12 Value on next layer: {4y, itx, Ex} = {p{" ust, ESY k=1 s

3.2 Method of Joint Iterations

In the current work, in order to optimize the computational process of the CCDS implementation and
the AAV selection, we propose the method of joint iterations (hereinafter referred to as Method 2), which
simultaneously refines the iterative difference solution and corrects the AAV. Along with Method 1, Method
2 uses the sweep algorithm for the difference balances Eqs. (5)-(7), in which the increments are calculated
from the s-th iteration to the (s + 1)-th iteration.

This method is implemented as follows. If oscillations occurred during the computation of p**!, their
suppression unrestricted by limiter is performed only once at a given iteration following the (s +1)-th
iteration. This process proceeds as follows. The reduced viscosity f3 is the product of the coefficient g by the
CFL number f8 = g - kr. For monotonizing, a constant corresponding to a particular variable (e.g., it is const,
for p) is added to the coefficient q once at each iteration. The density increment §p***
and added to p**!, ie., p**? = 8p**% + p**L. Then, this algorithm is repeated in the same way to calculate
velocity and energy. If the values obtained at this iteration satisfy the convergence condition [y} — y;| <
€rel * Ymax + €abs» ¥ ={p>, E}, k = 1, n, and no further monotonization is performed (oscillations are not
present or the corresponding f3 reaches its limiter), then the iterative process ends and the next time step
with the values calculated at the last iteration starts. Otherwise, the iterative process continues. According

to work [25], in order to limit the increase of the viscous filling f3, a limiter B;;,irer is introduced, which

is then calculated

should be less than one and greater than the CFL number according to the maximum principle. Also, for
correct application of the sweep algorithm for the difference analog of the momentum conservation Eq. (6),
the condition of diagonal dominance of the sweep algorithm coefficients is checked.

At the beginning of each time step before the iterations begin, all viscosities are assumed to be 0, the
values at the first iteration are equal to those at the explicit layer {p}, u}, E;} = {pk tx, Ex}, k =1,n,and a
local CFL number is chosen for each cell. Hereinafter, the CFL number is defined locally using the following
formula:

U + Uk T
kr; = 0.5| ———*

[y (PetPes)
where C; = —y(pk":pk"“) is local speed of sound.
+1

The algorithm of Method 2 is shown in Algorithm 2.

(17)

Algorithm 2: Method of joint iterations (Method 2)

Input: {px, ux, Ex}, k=1,n
Output: {ﬁk’ ﬁk,ék}, k= 1,_1/1

1[3P:0,ﬁu:0,[35:0;
2s5=0;

(Continued)
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Algorithm 2 (continued)

3{pup. E;} = {py"ul L EL'Y = {po ur, Ex ) k=1, m;
4 Convergence = false, monotonicity = false;

5 while (Convergence == false) OR (monotonicity == false) do
6 monotonicity = true;
if (there is nonmonotonicity in node k between cell i and i —1) AND (B, Bp.i-1 < Bp.1imiter)
then
Bp.i-1 = Bp,i-1 + const, x kri_y, By = B, + const, x kri;
monotonicity = false;
end
if (Bys > By timiters i = 0, 1) then

ﬁpﬂ' = ﬂp,limiteﬁ
end ,
7 Vp,i = ﬁp’ih 5
8  Compute {dp;*'}, k =1, n using sweep algorithm;
9  Update: pi*' = 8pi™ + pj, k =1, 1;
10 Do the same thing for {uy, Ex} and get {u}"", E;"'}, k =1, n;
1 (™ = yil < €rel - Ymax + €abs> ¥ = {p>u, E}, k =1, n) then

12 Convergence = true;
13  end

14 s=s+1;

15 end

16 Value on next layer: {py, élx, Ex} = {pi*h, s ES1Y k=1

3.3 Improved Method of Explicit Iterations

The efficiency of Method 2, which gives good accuracy in test problems and low processor time, led to
a modification of Method 1, increasing its implicit margin (Method 1 is realized by a explicit scheme and
explicit iterations). Such an algorithm (hereinafter Method 3) is represented as follows below in the form
Algorithm 3, where in the following values are held: (8yx) .14, (0¥« ) new are the increments of each value at
the previous and current iterations to check convergence at node k, y;;;i dictor, k

value at the implicit (s + 1)-th iteration obtained by Eqs. (18)-(20), at node k.

is the predictor-correcting

Algorithm 3: Predictor-correcting procedure

Input: {yi, y3: }, k=1,n
Output: {y;"'}, k=1Ln
1 {y;‘r—idictor, k} = {y;c} k= 1’_”;
2 (8y)ota = Vyredictor, k ~ Vil
3 Convergence = false;
4 while (Convergence == false (or fixed number of iterations)) do
5  Compute {y;"'} using {y*! } (for each value using corresponding Formulas (18)-(20);

predictor, k
6 (8yi)new = vy = yibs o
7 i ((0yk)new — (8¥k)otd| < €rel - Yk + €aps» k =1, n) then
8 Convergence = true;
9 end
10 Update {y;;:lzdictor, k} = {y;cﬂ 5

(Continued)
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Algorithm 3 (continued)

11 Update (8yk)01d = |y;;idictor, kK~ y;(|’
12 end

1\ _ 1
13 {yH } - y;;edzctor K

At the s-th iteration, the computations are first performed by the explicit scheme, and predictor values
are obtained at the implicit (s + 1)-th iteration. Then, using these predictor values, a predictor-correcting
procedure is executed, converging to the (s +1)-th implicit value of the external iteration. This procedure
may be repeated 1 or more times, bringing the (s +1)-th iterative value closer to its convergence. The
predictor-correcting procedure is performed with a fixed viscosity. If the viscosity needs to be corrected (in
the presence of oscillations), the iterative process will continue, as well as when its convergence conditions
are violated. Correspondingly Eqs. (14)-(16) in Method 3 for iterations will have the following form:

P = (o, ppred,m, ', By) = pr = (k7 ), (18)
! fu(p P U e dicior BS B Bu) =
- E(pkuk - h—’k(n; ) = e i), (19)
E = folp, p™ u, u™ B By icror BE) =
= B = (7 (i = ) 70 (= 0)) = (W~ B (20)

When determining the viscosities in the flux y~ in the Eq.(18), the time interpolation p~ =
V/Pp;;tlzdlctor (1 - Il/P)p is used. Also for hq (19) we have u~ =Yu ;:r—(ledlctor + (1 - l//u)u and hq (20) E” =
wsE;)-:idzctor + (1 - WS)E

This process of realizing the solution by explicit iterations introduces an internal iterative process with
fixed viscosity. Then, in the presence of oscillations, viscosities are increased and the external iterative process
ends when oscillations are corrected and convergence to the solution is available. Algorithm of realization
of Method 3 is presented in the form of Algorithm 4.

Algorithm 4: Complete Improved Method of Explicit Iterations (Method 3)

Input: {pk,uk,Ek} k=
Output: { g, i, Ex }» k =
1s=0;
2{Pk’uk’E } {ps+1 5+1 Es+l} {Pk)ukaEk} L_n
3 Convergence = false;
4 while (Convergence == false) do

(Continued)
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Algorithm 4 (continued)

monotonicity = false, 8, = 0, 8, = 0, B¢ = 0;
while (monotonicity == false) do
Compute p**! using algorithm Algorithm 3 for p;
monotonicity = true;
if (there is nonmonotonicity in node k between cell i and i —1) AND (B, Bp.i-1 < Bp.1imiter)
then
Bp.ic1 = Bp.ic1 + consty, x kri_y, B, = Bpi + const, x kr;
monotonicity = false;

end
if (By,i > Bp,timiter>i = 0, 1) then
ﬁ,D,i = /—;p,limiter;

end -

Vp,i = ﬁp; >
5 end
6 Do the same cycles for {uy, Ex } to set viscosity;
7 if(|)/f(+l - )/f(| < &rel " Ymax T Eabs> Y = {P> u, E}) k =1,n) then
8 Convergence = true;
9 end
10 s=s+1;
11 end

12 Value on next layer:{ gy, tix, Ex } = {p$*, ul™ L ES ) k=1 ms

Thus, Method 3 differs from Method 1 by the procedure of calculating at the (s + 1)-th iteration the values
of {p**!, u**!, ES*1} by an internal predictor-correcting iterative process. The viscosity selection procedures
in Method 1 and Method 3 are similar. The local CFL numbers for each cell are chosen by the Eq. (17). At
the beginning of each next (s + 1)-th iteration, the viscosity 8 is assumed to be zero. Also, at the beginning
of each time step before the iterations, all viscosities are assumed to be 0. The values at the first iteration are
equal to the values at the explicit layer {p}, u}, E} } = {px, uk, Ex}, k = 1, n and local CFL number is chosen
for each cell by Eq. (17).

Due to the predictor-correcting procedure, which does not require matrix inversion for a system of
algebraic equations in grid space, the implicit scheme is realized by explicit iterations (Method 3). Method 3
in this work is implemented only in the one-dimensional case, but it is possible in two-dimensional and three-
dimensional cases, which will be investigated in the future. In Section 4.1.2, it will be shown that Method 3 has
higher accuracy than Method 1. In addition, compared to Method 1 calculations, the implicit scheme reduces
the convergence time to the solution, although an additional predictor-correcting procedure is performed at
each iteration in Method 3.

3.4 Transition from Momentum Viscosity to Velocity Viscosity

When numerically solving by described methods, oscillations in the density and velocity profiles may
occur, while oscillations in the momentum profiles are absent. This phenomenon is caused by the momentum
viscosity included in ) = P(()O'S) —v:DIV,(p~u¥)). In this formula, the viscosity was chosen according
to the condition of monotonicity of the momentum. At the same time, since the velocity is determined by
dividing the momentum by the density, there is a risk of oscillations in the velocity profiles. Therefore, in
the momentum conservation equation, the AAV is selected taking into account the possibility of velocity
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non-monotonicity and is added to the pressure as follows:
g = P — v p DIV, (u). (21)

A comparison of the velocity profiles for Method 3 calculations using velocity and momentum viscosity
is presented in Fig. 2. The effectiveness of the velocity viscosity in smoothing the oscillations behind the
rarefaction wave zone, also in the contact rupture zone, is shown.

—— Analytical solution ~ Behind the rarefaction wave zone
* Method 3 with speed viscosity «—

* Method 3 with impulse viscosity "7;7 —¢-
0.8 [

In the contact

/’ discontinuity zone

S0.6 /
] /
f=
‘O
o
(Y f
S04

0.2

Figure 2: The distribution of over space when solving the Sod’s problem using Method 3 with impulse viscosity (red
dots) and with velocity viscosity (green dots) for time T = 2.0 s, as well as the analytical solution (blue line)

3.5 Grid Embedding Method

When calculating on spatially non-uniform grid with a significant change in grid sizes, the loss of
accuracy of the solution may occur near the point of transition from one grid size to another. In this case,
it is proposed to define the values of gas-dynamic quantities not in the initial nodes of the grid, but in the
centers of gravity of their nodal domains. To improve the accuracy of calculation on a non-uniform grid, the
method of grid embeddings given below is used.

In the zone of break of uniformity of the grid (a node around which two neighboring cells of different
lengths), a new node is defined as the center of gravity of two neighboring half-cells. In this way, a new
grid (in the case of a uniform grid, completely identical to the original grid), called a centroid with first-
order embedding, is generated. For example, for a one-dimensional grid with a change of cell length from
2 to 1 (the irregularity coefficient is 2), after one such embedding the irregularity coeflicient of the centroid
grid becomes % (see Fig. 3). This process can be repeated until the non-uniformity coefficient becomes
acceptable and the number of such grid embedding is small. After finding the centroid grid, the system of
difference Eqs. (5)-(7) is solved on the new grid.
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Figure 3: Example of grid embeddings

4 Numerical Experiments and Analysis of Results

To test the constructed scheme and the developed methods, the Sod’s problem [20] on the decay of
an arbitrary discontinuity and the Einfeldt’s problem [21] on the propagation of two symmetric rarefaction
waves in opposite directions have been solved.

4.1 Sod’s Problem

Table 1 shows the initial conditions of the Sod’s problem [20]. The position on the distribution to the
left of the center point is the left domain, to the right—the right domain (the center point is included in
the right domain). The SI system is taken as the system of units in calculations. Adiabatic index is y = 1.4. The
calculation domain is a spatial segment [-5, 5]. The moment of time of calculation terminationis T = 2.0's,
time step is 7 = 0.001 s.

Table 1: Initial condition of Sod’s problem

Variables Left domain Right domain

p 1.0 0.125
u 0.0 0.0
P 1.0 0.1

The obtained results coincide completely with the results of [5]. In all further calculations, vg = v, is
assumed. Time weights are chosen by v, = 0.5, y,, = 0.5, ¥, = 0.5. In the calculations using Methods 1 and 3,
the condition v, > v is satisfied, since v, = v, B, = 8, is assumed before viscous correction for momentum
balance. But this is not the case in Method 2 because the initial viscous corrections are assumed to be zero. In
Method 1, the limiter of viscous filling ;.- = 0.2 and AAV increment constants are chosen as const, = 0.1,
const, = 0.1. The calculations are performed on uniform and non-uniform grids. The step length over the
space of the uniform grid is 4 = 0.01. The non-uniform grid is divided into 4 zones, in two of which the step
length over space h = 0.02, and in the other two zones the spatial step length 4 = 0.01:

0.02, -5<x<-2,
0.0l, -2<x<0

h — b} X b}

() =1 002, 0<x<3,
0.0, 3<x<5.
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4.1.1 Calculation Using the Method of Joint Iterations on a Uniform Grid

The density, velocity, pressure, and internal energy distributions are shown in Fig. 4. It can be seen
from Fig. 4 that Method 2 improves the results of calculations in the zones of rarefaction wave and contact
discontinuity. At the same time, the plots of calculations performed by Method 2 are more close to the
analytical solution than the plots of calculations performed by Method 1 in the rarefaction wave zones in
all profiles. Also due to the choice of velocity viscosity in the contact discontinuity zone, the oscillations are
completely absent in Method 2, while in Method 1 their small amplitude is observed. Method 2 significantly
reduces the processor time spent on calculations and more accurately approaches the analytical solution than
Method 1. This is due to the implicit nature of finding the increments by the sweep algorithm in the iterative
process. Also, in all Method 2 calculations, the viscous limiter f3;;,is., is achieved by selected AAVs due to
the implicit nature of the sweep algorithm. It is assumed that f;;is., = 0.8. In the calculations, const, =
0.2, const, = 1.0 are assumed.
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Figure 4: The distributions of (a) density, (b) velocity, (c) pressure, and (d) internal energy over space obtained by
solving the Sod’s problem by Method 1 (red line) and Method 2 (green line) for time T = 2.0 s, as well as the analytical
solution (blue line)
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4.1.2 Calculation Using the Improved Method of Explicit Iterations on a Uniform Grid

The improved method of explicit iterations (Method 3) does reduce the processor time and number of
iterations for convergence compared to Method 1. Fig. 5 shows the distributions of density, velocity, pressure,
and internal energy. From Fig. 5, we can see that the accuracy of the solutions in Method 3 is significantly
higher (in the sense of convergence to the analytical solution) than in Method 1. Also, no peak in velocity and
pressure profiles is observed in the contact discontinuity zone in Method 3. The processor time in Method 3
is an order of magnitude less than in Method 1 and about the same as in Method 2. In Method 3, the limiter
Biimiter = 0.2 and the AAV increment constants const, = 1.0, const, = 0.5.
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Figure 5: The distributions of (a) density, (b) velocity, (c) pressure, and (d) internal energy over space obtained by
solving the Sod’s problem by Method 1 (red line) and Method 3 (green line) for time T = 2.0 s, as well as the analytical
solution (blue line)

4.1.3 Calculation Using the Improved Method of Explicit Iterations on Non-Uniform Grid

Fig. 6 shows the distributions of density, velocity, pressure and internal energy obtained by solving the
Sod’s problem using Method 3 on non-uniform and uniform grids. Satisfactory results are observed both
without and with the grid embedding method. Although in the two zones the space steps on the non-uniform
grid are larger by a factor of 2 than the space steps on the uniform grid space, the results actually coincide.
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Fig. 7 shows a highly zoomed-in scale of the density profile after passing the transition (discontinuity)
from coarse to fine grid in the direction of shock wave motion. On this scale, we can see the decrease of the
density peak on the centroid grid.
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Figure 6: The distributions of (a) density, (b) velocity, (c) pressure, and (d) internal energy over space obtained by
solving the Sod’s problem by Method 3 on uniform (red line), non-uniform (green line) and centroid (yellow line) grids
for time T = 2.0 s, as well as analytical solution (blue line) and space step length (pink line)
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4.1.4 Comparison of Results

The Sod’s problem is the most common problem in testing computational gas dynamics program
packages because it contains zones of rarefaction wave, contact discontinuity, and shock wave. Comparing
our calculations with [9], we note that both works have quite good results (without oscillations in the usual
scale), although the calculations in [9] are performed on a finer grid (the space step length of which is
equal to 1/200). Comparing the calculations of this work with those of [22], we observe that the results
of our calculations of the Sod’s problem with the same step length in space are significantly better. The
obtained results have an accuracy not lower than the results obtained when solving the Sod’s problem
using the entropy-stable AAV in [12]. Comparing this work with the Interface Sharpening Technique (IST)
method [24], we see that the accuracy of our calculations is significantly better (see Table 2). Also, the front
structure, which is larger than the 2 nodes of the grid in our work, is smeared by 3-4 nodes when using
the IST method. In [24], based on Godunov’s scheme of cell-centered control volume method, the IST is
proposed as a postprocessor to preserve the fineness of the shock wave structure.

Table 2: Computed errors in C-norm for the Sod’s problem for different solution methods and best variant of [24] (grid
size = 800, space step = 0.00125)

Method A, A, Ap
Method 1 0.00190 0.00343 0.00064
Method 2 0.00112  0.00097 0.00043

Method 3 0.00074 0.00038 0.00011
IST method [24] 0.04577 0.08545 0.02997

Table 2 shows that Method 2 and Method 3 have a fairly high calculation accuracy along with Method
1 and the IST method, with a smaller error by a factor of 2 or more. In addition, in our calculations there are
fewer points in the shock wave zone than those of [24].

4.2 Einfeldt’s Problem

Table 3 shows the initial conditions of the Einfeldt’s problem [21]. The SI system is taken as the system
of units in the calculations. The adiabatic index y = 1.4. The computational domain is the spatial segment
[-1, 1]. The position on the distribution to the left of the center point is the left domain, to the right—the
right domain (the center point is included in the right domain). A spatially one-dimensional symmetric gas
spread with a singular discontinuity of velocity at the origin and a homogeneous thermodynamic (P, p)
spatial distribution is presented. The reason of the singularity is the absence of an analytical solution at the
initial time instant Ty = 0.0 s.

Table 3: Initial condition of Einfeldt’s problem

Variables Left domain Right domain

P 1.0 1.0
u -2.0 2.0
P 0.4 0.4

Since the efficiency of the methods developed in Section 3 has already been demonstrated in the Sod’s
problem, the results of calculations using Methods 2 and 3 on uniform grid will be shown for the Einfeldt’s
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problem because of their higher efficiency compared to Method 1. All parameters f3;;i¢.r, const, and const,
for Method 2 and Method 3 are set in the same way as in the Sod’s problem.

When calculating from the initial moment of time Ty = 0.0 s, satisfactory plots of density and pressure
profiles are obtained. However, there are obvious inconsistencies and oscillations in the center in the profiles
of velocity and internal energy due to the singularity of the solution at time T = 0.0 s. In the following,
our calculations start from some later moment of time, due to which the influence of the initial singularity
is reduced.

4.2.1 Calculations of Einfeldts Problem

Using the analytical solution obtained by stitching the Riemann invariant with the constant flow
zones [21], the right-hand position of the boundary of the stable “horizontal” zone is calculated by the formula

-1
o - (Co - VTuR) T, (22)

where ¢y = /2 is speed of sound at the initial moment of time, ug = 2.0 is the initial velocity on the right

domain. Similarly, the left position of such a boundary is symmetric about the center point. In this case,
to reduce the influence of singularity, the initial value of x., is larger than the length of one spatial step h.
When h = 0.002, according to Eq. (22) T 2 0.006 s. Next, the calculations will be performed from moments
Tp = 0.01 s (one node is located to the right of the center point in the “horizontal” zone) and T = 0.05 s
(eight nodes are located to the right of the center point in the “horizontal” zone).

Fig. 8 presents the distributions of density, velocity, pressure, and internal energy from the initial
moment T = 0.01 s and shows that Method 2 and Method 3 give almost the same results with high
accuracy. The approach of singularity reduction does improve the accuracy of the calculation, although small
oscillations remain in the center of the profiles of velocity and internal energy. These fluctuations arise due
to the singularity of the initial data in the Einfeldt’s problem, which is specified at an initial moment of time
approaching zero. They naturally disappear with a consistent change in the start time of the calculation and
a consistent reduction in the grid spatial step.
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Figure 8: (Continued)
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Figure 8: The distributions of (a) density, (b) velocity, (c) pressure and (d) internal energy over space obtained by
solving the Einfeldt’s problem by Method 2 (red line) and Method 3 (green line) for time T = 0.15 s at initial time

Tp = 0.01's, as well as the analytical solution (blue line)

Fig. 9 presents the distributions of density, velocity, pressure and internal energy from the initial
moment Tj = 0.05 s, which show that singularity affects the accuracy of the calculation results. At the initial
moment Ty = 0.05 s the plots of Method 2 and Method 3 calculations almost coincide with the plots of the

analytical solution.
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Figure 9: The distributions of (a) density, (b) velocity, (c) pressure and (d) internal energy over space obtained by
solving the Einfeldt’s problem by Method 2 (red line) and Method 3 (green line) for time T = 0.15 s at initial time
Tp = 0.05 s, as well as the analytical solution (blue line)
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In [19], the Einfeldts problem is also solved from the initial moment T = 0.01 s. The distributions of
density, velocity, pressure, and temperature obtained from the calculations in [19] coincide with the results
obtained by Method 3 with good accuracy.

5 Conclusion

The completely conservative difference schemes with adaptive artificial viscosity were considered, and
the problem of modeling the gas dynamic processes described by equations in Euler variables was studied.
The artificial viscosity method was shown as an effective way for improving the stability and suppressing the
numerical oscillations. This work presented the effective methods for selecting adaptive artificial viscosity for
completely conservative difference schemes. In particular, the improved method of explicit iterations with a
predictor-correcting procedure was demonstrated. The developed methods were characterized by simplicity
of realization. The calculations of classical Sod’s and Einfeldt’s problems were carried out to test the developed
methods of artificial viscosity selection. Their results showed the efficiency and accuracy of the proposed
methods. Comparing the results of this work with the analytical solutions and the calculation results of other
authors was given. In addition, the method of velocity viscosity as an additive to pressure was proposed. The
calculation results also showed the effectiveness of the velocity viscosity method for reducing the amplitude
of the velocity and pressure profiles oscillations in the contact discontinuity zone. The grid embedding
method was also developed, which improved the accuracy on a spatially non-uniform grid. The proposed
mathematical method could be used to solve gas dynamics problems, including those with discontinuous
data. The developed methods were not applicable to calculations with multi-temperature (two-temperature)
approximations, as well as with non-isotropic force tensors acting in a continuous medium. In future works, it
was planned to use the presented algorithms and methods in applied problems, as well as their generalization
to the spatially multidimensional case.
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