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ABSTRACT: In this paper, the authors examine various slip effects on the magnetic field and thermal radiative impacts
on the flow, mass and heat transfer of a Jeffrey nanofluid over a 2-dimensional inclined stretching sheet by a porous
media. The offered work is modelled to be in the form of a combination of coupled highly nonlinear partial differential
equations in dimensional contexts. Governing equations were obtained, dimensionless parameters were defined in
terms of similarity parameters, and the solutions were obtained by the Homotopy Analysis Method (HAM). The analysis
is significant as the effects of viscosity are identified and the important parameters are to be determined that could
eventually control a type of flow behaviour, especially in promoting the flow and inhibiting flow of velocity, temperature,
and concentrations. The findings show that such an increase in the magnetic parameter decreases the velocity profile by
approximately 15% due to more Lorentz forces, and thermal radiation increases the temperature profile by up to 25%,
therefore, enhancing the rate of heat transfer. The process of Brownian motion and thermophoresis increases the depth
of the thermal boundary layer by 10–20 percent and reduces in concentration profiles by 12 percent when the Brownian
motion parameter increases. A velocity slip parameter lowers the velocity field by about 18 percent, and a parameter of
permeability lowers the momentum of flow by another 10 percent. The HAM solutions show very high accuracy levels,
having an order of convergence at level 15 and error margins are well below 0.01 percent compared to the earlier studies.
All these findings can provide profound knowledge in improving heat transmission in non-Newtonian fluid systems
and can be used in biomedical engineering, thermal insulation, and industrial processes such as polymer extrusion and
cooling technology. Principles of heat and mass transfer give us the crucial foundation on which to study the behavior
of heat and material flows in other engineering and scientific disciplines. Such principles apply to various fields of study,
including the following engineering fields: mechanical, chemical, aerospace, civil, and environmental.

KEYWORDS: Magnetohydrodynamic (MHD); Jeffrey fluid; thermophoresis and Brownian motion; permeable
inclined stretching sheet; thermal radiation; homotopy analysis method (HAM)

1 Introduction
Fluids play a crucial role today in all spheres of life, comprising mechanical and chemical engineering,

manufacturing, healthcare, and other disciplines connected to several sectors. Based on time-varying, shear-
thickening, and shear-thinning characteristics, fluids are classified as non-Newtonian and Newtonian in fluid
dynamics. For Newtonian and non-Newtonian fluids, many models, like the Buongiorno model, the Casson
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fluid model, the Jeffery and Williamson models, among others, can be explored to aid researchers in planning
upcoming studies to discover more about the fluids’ occult properties.

The idea of Jeffery fluid flow traces back to the foundational studies by Jeffery in 1915, who derived
exact solutions to the Navier–Stokes equations for fluid motion in two-dimensional, radially symmetric
channels [1,2]. These solutions describe the flow of a viscous fluid between two non-parallel walls meeting
at a point, a configuration now widely known as Jeffery flow. Due to its simplicity and practical relevance,
especially in systems involving converging or diverging geometries, this model has become a cornerstone in
fluid dynamics. Nallapu and Radhakrishnamacharya [3] proposed that the impact of MHD on Jeffrey fluids
through a porous media, and as a result, they found that viscosity plays a vital role in thermal and momentum
of the Jeffrey fluids flow. Ponalagusamy and Manchi [4] worked on the flow of bioconvection-type situations,
including blood flow in a narrowed artery, particularly in the presence of an electromagnetic field. Over time,
researchers have extended the classical problem to include more complex physical phenomena [5–7].

The colloidal suspension of nanoparticles ranging from (1–100 nm) in a base fluid, such as water or
oil, is known as a nanofluid. These fluids are engineered to improve thermal conductivity and stability
of the fluid. In medical science, the superior thermal properties of nanofluids significantly contribute
to cancer treatments, drug delivery and cardiovascular treatments. Sus [8] initially proposed the idea
of nanofluids; he reported that adding nanoparticles significantly improved thermal performance. As a
follow-up, Buongiorno [9] laid the groundwork for the modulation of nanofluid dynamics in complex
thermal systems by highlighting the crucial functions of Brownian motion and thermophoresis in improving
convective heat and mass transmission. Heat exchangers, electronic cooling, and insulation systems are some
of the many potential uses for nanofluids created by distributing nanoparticles of metals, oxides, or carbides
into base fluids such as water or ethylene glycol.

The present study focuses on the combined influence of magnetic fields, thermal radiation, and multiple
slip effects on Jeffrey nanofluid flow over an inclined stretching sheet embedded in porous media. Jeffrey fluid
flow of unsteady oblique at the stagnation point through an oscillating stretching sheet theory was examined
by Awan et al. [10]. Hayat et al. [11,12] investigated energy transfer and entropy generation in peristaltic flows
and explored radiative effects using modified Darcy’s law with activation energy. The role of variable magnetic
field of nanofluid flow in the presence of radiative and reactive components was reported by Mishra et al. [13],
while Mohanty et al. [14] derived the same theory of work done by Mishra et al. [13] using the numerical
method of finite difference technique. Thermal enhancement of MHD nanofluid flow past a stretchy surface
with viscous dissipative and Joule heating was studied by Mishra and Kumar [15]. Further, studies have
explored the interplay of thermal radiation with nanoparticle characteristics and geometrical configurations.
Ahmed et al. [16] analyzed upward flow over a wavy cone with motile microorganisms, whereas Gangadhar
et al. [17] examined exponential heat generation and nonlinear radiation in non-Newtonian nanofluids.
Karthik et al. [18] and Pattnaik et al. [19] discussed the roles of thermophoresis and nanoparticle shape
on thermal transport. Time-dependent flow over a porous rotating sphere was assessed by Madhukesh
et al. [20], taking radiation and mass concentration effects into account. Mishra et al. [21] investigated the
combined effects of radiation, Joule heating, and viscous dissipation across porous media containing copper-
water and silver-water nanofluids. Many research scholars in their studies [22–26] have given the thermal
and momentum characteristics by considering thermal radiation and magnetic effects under different
geometries. The examination of fluid flow over an inclined enlarging surface grips momentous importance,
given its extensive applications in thermal management structures, as well as heat exchangers, electronic
device cooling, polymer extrusion, and nuclear reactor safety [27–29]. Over the last two decades, substantial
explore has focused on non-Newtonian nanofluids under multi-slip and magnetohydrodynamic (MHD)
circumstances, revealing complex heat and mass transfer features of the studies in Refs. [30–33]. Mabood



Front Heat Mass Transf. 2025;23(5) 1641

and Shateyi [34] surveyed MHD Jeffrey nanofluid flow in porous constructions, importance of the behavior
of external magnetic fields network with non-Newtonian stresses to yield nonlinear flow behavior. These
possessions are pertinent not only in engineering but also in natural phenomena, such as stress-induced
events in geophysical flows [35]. Sympathetic to these dynamics is vital for attractive system stability and
thermal efficiency under high-stress or high-shear-rate situations. Tedjani [36] initiates that magnetic effects
and slip conditions remarkably diminish heat transportation in magnetized non-Newtonian flows. Recent
modeling approaches, such as those incorporating Buongiorno’s model and Arrhenius activation energy,
have been applied to study convective heat transfer in rotating and porous geometries. Jiang et al. [37]
explored heat radiation effects on nanofluid flow through porous media, while Khan et al. [38] examined
radiation and chemical reaction effects on Casson fluid flows. The coupled Soret and Dufour effects in
chemically reactive magnetized flows were analyzed by Mehta and Kataria [39]. Jeffrey fluid behavior in
permeable sheet flow was discussed by Raghunath et al. [40].

Contempt widespread works on MHD nanofluid flows, here lies a distinguished gap in analyzing
Jeffrey nanofluid flow over inclined elongating surfaces under multiple slip effects, predominantly in the
occurrence of porous media, thermal radiation, chemical reactions, and heat sources. To address this, the
contemporary study explores the convective MHD flow of Jeffrey nanofluids by means of the Buongiorno
model for nanoparticle transportation, with non-similar transformations to handle the governing nonlinear
PDEs. The problem is solved via the Homotopy Analysis Method (HAM), allowing high-accuracy semi-
analytical resolutions. This investigation is inspired by the real-world standing of non-Newtonian fluids,
such as Jeffrey fluids, in manufacturing and biomedical classifications. These fluids exhibit exceptional Jeffrey
nanofluid behavior and are found in plentiful real-world constituents extending from shampoos, sauces, and
syrups to pharmacological and food processing products. Applications of Jeffrey nanofluid flows embrace
continuous casting, fiber spinning, and glass industry, where flow behavior near inclined, heated surfaces
plays a critical role.

2 Research Question
i. How do thermal radiation and heat source influence the boundary layer flow and features of thermal

transmission of Casson nanofluids?
ii. What is the impact of Brownian motions and thermophoresis on the flow, thermal, and concentration

profiles of Casson nanofluids in the presence of multiple slip effects?
iii. In what ways can magnetohydrodynamics (MHD) enhance or reduce the efficiency of heat transfer in

Casson nanofluids?
iv. How can the HAM technique solver be utilized effectively to predict the implication of Casson fluid

factors on thermal and flow distributions?
v. What is the role of Schmidt number and Prandtl number in optimizing heat transfer and flow dynamics

in a Casson nanofluid system?

3 Physical and Mathematical Modelling
The fluid flow properties, heat and mass transport distribution, and non-Newtonian (Jeffrey) nanofluid

behavior when the surface is stretched are studied in this paper. Its performance and its usefulness in practical
engineering contexts are illuminated by the investigation. The velocity (stretching sheet) is represented
as Uw = ax along the x-axis, where a positive constant. Let Uw , Tw and Cw be velocity, temperature, and
Jeffrey nanofluid concentration, at the inclined stretching’s surface, respectively, and U∞, T∞ and C∞ be their
ambient values. Within the porous medium, the model takes into consideration the effects of changing
permeability and non-uniform inertia coefficients. Fig. 1 reveals the investigating problem’s physical model.
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Understanding fluid dynamics in complex porous materials and improving industrial processes like oil
recovery and filtration both require such a framework. Furthermore, the research examines the magnetohy-
drodynamic (MHD) transport properties of an incompressible nanofluid called Jeffrey that is moving over a
porous stretched sheet that is angled Ω from the vertical. Under convective boundary conditions, the system
additionally takes into account the impact of a first-order chemical reaction, heat generation, and absorption.
In order to make the analysis, some assumptions are established.

Figure 1: Governing physical model

Under Jeffrey nanofluid flow, the following relation governs the Cauchy stress tensor:

τ = −PI + μ
1 + β

[R1 + β1 (
∂
∂t

+ V .∇)R1]

Here the dynamic viscosity is represented as μ, the tensor of Cauchy stress is represented as τ, Jeffrey’s
material constraints are represented as β&β1. The Rivlin-Ericksen tensor is R1and defined R1 = (∇V) +
(∇V)′, where V is the velocity field vector.

i. To take into consideration the density fluctuations caused by gradients in concentration and temper-
ature in the momentum equation, the Boussinesq approximation is used. We assume that all other
thermophysical fluid parameters are constant except density, which adds a buoyancy factor to the
momentum formulation.

ii. The study incorporates a linearized form of thermal radiation.
iii. It is Buongiorno’s two-phase method that is used to model the impacts of nanoparticle thermophoresis

and Brownian motion.

Based on these assumptions, the following equations describe the flow: mass, momentum, energy, and
species concentration in the coordinate system [41].

∂u
∂x

+ ∂v
∂y

= 0, (1)

u ∂u
∂x

+ v ∂u
∂y

= ν
1 + β

{∂2u
∂y2 + β1 {u ∂3u

∂x∂y2 + v ∂3u
∂y3 −

∂u
∂x

∂2u
∂y2 +

∂u
∂y

∂2u
∂x∂y

}}
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+ g [βT (T − T∞) + βC (C − C∞)] cos Ω − ν
K∗

u − σB2
0

ρ
u, (2)

u ∂T
∂x

+ v ∂T
∂y

= k
(ρc) f

∂2T
∂y2 + τ

⎡⎢⎢⎢⎢⎣
DB

∂C
∂y

∂T
∂y

+ DT

T∞
(∂T

∂y
)

2⎤⎥⎥⎥⎥⎦
+ Q0

(ρc) f
(T − T∞) −

1
(ρc) f

∂qr

∂y
, (3)

u ∂C
∂x

+ v ∂C
∂y

= DB (
∂2C
∂y2 ) +

DT

T∞
(∂2T

∂y2 ) − Kr (C − C∞) . (4)

The (u, v) indicates the component of the velocities (x, y) and the g denotes the gravitational effect,
qr is the approximated Rosseland radiative heat flux in Eq. (3), given qr = − 4

3k∗
∂(φ)

∂ y , φ = σ∗T4 in Eq. (3)
is the energy flux of a blackbody σ∗ with Stefan-Boltzmann constant k∗ and mean absorption coefficient
T4 mentioned. Employing the Taylor series expansion of taking up to the linear term of T, that is, T4 ≅
4T3
∞T − 3T4

∞, (DB&DT) corresponds to the diffusion of Brownian and thermophoresis coefficient.
The suitable boundary constraints are:

u = Uw (x) + δ∗1 ( ∂u
∂ y ), v = 0, T = Tw (x) + δ∗2 ( ∂T

∂ y ) , C = Cw (x) + δ∗3 ( ∂C
∂ y ) at y = 0

u → U∞, T → T∞, C → C∞, as y →∞,
(5)

where υ = μ
ρ f

, τ = (ρc)p
(ρc) f

.

3.1 Similarity Transformations
Transforming the governing Eqs. (1)–(4) into ordinary differential equations allows us to solve them

while considering the boundary condition (5). This is accomplished by making use of the following
appropriate similarity transformations.

u = ax f ′ (ζ) , v = −
√

aν f (ζ) , θ (ζ) = T − T∞
TW − T∞

, ϕ (ζ) = C − C∞
CW − C∞

, ζ =
√a

v
y, (6)

where ζ is the similarity variable.
Using Eq. (6) in Eqs. (1)–(4) yields the following system of ordinary differential equations.

f ′′′ − α ( f f ′′′′ − f ′′2) + (1 + β) ( f f ′′ − f ′2) − (1 + β) (M + K) f ′ + (Grθ +Gcϕ) cosΩ = 0, (7)

(1 + 4
3

R) θ′′ + Pr f θ′ + Pr Nb ϕ′θ′ + Pr Nt θ′2 + Pr Q θ = 0, (8)

ϕ′′ + Sc ( f ϕ′ − γ ϕ) + Nt
Nb

θ′′ = 0. (9)

Here are the boundary conditions that go along with it:

f (0) = 0, f ′ (0) = 1 + δ1 f ′′ (0) , θ (0) = (1 + δ2θ′ (0)) , ϕ (0) = (1 + δ3ϕ′ (0)) ,
f ′ (∞) → 0, θ (∞) → 0, ϕ (∞) → 0. (10)

In this case, we take into account the following non-dimensional variables.

α = aβ1 , M = σ f B2
0

ρ f a , Grx = gβT(Tw−T∞)x3

υ2 , Gr = Grx
Re2

x
, Gcx = gβC(Cw−C∞)x3

υ2 , Gc = Gcx
Re2

x
, Rex = Uw x

υ =
ax2

υ , Pr = υ
α , Nb = τDB(Cw−C∞)

ν , Nt = τDT(Tw−T∞)
υT∞ , R = 4σ∗T3

∞

k∗k , Q = Q0
a(ρc) f

, Sc = υ
DB

, γ = Kr
a , δ1 =

δ∗1
√ a

υ , δ2 = δ∗2
√ a

υ , δ3 = δ∗3
√ a

υ , K = ν
aK∗ .
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3.2 Physical Quantities of Interest
Many physical quantities matter in industrial and technical system design, comprehension, and

optimization. They also improve machinery efficiency and safety.
The x-direction skin friction coefficient C f x the local Sherwood number Shx , and the local Nusselt

number Nux .

1
2

Re1/2
x C f = (

2
1 + β

( f ′′ (0) + α f ′ (0))) , Re−1/2
x Nux = −(1 + 4

3
R) θ ′ (0) , Re−1/2

x Shx = −ϕ ′ (0) .

3.3 HAM
It is demonstrated that the HAM, also known as the Homotopy Analysis Method, is an effective semi-

analytical method by the fact that it is utilized in a variety of research projects to handle boundary layer flow
issues. As an illustration, it has been successfully utilized to acquire semi-analytical solutions for the thermal
convection boundary layer flow of incompressible Casson fluids. These solutions incorporate features such
as suction/injection and heat sink effects, both of which are essential in polymer coating applications. In
addition, the ability of HAM to handle non-linear boundary value problems has been demonstrated by the
fact that it has been utilized to produce mathematical expressions for velocity, heat and mass transfer in
boundary layer flows that involve thermal radiation in the presence of multiple slip effects. The approach has
also been utilized in the field of MHD, which has shed light on the impact that parameters like magnetic and
Prandtl numbers have on flow characteristics. Additionally, the BVPh2.0 program has the capability to ease
the implementation of HAM, which enables the efficient computing of solutions in complicated boundary
layer situations that involve nanofluids and Jeffrey fluids.

The HAM is utilized to derive analytical solutions for Eqs. (7)–(9), taking into account the boundary
conditions specified in Eq. (10). Initial approximations and linear operators are selected for the functions
f , θ&ϕ to facilitate the construction of homotopic solutions. The flowchart illustrated in Fig. 2 provides a
systematic outline of the selection process and the overall solution methodology.

f0 (ζ) =
(1 − e−ζ)

1 + δ1
,

θ0 (ζ) = e−ζ

1 + δ2
,

ϕ0 (ζ) = e−ζ

1 + δ3
, (11)

L f ( f ) = f ′′′ − f ′,
Lθ (θ) = θ′′ − θ ,
Lϕ (ϕ) = ϕ′′ − ϕ,

with

L f (D1 + D2eζ + D3e−ζ) = 0,

Lθ (D4eζ + D5e−ζ) = 0,

Lϕ (D6eζ + D7e−ζ) = 0,

where Di (i = 1 to 7) are the arbitrary constants.
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Figure 2: Diagrammatic representation of HAM process

We construct the zero-th-order deformation equations:

(1 − p) L f ( f (ζ ; p) − f0 (ζ)) = p h̵ f N f [ f (ζ ; p) , θ (ζ ; p) , ϕ (ζ ; p)] , (12)
(1 − p) L2 (θ (ζ ; p) − θ0 (ζ)) = p h̵θ Nθ [ f (ζ ; p) , θ (ζ ; p) , ϕ (ζ ; p)] , (13)
(1 − p) Lϕ (ϕ (ζ ; p) − ϕ0 (ζ)) = p h̵ϕ Nϕ [ f (ζ ; p) , θ (ζ ; p) , ϕ (ζ ; p)] , (14)

subject to the boundary conditions.

f (0; p) = 0, f ′ (0; p) = [1 + δ10 f ′′ (0)] , f ′ (∞; p) = 0,
θ (0; p) = [1 + δ2θ′ (0)] , θ (∞; p) = 0,
ϕ (0; p) = [1 + δ3ϕ′ (0)] , ϕ (∞; p) = 0, (15)
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where

N f [ f (ζ ; p) , θ (ζ ; p) , ϕ (ζ ; p)] = ∂3 f (ζ ; p)
∂ζ3 − α

⎛
⎝

f (ζ ; p) ∂4 f (ζ ; p)
∂ζ4 − (∂2 f (ζ ; p)

∂ζ2 )
2⎞
⎠

+ (1 + β)
⎛
⎝

f (ζ ; p) ∂2 f (ζ ; p)
∂ζ2 − (∂ f (ζ ; p)

∂ζ
)

2⎞
⎠
− (1 + β) (M + K) ∂ f (ζ ; p)

∂ζ

+ (Gr θ (ζ ; p) +Gc ϕ (ζ ; p)) cos Ω, (16)

Nθ [ f (ζ ; p) , θ (ζ ; p) , ϕ (ζ ; p)] = 1
Pr
(1 + 4

3
R) ∂2θ (ζ ; p)

∂ζ2

+ f (ζ ; p) ∂θ (ζ ; p)
∂ζ

+ Nb ∂θ (ζ ; p)
∂ζ

∂ϕ (ζ ; p)
∂ζ

+ Nt (∂θ (ζ ; p)
∂ζ

)
2

+ Q θ (ζ ; p) , (17)

Nϕ [ f (ζ ; p) , θ (ζ ; p) , ϕ (ζ ; p)] = ∂2ϕ (ζ ; p)
∂ζ2 + Sc f (ζ ; p) ∂ϕ (ζ ; p)

∂ζ

+ Nt
Nb

∂2θ (ζ ; p)
∂ζ2 − Sc γϕ (ζ ; p) , (18)

where p ∈ [0, 1] is the embedding parameter, h̵ f , h̵θ and h̵ϕ are non-zero auxiliary parameters and N f , Nθ
and Nϕ are nonlinear operators.

The n-th-order deformation equations are follows:

L f ( fn (ζ) − χn fn−1 (ζ)) = h̵ f R f
n (ζ) , (19)

Lθ (θn (ζ) − χn θn−1 (ζ)) = h̵θ Rθ
n (ζ) , (20)

Lϕ (ϕn (ζ) − χn ϕn−1 (ζ)) = h̵ϕ Rϕ
n (ζ) , (21)

with the following boundary conditions:

fn (0) = 0, f ′n (0) = δ1 f ′′n (0) , f ′n (∞) → 0,
θn (0) = δ2θ′n (0) , θn (∞) → 0,
ϕn (0) = δ3ϕ′n (0) , ϕn (∞) → 0, (22)

where

R f
m (ζ) = f ′′′n−1 − α (

n−1
∑
i=0

fn−1−i f ′′′′i −
n−1
∑
i=0

f ′′n−1−i f ′′i ) + (1 + β)(
n−1
∑
i=0

fn−1−i f ′′i −
n−1
∑
i=0

f ′n−1−i f ′i )

− (1 + β) (M + K) f ′n−1 + (Gr θm−1 +Gc ϕm−1) cos Ω, (23)

Rθ
n (ζ) = 1

Pr
(1 + 4R

3
) θ′′n−1 +

n−1
∑
i=0

fn−1−i θ′i + Nb
n−1
∑
i=0

θ′n−1−i ϕ′i + Nt
n−1
∑
i=0

θ′n−1−i θ′i − Pr Q θn−1 , (24)

Rϕ
n (ζ) = ϕ′′n−1 + Sc (

n−1
∑
i=0

fn−1−i ϕ′i − γϕn−1) +
Nt
Nb

θ′′n−1 , (25)

χn = {
0, n ≤ 1,
1, n > 1.

If we let f ∗n (ζ) , θ∗n (ζ) and ϕn (ζ) as the special solutions of mth order deformation equations, then
the general solution is given by:
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fn (ζ) = f ∗n (ζ) + D1 + D2eζ + D3e−ζ ,

θn (ζ) = θ∗n (ζ) + D4eζ + D5e−ζ ,

ϕn (ζ) = ϕ∗n (ζ) + D6eζ + D7e−ζ , (26)

where the integral constants Di (i = 1 to 7) are determined using the boundary conditions.
The following linear homogeneous equations can be easily solved using MATHEMATICA in the given

order n = 1, 2, . . .
3.4 Convergence of HAM

The convergence and interpolation rates of the specific results are notably affected by auxiliary parame-
ters h̵1 , h̵2 & h̵3. In Fig. 3, the h̷-curves are critical for identifying appropriate parameter values. Following this
thorough analysis, we determine that the primary parameter framework is effectively established [−1.4, 0.0].
The selected h̵1 = h̵2 = h̵3 = −0.90 values result in series solutions that converge across the entire ζ domain.
The selection is supported by the negligible deviation (<0.01%) in solution gradients beyond the 15th order,
as illustrated in Table 1.

Figure 3: h̵-curves for f ′′ (0) , θ′ (0) and φ′ (0) at 15th order approximations

Table 1: Convergence of HAM solution for different orders of approximations when α = 0.1, β = 0.2, M = 0.5, Ω =
60o, R = δ1 = δ2 = δ3 = K = Q = 0.1, Gr = Gc = 0.5, Pr = 1.2, Sc = 1.0, Nb = 0.3, Nt = 0.2, γ = 0.2.

Order − f ′′ (0) −θ′ (0) −ϕ′′ (0)
5 −0.927348 0.339211 0.452292
10 −0.919943 0.326384 0.468641
15 −0.919526 0.326547 0.468794
20 −0.919496 0.326547 0.468787
25 −0.919494 0.326544 0.468788
30 −0.919494 0.326543 0.468788
35 −0.919494 0.326543 0.468788
40 −0.919494 0.326543 0.468788

4 Results and Discussion
The governing system of Eqs. (7)–(9) under conditions (10) has been analyzed using HAM. The graphs

are designed to analyze the affected physical characteristics of velocity, temperature, and concentration.
This section focuses on the graphical representation of the physical characteristics involved in the flow
phenomena.
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Figs. 4–6 illustrate the effect of the Deborah number parameter α on the distributions of velocities,
temperature and concentrations. A rise in α will cause a increase in the profile of the velocity that would
produce a thick momentum boundary layer. Such a behavior can be ascribed to the direct relationship
that exists between the Deborah number and the retardation of a fluid. Duration was enhanced by αvalues
representing longer relaxation or memory, which makes the fluid more elastic and then the velocity will be
greater in a certain fluidic regime.

Figure 4: Profiles of f ′ (ζ) for α

Figure 5: Profiles of θ (ζ) for α

Figure 6: Profiles of ϕ (ζ) for α

Figs. 5 and 6 indicate that the profiles of temperature and concentration decline when α rises. This
is explained by the increased resistance of viscoelastic forces, suffocating heat transfer and checking
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nanoparticle movement. Enhanced elastic motions have an inhibiting influence on thermal and solutal
diffusion that causes a decrease in the gradients of the temperature and concentration at the boundary layers.

As shown in Fig. 7, the parameter β alters the profile f ′ (ζ) of velocity. This is seen in the fact that
the velocity decreases with an increase in the value of β. The phenomenon could be explained by increased
viscoelastic expression of the Jeffrey fluid model; the higher is the value of β, the stronger the effects,
which means that there is more friction inside the fluid and, as a result, the lower the speed. On the
contrary, the changes in the temperature and concentration profiles in consideration of β are shown in Figs. 8
and 9, respectively. When the increase in β is generated, the temperature distribution and concentration
distribution increase. The high temperature indicates a growth in the heat energy of the system that also
stimulates the thermal motion of nanoparticles thermally. As a result, the concentration of nanoparticles
rises because of the increased number of collisions between the nanoparticles and the molecules of fluid.
The knowledge of the effect of β the ratio of relaxation time to retardation time on the flux, temperature
and concentration profiles is very important in the effective design and optimization of thermal systems
like heat exchangers and temperature-control equipment. The knowledge that can be gained can be used to
enhance the performance and reliability of such systems in different industrial applications such as aerospace,
automotive, and power generation.

Figure 7: Profiles of f ′ (ζ) for β

Figure 8: Profiles of θ (ζ) for β

As shown in Fig. 10, fluid velocity f ′ (ζ) drops with M increase (0.1 to 0.5) as Lorentz forces provide
a resistive effect due to the applied magnetic field. The opposing forces that reduce the velocity are those
that retard the flow. Since the velocity of the fluid increases and Lorentz forces become smaller with the
application of sheet stretching, the limiting effect of the magnetic field becomes weaker. Temperature and
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concentration increase with the increase in M, as depicted in Figs. 11 and 12, because electromagnetic forces
increase thermal energy transport. The pressures also change the movement of the nanoparticle, making
it more concentrated and distribute heat on the sheet. The insights are able to enhance the design and
optimization of the magnetically controlled heat transfer systems. Simplifications in the structures of fluid
dynamics and mathematical models in the research need to be tested, since this is considered a drawback in
the study; hence, this should be taken care of.

Figure 9: Profiles of ϕ (ζ) for β

Figure 10: Profiles of f ′ (ζ) for M

Figure 11: Profiles of θ (ζ) for M
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Figure 12: Profiles of ϕ (ζ) for M

Moreover, as illustrated in Fig. 13, the porosity parameter K increases, resulting in an escalation of
the drag force imposed by the porous structure, which counteracts the fluid’s motion and reduces its
momentum, thus causing an additional decrease in the velocity distribution. Increased porosity diminishes
flow velocity, although it might be beneficial in scenarios where prolonged fluid residence time is necessary
for maximum performance. Illustrates the effect of the flow slip parameter δ1 on flow distribution. Upon
meticulous analysis, it is evident that the increase in the flow slip parameter δ1, representing the velocity
profile, diminishes. Augmenting the slip parameter evidently leads to a reduction in velocity, as illustrated
in Fig. 14.

Figure 13: Profiles of f ′ (ζ) for K

Figure 14: Profiles of f ′ (ζ) for δ1
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It is found in Fig. 15 that the effect of the local Grashof number Gr. on the velocity profiles show that
the velocity increases as it rises. The larger the Grashof number, the more vigorous the free convection flow,
and the higher the fluid velocities. Moreover, the velocity profiles rise with an increase in the values of the
modified Grashof number Gc as depicted in Fig. 16.

Figure 15: Profiles of f ′ (ζ) for Gr

Figure 16: Profiles of f ′ (ζ) for Gc

Fig. 17 shows that the velocity reduces with an increase in the inclination angle Ω. These changes in the
flow patterns can be attributed to the existence of Lorentz forces in the vicinity of the solid surface, hence
leading to the decreased fluid velocity. The temperature profile is affected by the radiation parameter Ron, as
shown in Fig. 18. The larger the value R, the greater is the increase in the thermal field and thickness of layers.

Figure 17: Profiles of f ′ (ζ) for Ω Figure 18: Profiles of θ (ζ) for R
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Fig. 19 demonstrates the manner in which Prandtl number Pr influences the distribution of temperature.
As Pr increases, the thermal boundary layer decreases and reduces the temperature of the fluid. Since Pr
and thermal diffusivity are inversely related, the larger is Prandtl number, the less is heat transfer. It can
be seen, as demonstrated in Fig. 20, that the temperature profile is highly influenced by the parameter of
heat generation/absorption (Q). Increased production of thermal boundary layer and elevated temperature
of a fluid happen with internal heat production in both Q > 0. Conversely, there is a Q < 0, which
implies the removal of heat, causing depreciation of fluid thermal energy. The thermal slip parameter (δ2)
has an influence on the temperature field as illustrated in Fig. 21. When thermal slip also increases and
the barrier becomes increasingly resistant to heat, surface temperature decreases. The decreased thermal
insulation enhances energy dissipation, which implies that the thermal boundary layer is smaller and that
heat transmission is increased.

Figure 19: Profiles of θ (ζ) for Pr Figure 20: Profiles of θ (ζ) for Q

Figure 21: Profiles of θ (ζ) for δ2

According to Fig. 22, the temperature profile is influenced by the Brownian motion parameter (Nb).
The findings indicate that as Nb increases, the thermal boundary layer increases in size since the margins
between the boundaries of the thermal boundary layer interspace. This is depicted in Fig. 23, which shows
the relationship between the concentration profile and Nb. It has also been observed that the concentration
boundary layer is thinner as Nb increases. By analyzing the plots, it can be seen that the thickness of the
thermal boundary layer is practically independent of the factor defining the Brownian motion. It can be
seen by studying Fig. 24, that the most highly underscored parameters remain limited, resulting in a rise in
temperature of the fluid because of the thermophoresis (Nt). The use of large values led to the fact that the
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fluid temperature increased significantly. The positive force is known as the thermophoretic force, which is
the physical force that carries the molecules of fluid in a hot place to a colder place. This force, on the other
hand, causes thickening and densification of the thermal boundary layer, increasing the thermal energy of
nanoparticle movement. Fig. 25 depicts the impact of the thermophoresis parameter on the concentration of
nanoparticles. The concentration and the boundary layer thickness rise with the altitude. This is attributable
to the increase in concentration by taking into consideration the high thermal conductivity, brought by an
improved Nt.

Figure 22: Profiles of θ (ζ) for Nb Figure 23: Profiles of ϕ (ζ) for Nb

Figure 24: Profiles of θ (ζ) for Nt Figure 25: Profiles of ϕ (ζ) for Nt

Fig. 26 displays the way the concentration profile changes with the concentration slip parameter
δ3. Surface concentration decreases slowly as this parameter grows. Slip values lower particle movement
resistance near the boundary, accelerating particle dispersion away from the surface. Thus, the concentration
boundary layer thins and the solute concentration near the wall decreases.

Schmidt number (Sc) affects nanoparticle concentration (Fig. 27). The concentration boundary layer
decreases in concentration and thickness as Sc increases. Schmidt number is the ratio of momentum
diffusivity to mass diffusivity, explaining this behavior. Higher Sc decreases mass diffusivity, limiting mass
transfer and fluid concentration. Fig. 28 shows how the chemical reaction parameter affects dimension-
less concentration. In mass transfer fluid flow systems, chemical reactions diminish responding species
concentrations by consuming them during diffusion or convection.



Front Heat Mass Transf. 2025;23(5) 1655

Figure 26: Profiles of ϕ (ζ) for δ3

Figure 27: Profiles of ϕ (ζ) for Sc Figure 28: Profiles of ϕ (ζ) for γ

Fig. 29 shows how the skin friction coefficient is influenced by α and M. An increase in M causes a rise
in the skin friction amplitude, whereas an increase in α gives the opposite effect. The more the magnetic field
is intense, the hotter the fluid is, which raises the velocity at the surface and frictional forces. The higher the
temperature of the fluid, the weaker the heat transmission. The heat and mas transfer rates in Figs. 30 and 31
are conditioned upon the parameters of Brownian motion (Nb), permeability (K) thermophoresis (Nt) and
chemical reaction (γ). The intensification of Nb, K, and Nt promotes heat and mass propagation. An increase
in γ causes the increase in the mass transfer rate. The enhanced Brownian motion will facilitate dispersion
of the nanoparticles into bulk fluids due to the enhancement of particle randomness. It helps to encourage
the transfer of mass to the fluid by reducing the concentration of nanoparticles in the boundary layer.

Figure 29: Profiles of C f x for α and M Figure 30: Profiles of Nux for Nb and K



1656 Front Heat Mass Transf. 2025;23(5)

Figure 31: Profiles of Shx for Nt and γ

5 Code Validation
This section presents a comparison between the numerical results for Nusselt number and the findings

obtained using the Homotopy Analysis Method (HAM) under limiting conditions, to validate the corre-
sponding results represented by Babu et al. [41]. The close agreement observed between the two sets of results
in Table 2 confirms the accuracy and reliability of the current study.

Table 2: Comparison of the obtained gradients −θ′ (0)of the current analysis and the results of Babu et al. [41] when
β = α = 0.5, M = 0.6, Sc = 1.0, Pr = 10.0, Q = 0.1, R = 0.2, Nt = 0.3 and in the absence of the remaining parameters

Nb Babu et al. [41] HAM
0.3 0.3043357 0.304331
0.5 0.1379785 0.137967
0.7 0.0767577 0.0767549

6 Conclusions
This paper is a numerical study of a Jeffrey nanofluid flow over a stretching sheet inclined in porous

media. Besides, the thermal radiation and the heat generation, as well as the chemical reaction and various
types of slip conditions, are also considered. The key findings from this analysis are summarized as follows.

• An increase in the magnetic parameter leads to a reduction in the velocity profiles of all nanofluids,
attributed to the opposing Lorentz forces, which results in flattened velocity distributions. At the same
time, it improves the temperature and concentration profiles by enhancing thermal mixing, especially
in the context of the Jeffrey nanofluid.

• The result reveals that the greater values of the velocity slip factor degenerate the flow distribution.
Similarly same behavior can be seen through the permeability parameter.

• The higher magnetic, thermophoresis, Brownian motion, and thermal radiation factors improved
thermal boundary thickness.

• It is witnessed that the concentration plot retards as a Brownian motion factor, a chemical reaction and
concentration slip factors.

• The surface drag force increases with large estimates of a magnetic parameter. The heat transfer
rate comes down when Nb and K. go up. The magnitude of the Sherwood number escalates for
increasing estimates of the chemical reaction factor, however, an opposite behavior can be observed
through thermophoresis.
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• The study’s application of the HAM to predict the velocity and temperature profiles of nanofluids
demonstrates its excellent accuracy. This accuracy is attributed to HAM’s capability to effectively
handle non-linear differential equations, enabling the simulation of complex fluid behavior under
various conditions.

• Various industrial applications can be addressed by expanding the current study to include other
diffusive components in the working fluid and considering an unsteady condition.
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Nomenclature
Abbreviations SI Units
u, v (Momentum constituents in x , y paths) ms-1

T (Temperature) K (kelvin)
u (Dynamic viscosity) kgm−1s−1

U∞ (Free stream velocity) ms−1

qr (Radiative heat flux) wm
−2

C (Volumetric Volume expansion coefficient) k−1

Cw (Uniform temp over the surface of the sheet) kgm−3

C∞ (ambient concentration) kgm−3

Ω (Inclined sheet angle) radian (rad)
δ1 (Velocity slip parameter) m
δ2 (Thermal slip parameter) m
μ∞ (Limiting viscosity at infinite shear rate)
β1 (Relaxation time of fluid)
β (Ratio of relaxation to retardation)
μ (Dynamic viscosity of the fluid)
Nb (Brownian motion significator)
k∗ (absorption coefficient)
η (dimensionless similarity variable)
τ = (ρc)p

(ρc) f
(Fraction of Heat Capability of Nanofluid to the Base fluid)

ρ f (fluid density) kgm−3

v (kinematic viscosity) m2s−1

κ (Thermal conductivity of fluid) m2s−1

DT (Thermophoresis diffusion coefficient) m2s−1
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σ (electrical conductivity) sm−1

Tw (Uniform temp over the surface of the sheet) k
Db (Brownian diffusion coefficient) m2s−1

T (Temperature) Kelvin (K)
T∞ (ambient fluid thermal) Kelvin (K)
g (gravitational acceleration) ms−2

δ3 (Solutal slip parameter) m
Sc (Schmidt number)
R (Thermal radiation parameter)
f ′ (ζ) (Velocity field)
(ρc)p (Effective heat capacity of a nano particle)
h f (Heat transfer coefficient)
θ (ζ) (Temperature field)
φ(ζ) (Concentration field)
M (Magnetic parameter)
χn (Characteristic function)
Di (i = 1 to 7) (Arbitrary constants)
k* (Mean absorption coefficient)
σ∗ (Stefan -Boltzmann constant)
Gr (Local Grashof number due to thermal)
Q (Heat generation coefficient)
α Deborah number
Pr (Prandtl number)

Gc (Local Grashof number due to solutal)
Subscripts
ϕ∞ (Dimensionless solutal function at the surface)
w (Condition at the surface Acknowledgements)
∞ (Condition at the free stream)
Shx (Local Sherwood number)
Nux (Local Nusselt number)
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