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ABSTRACT

The present study focuses on the flow of a yield-stress (Bingham) nanofluid, consisting of suspended Fe3O4

nanoparticles, subjected to a magnetic field in a backward-facing step duct (BFS) configuration. The duct is
equipped with a cylindrical obstacle, where the lower wall is kept at a constant temperature. The yield-stress
nanofluid enters this duct at a cold temperature with fully developed velocity. The aim of the present investigation
is to explore the influence of flow velocity (Re = 10 to 200), nanoparticle concentration (ϕ = 0 to 0.1), magnetic
field intensity (Ha = 0 to 100), and its inclination angle (γ = 0 to 90) and nanofluid yield stress (Bn = 0 to 20)
on the thermal and hydrodynamic efficiency inside the backward-facing step. The numerical results have been
obtained by resolving the momentum and energy balance equations using the Galerkin finite element method. The
obtained results have indicated that an increase in Reynolds number and nanoparticle volume fraction enhances
heat transfer. In contrast, a significant reduction is observed with an increase in Hartmann and Bingham numbers,
resulting in quasi-immobilization of the fluid under the magnetic influence and radical solidification of this type of
fluid, accompanied by the suppression of the vortex zone downstream of the cylindrical obstacle. This study sheds
light on the complexity of this magnetically influenced fluid, with potential implications in various engineering and
materials science fields.
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1 Introduction

In the modern industrial context, the efficiency of cooling plays an important role in the perfor-
mance and durability of equipment. Several industrial applications involve the cooling of components
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subjected to high temperatures, whether in power generation systems, chemical processes, or electronic
cooling technologies. Conventional cooling techniques typically rely on traditional cooling fluids like
water or specific oils [1–3]. However, research and development have recently turned toward the use
of nanofluids [4], which are suspensions of nanoparticles in a base fluid, to enhance heat transfer
properties. These nanofluids hold considerable potential for optimizing cooling in various industrial
applications [5,6]. Furthermore, in an increasingly energy-efficient world, the introduction of magnetic
fields into these cooling systems presents a promising new dimension [7–9].

Rheology in the presence of nanofluids pertains to the study of how these nanoparticle sus-
pensions behave under mechanical stress and temperature changes. Understanding the rheological
properties of nanofluids is important in optimizing their thermal performance in applications like
electronic cooling and energy generation, as they can significantly influence heat transfer due to
their affected thermal conductivity [10]. Indeed, nanofluid rheology influences factors like stability,
dispersion, and response to mechanical stress, impacting fluid behavior in applications involving
pumping, flow, and thermal convection [11,12].

Backward-facing step (BFS) ducts are of great importance in heat transfer due to their ability
to enhance fluid mixing and promote turbulence. This phenomenon is important for improving
heat transfer in various fields, including industrial cooling systems, heat exchangers, and com-
bustion systems. BFSs thus contribute to increased energy efficiency, reduced cooling costs, and
optimized heating processes, making them key elements in the thermal management of many industrial
applications [13–15].

Given the significance of heat transfer in the presence of nanofluids within backward-facing
step (BFS) ducts, several studies aimed at enhancing and contributing to theoretical knowledge have
been conducted in the scientific literature. Hussanan et al. [16] performed a study on heat transfer
enhancement of viscoplastic non-Newtonian fluid over a stretching sheet using sodium alginate-based
hybrid nanofluids. Selimefendigil et al. [17] proposed a new method for controlling the Thermal
Transfer of a laminar flow through a double backward-facing step under the effect of a magnetic
field by introducing highly conductive nanoparticles into the base fluid in order to show the effect
of different parameters such as Reynolds number, distance between the steps and the magnetic field
orientation on the hydrodynamic performance of the flow. Aly et al. [18] studied the thermo-solutal
convection in a finned cavity of a nanofluid. The results show that the motion of the nanofluid particles
stops due to the increase of the Hartmann number and the strength of magnetism. Mokaddes et al. [19]
numerically studied a mixed convection of a nanofluid through a shed with rotating cylinders under
the effect of a heat source in the presence of a magnetic field to show the effect of the rotation speed
of the cylinders and the magnetic field on the flow and the Heat Transfer. Ghachem et al. [20] studied
the forced convection of a hybrid nanofluid flow on a three dimensional backward-facing step to
analyse the effects of a corrugated porous layer and the effects of magnetic field on Nusselt number
and pressure drop. Klazly et al. [21] numerically investigated the heat transfer of Newtonian and
non-Newtonian fluids including nanofluids over backward-facing step channel to show the effects
of thermo-physical properties of nanoparticles on the heat transfer enhancement.

Due to the potential for a complex rheology of nanofluids, researchers have also presented
corresponding literature. Indeed, a majority of water-based suspensions can exhibit a shear thinning
behavior (pseudoplastic). However, by implementing non-Newtonian base fluids outside of pseu-
doplasticity behavior, the resulting suspension evidently exhibits such behavior. Akrama et al. [22]
studied a peristaltic flow of a Bingham fluid on the channel with different wave forms to the show
the effect of heat and mass transfer in the presence of inclined magnetic field. Javadpour et al. [23]
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experimentally investigated the enhancement of heat transfer in the laminar forced convection of non-
Newtonian nanofluid through a tube. Alizadeh et al. [24] studied the effect of nanofluid blowing on
the forced convection heat transfer through a sudden expansion for turbulent flow of three different
fluids. Muhyaddin et al. [25] numerically investigated the effect of blade angles of a helical channel
on the thermal-hydraulic efficiency of a two-phase non-Newtonian nanofluid flow. They showed
that for higher Reynolds numbers the heat transfer increases and the Nusselt number is higher.
Kherroubi et al. [26] numerically studied a laminar mixed convection flow of Bingham fluid over
ventilated cavities using uniform magnetic field to examine the effect of different parameters such
as Reynolds number, nanoparticles volume fraction and the magnetic inclination angle on the heat
exchange and the pressure drop Lahlou et al. [27] proposed an approach based on Buongiorno’s non-
homogeneous model for modeling the hybrid nanoparticle migration on viscoplastic fluid flow in
heated cavity to study the temperature dependence. Kazemi et al. [28] investigated the enhancement
heat transfer of no-Newtonian magneto hydro dynamics (MHD) fluid flow in the presence of angular
magnetic field on the channel. Borrelli et al. [29] made an investigation on the Bingham fluid flow
through vertical channel by introducing external magnetic field. Vishalakshi et al. [30] in their work,
studied the effect of an inclined magnetic field on MHD fluid flow over a porous sheet. Dawar et al. [31]
report the effect of magnetic field and thermal radiation on MHD flow of non-Newtonian nanofluid
over a flat plate. Sohail et al. investigate the Buongiorno model with the Carreau constitutive model
in a Jeffery-Hamel flow of Newtonian fluid over two plans wall [32]. In [33], Boujelbene et al. studied
the effect of nanofluid flow configuration on heat transfer and entropy degradation over an inclined
channel, focusing on the stimulus of Lorentz force.

Based on the analysis of previous research in the literature on nanofluid flow within backward-
facing step (BFS) configurations, it becomes evident that this field has gained significant importance
in recent years. However, it is noteworthy that no previous work has explored the yield-stress behavior
of nanofluids, which can lead to solidification in the presence of a magnetic field. Hence, to bridge
the gap in the literature, the objective of this paper is to provide a theoretical investigation into the
hydrodynamic and thermal behavior, focusing on heat transfer efficiency, of a yield-stress nanofluid
comprising conductive iron oxide (Fe3O4) in a backward-facing step subjected to a magnetic field.
The influence of key parameters is highlighted on the mentioned behaviors, including nanofluid
velocity, magnetic field intensity and angle, and the yield stress of this particular nanofluid. This study
also offers a profound understanding of the thermal phenomenon, particularly in the context of the
complexity near electrical equipment.

2 Problem Descriptions

Let us consider an enlarged flow duct configuration, a backward-facing step (BFS), featuring a
narrowed and an enlarged section of diameter H and 2H, respectively. Downstream of the enlargement
zone, a cylindrical obstacle of a diameter H is introduced with a distance H from the enlarged part.
The lower wall of the enlarged section of the BFS is maintained at a constant hot temperature (Th),
highlighting the effect of heat dissipation from adjacent electronic equipment, which also generates a
uniform magnetic field (B) inclined with an angle γ with respect to the horizontal line. However, the
other walls of this duct are considered adiabatic, as shown in Fig. 1.
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Figure 1: 2D-geometric configuration of the studied backward-facing step

Inside this duct, a nanofluid containing suspended Fe3O4 nanoparticles is flowing in a two-
dimensional (2D) steady-state regime; therefore, a velocity profile u(y) = 4 u0 (y/H)(1 − y/H) of
maximum u0 is introduced in the duct inlet. The nanofluid’s initial temperature is cold (Tc), and it
exhibits a non-Newtonian Bingham yield stress rheology, meaning that it starts flowing only when the
applied stress exceeds this yield (τ 0).

On the other hand, the flow of the nanofluid is influenced by convection, driven by the effect of
the hot wall in the enlarged section. Due to the ferromagnetic nature of the Fe3O4 nanoparticles in the
nanofluid, it is also electrically conductive. Hence, the nanofluid flow can be magnetically influenced
due to the magnetic field generated by the electronic equipment, see Fig. 1.

3 Governing Equations
3.1 Dimensional Governing Equations

The Bingham nanofluid two-dimensional flow inside the BFS duct is considered laminar, steady,
incompressible and magnetohydrodynamic (MHD). This flow is governed by the balances of mass,
momentum, and energy. The flow theatrical description is made assuming that the thermophysical
proprieties of the nanofluid namely, density (ρ), thermal conductivity (k), thermal capacity (Cp)
and electrical conductivity (σ ) are constants. However, due to the yield stress rheology nature of
the nanofluid, the viscosity (μ) varies as a function of the shear rate (γ ). Moreover, in a Cartesian
referential (O, x, y), while neglecting nanoparticle interaction and buoyancy forces, if (u, v), p, τ and
T presents respectively velocity components, pressure, shear stress and temperature, the governing
equations for this magnetohydrodynamic flow are expressed in dimensional form as follows:

Mass balance
∂u
∂x

+ ∂v
∂y

= 0 (1)

Momentum balance

ρnf

(
u
∂u
∂x

+ v
∂u
∂y

)
= −∂p

∂x
+

(
∂τxx

∂x
+ ∂τxy

∂y

)
+ σnf B2

(
v cos γ sin γ − u sin2

γ
)

(2)

ρnf

(
u
∂v
∂x

+ v
∂v
∂y

)
= −∂p

∂y
+

(
∂τxy

∂x
+ ∂τyy

∂y

)
+ σB2

(
u sin γ cos γ − v cos2 γ

)
(3)

Energy balance

ρnf Cpnf

(
u
∂T
∂x

+ v
∂T
∂y

)
= knf

(
∂2T
∂x2

+ ∂2T
∂y2

)
(4)
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The indices p, f and nf denote respectively the proprieties of nanoparticles, base fluid and
nanofluid. The shear stress, denoted as τ ij, represents the shearing force acting along the i and j
directions, which can be defined as ij: = xx, xy or yy. The shear stress is hence defined as a function
of the yield stress τ y as follows:

τij = μnf

(
∂ui

∂xj

+ ∂uj

∂xi

)
if τij � τy, otherwise

∂ui

∂xj

+ ∂uj

∂xi

= 0, (5)

with ux = u, uy = v and xx = x, xy = y. If τ > τ y, the apparent viscosity of the nanofluid is provided
according to Bingham and Brinkmann [34] laws as follows:

μnf =
(

μp + τy

γ̇

)
1

(1 − ϕ)
2.5 with γ̇ = ∂ui

∂xj

+ ∂uj

∂xi

(6)

In Eq. (6), μp presents the plastic viscosity of the Bingham nanofluid.

The density (ρnf), thermal conductivity (knf), heat capacity (Cpnf), and electrical conductivity (σ nf)
of the nanofluid (nf) are functions of the nanoparticle volume fraction (ϕ), the properties of the
Bingham base fluid (f), and the properties of the nanoparticles (p). They are given by the following
expressions [35]:

ρnf = ϕρp + (1 − ϕ) ρf (7)

knf

kf

= kp + 2kf − 2ϕ
(
kf − kp

)
kp + 2kf + ϕ

(
kf − kp

) (8)

(ρCp)nf = ϕ (ρCp)p + (1 − ϕ) (ρCp)f (9)

(ρσ)nf = ϕ (ρσ)p + (1 − ϕ) (ρσ)f (10)

3.2 Dimensionless Governing Equations
The present study aims to highlighting the thermal and hydrodynamic behavior of a nanofluid

with a yield stress-based fluid by comparing it with different yield intensities, including the Newtonian
case (absence yield stress). Therefore, dimensionless analysis can serve for this purpose. Hence, all
governing equations Eqs. (1)–(4) are transformed into a set of dimensionless equations Eqs. (12)–(15)
based on the dimensionless quantities presented in Eq. (11).

X , Y = x, y
H

, U , V = u, v
u0

, P = p
ρnf u2

0

and θ = T − Tc

Th − Tc

(11)

Mass balance
∂U
∂X

+ ∂V
∂Y

= 0 (12)

Momentum balance

U
∂U
∂X

+ V
∂U
∂Y

= − ∂P
∂X

+ μnf

μf

ρf

ρnf

1
Re

{
2

∂

∂X

(
μ

∂U
∂X

)
+ ∂

∂Y

[
μ

(
∂U
∂Y

+ ∂V
∂X

)]}

+ ρf

ρnf

σnf

σf

Ha2

Re

(
U cos γ sin γ − V sin2

γ
)

(13)
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U
∂V
∂X

+ V
∂V
∂Y

= − ∂P
∂Y

+ μnf

μf

ρf

ρnf

1
Re

{
2

∂

∂Y

(
μ

∂V
∂Y

)
+ ∂

∂X

[
μ

(
∂V
∂X

+ ∂U
∂Y

)]}

+ ρf

ρnf

σnf

σf

Ha2

Re

(
U sin γ cos γ − V cos2 γ

)
(14)

Energy balance

U
∂θ

∂X
+ V

∂θ

∂Y
= αnf

αf

1
Re. Pr

(
∂2θ

∂X 2
+ ∂2θ

∂Y 2

)
(15)

The dimensionless equations Eqs. (12)–(15) show certain dimensionless numbers, namely the
Reynolds (Re), Hartmann (Ha) and Prandtl numbers (Pr). They are respectively given by:

Re = ρf u0H
μp

, Ha = BH
√

σf

μf

and Pr = μpCpf

kf

(16)

On the other hand, μ presents a dimensionless apparent viscosity of the Bingham nanofluid. It is
defined as:

μ = μ

μp

= 1 + Bn

γ̇
(17)

The Bingham number (Bn) represents the ratio between yield stress and viscous stress in a fluid.
Moreover, it serves to characterize the stress intensity within the fluid. As the Bingham number
increases, it indicates a corresponding increase in the yield stress. It is given by:

Bn = Hτy

u0μp

(18)

The propriety α represents the thermal diffusivity of the Bingham nanofluid. It is generally defined
for base fluid or nanofluid by:

αf ,nf = kf ,nf

ρf ,nf Cpf ,nf

(19)

3.3 Boundary Conditions
The dimensionless equations Eqs. (12)–(15) have been solved to determine the numerical solution

of the studied problem, see Fig. 1. To achieve this, a set of boundary conditions has been incorporated
into the governing equation system as follows:

At the nanofluid inlet:

U = 4Y (1 − Y), V = 0 and θ = 0 (20)

At the nanofluid outlet:

P = 0 and
∂θ

∂X
= 0 (21)

At the lower wall of the enlarged part of the duct:

U = 0, V = 0 and θ = 1 (22)
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At the rest of walls:

U = 0, V = 0 and
∂θ

∂N
= 0 (23)

where N is the normal coordinate of the indicated wall.

3.4 Nusselt Number
The Nusselt number (Nu) is a critical parameter in convective heat transfer studies, providing a

dimensionless measure of heat transfer rate (h). In the present investigation, this number is computed
at the hot wall to assess its cooling reliability. Its local value is given by:

Nu = hnf H
kf

(24)

where hnf is the convective coefficient, namely:

hnf = − knf

Th − Tc

∂T
∂n

(25)

Hence, by substituting Eq. (25) into Eq. (24), we obtain:

Nu = −knf

kf

H
Th − Tc

∂T
∂n

(26)

In dimensionless terms:

Nu = −knf

kf

∂θ

∂N
(27)

The average Nusselt number provides a full view of heat transfer within the duct. Its average value
at the hot wall is given by [36]:

Nuav = 1
10

∫
Hot wall

NudX (28)

4 Numerical Solutions

The system of equations Eqs. (12)–(15), accompanied by boundary conditions Eqs. (20)–(23), is
numerically solved using the Galerkin finite element method. This method involves discretizing the
domain into finite elements, where each element is characterized by a shape function. These shape
functions are chosen to best approximate the behavior of the solution within each element. The
Galerkin method then minimizes energy functional, leading to a discrete system of algebraic equations
that can be solved numerically.

The mesh used to discretize the governing equations in the BFS adopts a predominantly triangular
structure, with the exception of the walls of the BFS where a rectangular boundary layer is introduced.
Additionally, the mesh is refined significantly in the vicinity of the cylindrical obstacle.

This approach allows for a more accurate representation of flow behavior, paying particular
attention to critical zones such as the walls of the BFS and the proximity of the cylindrical obstacle. The
choice of a rectangular boundary layer at the walls can enhance the capturing of physical phenomena
near these surfaces, while mesh refinement near the obstacle ensures fine resolution of flow features
in that specific region [37,38]. Fig. 2 depicts the described mesh, where Fig. 2a presents the actual
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mesh, and Fig. 2b highlights a coarse mesh solely for the purpose of visualizing the shape of the mesh
elements.

(a) Real mesh (b) Coarse mesh

Figure 2: Computationnel Domain (BFS) mesh

4.1 Mesh Check
To confirm the independence of the present numerical results from the chosen mesh grid, a

systematic progressive test of the element number has been conducted. The testing procedure involves
gradually refining the mesh by increasing the element number from M1 to M5 (5 meshes) and
monitoring the evolution of the average Nusselt number. Once the mesh is reached beyond which
the Nusselt number remains unchanged, it is adopted as the optimal mesh in terms of accuracy and
computation time. Table 1 presents the evolution of the Nusselt number as a function of the mesh for
the test, under critical and global conditions where Re = 200, Ha = 100, Bn = 20, Pr = 6.2, and
ϕ = 0.04. The table data indicates that the M4 mesh containing 119,652 elements is the best in terms
of producing compact results in both time and numerical reliability.

Table 1: Average Nusselt number as a function of mesh

Mesh M1 M2 M3 M4 M5

Element 17,244 30,190 67,649 119,652 186,330
Time 67 s 124 s 324 s 583 s 974 s
Nuavg 6.39151 6.36770 6.34616 6.34352 6.34111

It is noteworthy that the results are deemed achieved when the absolute error between the new
dependent variables and the old ones, in terms of iterations, falls below 10−6. Additionally, it is worth
noting that the numerical computations were performed on a Windows 11 desktop computer with an
i7 CPU, 12 GB RAM, and a frequency of 4 GHz.

4.2 Validation
In order to validate the computational code, a comparison between the results obtained from

the present code and those from the literature, specifically the work by Hussain et al. [8], has been
conducted. By adopting the same simulation conditions, we have plotted certain local characteristics,
including isotherms and streamlines, for Re = 100, Ha = 25, Pr = 6.2, and ϕ = 0.05, as shown in Fig. 3.
Furthermore, we tracked the variation of a global characteristic, represented by the average Nusselt
number as a function of Ha at Re = 100, ϕ = 0.05, and Pr = 6.2, as presented in Table 2.
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Streamlines

Isotherms

Hussain and Ahmed [8] Present analysis

Figure 3: Streamlines and isotherms of the present study compared with Hussain et al. [8] at Re = 100,
Ha = 25, γ = 30° and ϕ = 0.05

Table 2: Average Nusselt number as a function of magnetic field inclination from the present study
and those from [8]

Magnetic field inclination Hussain et al. [8] Present analysis % deviation

0° 2.8888 2.8855 0.11
30° 4.6863 4.6422 0.94
60° 5.3013 5.2807 0.38
90° 5.4872 5.4718 0.28

The comparison of different numerical results, both local and global presented respectively in
Fig. 3 and Table 2, demonstrated very good agreement, thus validating the present computational
code. Moreover, the results showed in Table 2 exhibit an outstanding agreement with the literature,
with the deviation of the Nusselt number not exceeding 0.3%. This minimal variation confirms the
reliability of the present computational code in reproducing comparative results. It is worth noting
that this comparison has been extended across various simulation conditions, further consolidating
the robustness of our approach.

5 Results and Discussion

In this section, the numerical results of our research obtained through numerical simulation are
presented. The aim of this study is to highlight the influence of various parameters such as the intensity
(Ha = 0 to 100) and angle of the magnetic field (γ = 0° to 90°), flow velocity (Re = 10 to 200),
concentration of alumina nanoparticles (ϕ = 0 to 0.1), and the yield stress of the Bingham fluid (Bn =
0 to 20) on the hydrodynamic and thermal behavior of the studied flow inside the BFS. The results, with
Prandtl number (Pr) fixed at 6.2, are depicted in the form of streamlines and isotherms. Furthermore,
to analyze thermal efficiency, local and average Nusselt numbers are presented through graphs.

5.1 Inlet Velocity Effect
Computational fluid dynamics studies primarily focus on understanding the influence of inertia,

i.e., the flow velocity, on hydrodynamic and thermal parameters. To achieve this, the Reynolds number
serves as a dimensionless parameter highlighting the impact of the inlet velocity of the nanofluid into
the BFS. In other words, as the Reynolds number increases, the velocity at the inlet also increases.
In this subsection the other parameters namely, Hartmann number, Bingham number, nanoparticles
concentration has respectively been set at Ha = 0, Bn = 0 and ϕ = 0.04.

Fig. 4 illustrates the stream function distribution, streamlines, and temperature distribution
inside the BFS for different Reynolds numbers, namely 10, 50, 100, and 200. As the Reynolds
number increases, a recirculation loop zone (vortex) develops downstream of the cylindrical obstacle,
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particularly at higher Reynolds numbers (Re = 200). At this value, a weak additional vortex forms
immediately downstream of the abrupt expansion plane, effectively creating a dead zone. The develop-
ment of these vortices is attributed to singular pressure drops caused by the cylinder and the expansion,
leading to a reversal in the flow direction. In reality, the cylinder installed downstream of the expansion
zone aims to disrupt the vortex forming immediately after this expansion area, which intensifies as the
inlet velocity to duct (BFS) increases. Nevertheless, at higher Reynolds numbers, the vortex induced
by the expansion forms due to the significant pressure drop in this region. It should be noted, that
the flow intensity, represented by the maximum stream function, increases as the Reynolds number
increases, also indicating a rise in the mass flow rate through the BFS.

Figure 4: Streamlines and isotherms for various Reynolds number at Ha = 0, γ = 0, Bn = 0 and ϕ =
0.04

As for the temperature distribution, the thickness of the thermal boundary layer along the hot wall
downstream of the obstacle significantly decreases as the Reynolds number increases from 10 to 200.
Indeed, pronounced dissipation of thermal flux has been observed during low-velocity laminar flow
(Re = 10), indicating low thermal convection and suggesting that thermal transfer primarily occurs
through predominant conduction. Moreover, at moderate flow velocities, the thickness of thermal
boundary layer is decreased by the effect of flow stream due to intensified forced convection and the
due to dominance of fluidic kinetics over molecular agitation between fluid particles.

Exceptionally, in the region within the expansion plane upstream of the obstacle, increasing the
Reynolds number results in a relative increase in the thickness of the thermal boundary layer. This is
attributed to the formation of the dead zone, which becomes weaker or stagnant with the increasing
Reynolds number, leading hence to a decrease in the convection rate and, consequently, an increase in
conduction.

For a more in-depth analysis of the thermal behavior, a key element in the present investigation, it
is necessary to conduct an analysis based on identifying the heat transfer rate through the local Nusselt
number along the hot wall. Fig. 5 presents the distribution of this number for different Reynolds
numbers. Consistent with the temperature contours (Fig. 4), the local Nusselt number strengthens
the previously made observations. It is noteworthy, according to the local Nusselt number graph, that
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heat transfer is enhanced as the Reynolds number increases, especially just below the obstacle where it
reaches its maximum in this area before decreasing towards the BFS outlet, regardless of the Reynolds
number. Indeed, the cross-sectional area in this zone decreases, and as mass flow rate is conserved
(continuity equation), the velocity increases below the obstacle, thus intensifying forced convection
and leading to a pronounced increase in the heat transfer rate. On the other hand, the decrease in
the local Nusselt number upstream of the obstacle against the flow is consistent with the formation
of the additional vortex (dead zone), see Fig. 4, also resulting in a relative decrease even at very high
Reynolds numbers.
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Figure 5: Local Nusselt number along the heated wall for different Reynolds Number at Ha = 0, γ =
0, Bn = 0 and ϕ = 0.04

5.2 Magnetic Field Intensity Effect
Flows subject to magnetic fields, with uniform intensity, constitute an integral part of hydro-

dynamic performance analyses in such research areas. As nanofluids contain particles that can be
electrically conductive, they can be influenced by a magnetic flux density that can strongly affect the
trajectories of their elements, especially in the case of ferromagnetic nanofluids. As described in the
geometric presentation section, namely Section 2, the flow of the nanofluid is subjected to a uniform
magnetic field B, making the flow to be magnetohydrodynamic (MHD). Thus, the Hartmann number
serves as a dimensionless parameter describing the magnetic flux density at various inclination angles.
In this subsection, it should be noted that the values of the Reynolds number, Bingham number, and
volume fraction of nanoparticles have been fixed at Re = 100, Bn = 0, and ϕ = 0.04, respectively.
However, for different values of the Hartmann number the magnetic field is considered horizontal
where the inclination angle has been set at γ = 0°.

Fig. 6 illustrates the stream function distribution as well as streamlines, and temperature distri-
bution inside the BFS for different Hartmann numbers. The most noticeable and critical observation,
especially for a horizontal magnetic field, pertains to the hydrodynamic behavior of the nanofluid.
Indeed, the introduction of a magnetic field, and its intensification through an increase in the
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Hartmann number, results in a radical change in the flow structure within the BFS. The configuration
of streamlines confirms an increasing disturbance based on the magnetic flux density. This disturbance
generates a non-integral flow downstream of the obstacle, precisely in the middle of the BFS,
characterized by zigzagging fluidic trajectories with diminishing amplitude away from the obstacle.
This zigzag becomes more pronounced with the increase in the Hartmann number, influencing the
flow with a normal force, known as the Lorentz force. Consequently, the flow intensity decreases
significantly due to this magnetic disturbance. This phenomenon can lead to an increased vibration,
especially as the magnetic flux density becomes more significant, potentially degrading the long-term
lifetime of the solid walls.

Figure 6: Streamlines and isotherms for various Hartmann number at Re = 100, γ = 0, Bn = 0 and ϕ

= 0.04

Moreover, as the flow intensity has been substantially reduced, the local flow velocity decreases
significantly, thus reducing the intensity of convection. Hence, according to the thermal state, the
thickness of the thermal boundary layer increases significantly with the increase in the Hartmann
number along the entire hot wall of the BFS, including the region near the expansion plane. Examining
the isotherm configuration reveals that they are quasi-similar to the streamlines, where the zigzag
disturbance also appears in the temperature contours. Consequently, the thermal state is strongly
dependent on the magnetohydrodynamic state.

Fig. 7 presents the distribution of the local Nusselt number along the hot wall of the BFS for
different Hartmann numbers. As expected, the Nusselt number decreases significantly regardless of
the Hartmann number. Hence, the heat transfer rate decreases as an increasingly dense horizontal
magnetic field is introduced. Furthermore, examining the configuration of the Nusselt number graphs
reveals that all curves representing this number along the hot wall almost intersect at a single point,
located at a distance of 2H from the center of the cylindrical obstacle.

In fact, the intersection of all curves of the local Nusselt number at a single point signifies that
the convection rate is the same at this point. Thus, the thickness of the thermal boundary layer must
be the same regardless of the Hartmann number. This suggests that the fluid velocity at this point is
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constant. This observation is linked to the disturbance in fluid trajectories induced by the influence
of the Lorentz force.
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Figure 7: Local Nusselt number along the heated wall for different Hartmann Number at Re = 100,
Bn = 0 and ϕ = 0.04

5.3 Magnetic Field Angle Effect
In this section, we analyze the influence of the inclination angle of the uniform magnetic field on

the behavior of the nanofluid within the BFS. This specific part of the investigation is an important
aspect of analyzing the effects of magnetic fields, providing insights into the influence of direction on
flow within ducts more generally.

The angle of the magnetic field has been varied between 0° and 90° to cover possible cases of
magnetic field direction with an average intensity corresponding to Ha = 25. At this situation, the
Reynolds number, Bingham number, and volume fraction of nanoparticles have been fixed at Re =
100, Bn = 0, and ϕ = 0.04, respectively.

Fig. 8 presents the distribution of the stream function, the pattern of streamlines, and temperature
contours within the BFS for different angles of the magnetic field, namely 0°, 30°, 60°, and 90°. At
the 0° angle, corresponding to the application of a horizontal magnetic field, a slight disturbance of
the streamlines has been observed immediately downstream of the cylindrical obstacle. However, by
tilting the magnetic field (with the same flux density) at 30° and 60° angles, the streamlines become
arranged and horizontally parallel. Except for the BFS outlet, where these streamlines incline upstream
immediately before this outlet, in accordance with the magnetic field inclination angle. Indeed, this
effect is due to the influence of the Lorentz force affecting the flow normally to the direction of the
magnetic field. This results in the creation of a pressure drop immediately upstream of the outlet,
redirecting the flow upwards. At the 90° angle, the Lorentz force is parallel to the flow and in its
direction, positively influencing the flow and consequently its mobility and fluidity. Going from the
0° to 90° angle, the inclination angle positively affects the flow by increasing its intensity. Indeed, given
the perpendicularity of the Lorentz force to the magnetic field, a horizontal field is perpendicular to
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the streamlines (direction of flow), which results in a significant flow blockage, in contrast to the 90°
angle. It is noteworthy that immediately downstream of the expansion plan below, the inclination of
the magnetic field manages to break up the dead zones, further enhancing mobility in these critical
zones.

Figure 8: Streamlines and isotherms for various magnetic field angle inclination at Re = 100, Ha =
25, Bn = 0 and ϕ = 0.04

Regarding the temperature distribution for different inclination angles, the pattern of the
isotherms is almost similar to that of the streamlines. Indeed, the inclination of the isotherms is
observed immediately upstream of the outlet in accordance with the inclination of the streamlines
already noted in this zone. Moreover, as this angle increases, the thickness of the boundary layer along
the hot wall decreases significantly from angle 0° to 90° in most of the heated wall length, except
for the outlet. Exceptionally, for angles 30° and 60°, an enlargement of the boundary layer is observed
in the zone just upstream of the BFS outlet. Indeed, the pressure drop in reaction to the Lorentz force
in this zone leads to a decrease in kinetic energy in this area, with even the possibility of creating a
dead zone if a higher magnetic flux density had been applied. This results in the predominance of the
conduction mode of heat transfer. Thus, in a cooling scenario, this zone would be poorly cooled by
the fluid flow.

The local Nusselt number along the hot wall, associated with different inclination angles, provides
a clearer visualization of the convective thermal behavior within the BFS. Indeed, according to Fig. 9,
an increase in the inclination angle of the magnetic field essentially leads to an increase in the convective
heat transfer rate, especially in the intermediate zone between the downstream of the obstacle and
the BFS outlet, with exceptional enhancement at the 90° angle. This aligns with the reduction in the
thickness of the thermal boundary layer in this zone. Below the obstacle, higher rates of heat transfer
were noted for angles of 30° and 60° due to the moderate and optimal elimination of the dead zone at
angles near 30° and 60°.

5.4 Nanoparticle Concentration Effect
Nanofluids are liquid substances generally used to enhance the heat transfer rate due to their

high conductivity compared to the base fluid. In this section, we investigate the influence of adding
ferromagnetic Fe3O4 nanoparticles at different volume fractions to the base fluid, including the base
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fluid itself, on the thermal and hydrodynamic structures of the BFS. To achieve this, the Reynolds,
Hartmann, and Bingham numbers are kept constant at the values Re = 100, Ha = 0, Bn = 0.

Figure 9: Local Nusselt number along the heated wall for different magnetic field angles, for Ha = 25,
Re = 100, Bn = 0 and ϕ = 0.04

Fig. 10 presents the distribution of the stream function, the pattern of streamlines, and the
temperature distribution within the BFS for different volume fractions of nanoparticles. It is clearly
observable that the thermal and hydrodynamic profiles are entirely similar, where it is challenging to
discern the difference between them in terms of shapes and intensity.

Figure 10: Streamlines and isotherms for various nanoparticle concentrations at Re = 100, γ = 0,
Bn = 0

However, some difference can be noted in terms of streamlines in the immediate vicinity of
the obstacle, where the flow disturbance changes relatively under the implemented conditions. This
effect is actually due to three main causes: the low concentrations of the nanoparticles used, the



200 FHMT, 2025, vol.23, no.1

small diameters of the nanoparticles, and forced convection. Indeed, it is challenging to perceive the
influence on the hydrodynamic profile of forced convection flows due to the absence of buoyancy
forces that generate flow streams due to the difference in density induced by temperature effects. As
the addition of nanoparticles influences the temperature value, buoyancy forces increasingly drive the
flow by generating additive streams that might appear in the structure of streamlines. However, due
to the predominance of inertia forces (fluid velocity), the effect of natural convection is weak and so
that negligible. Thus, it is hard to notice changes in terms of hydrodynamic behavior [11].

Local Nusselt number along the hot wall, presented in Fig. 11, shows that the addition of
nanoparticles increases the heat transfer rate practically with the same intensity at every point along
the wall, unlike the other cases discussed earlier. This observation suggests that the influence of
nanoparticles on heat transfer is uniform along the hot wall, regardless of the position in the BFS. This
uniformity can be attributed to the predominant forced convection and the weak influence of natural
convection under the considered conditions. The nanoparticles, by increasing the thermal conductivity
of the fluid, globally enhance heat transfer along the hot wall. However, it is essential to note that this
conclusion is specific to the study conditions and the properties of the nanoparticles used.

Figure 11: Local Nusselt number along the heated wall for different nanoparticle concentrations ϕ at
Ha = 0, Re = 100, γ = 0, Bn = 0

5.5 Yield Stress Effect
In this sub-section, we analyze the impact of the yield stress of the nanofluid studied on

hydrodynamic and thermal behaviors within the BFS. As described in geometry presentation, the
non-Newtonian Bingham nanofluid involves suspending Fe3O4 nanoparticles in a base fluid with a
yield stress, following the Bingham model. This analysis focuses on the effect of the yield stress on
the mentioned behaviors, and the exploration of this effect is carried out through the definition of the
Bingham number. Indeed, increasing this number corresponds to an increase in the yield stress, which
will be helpful in our dimensionless analysis. It should be noted that, in this analysis, the Reynolds and
Hartmann numbers, as well as the nanoparticle concentration, are held constant at Re = 100, Ha =
0, and phi = 0.04, respectively.
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Fig. 12 presents velocity contours, streamline patterns, and isotherms within the BFS for different
Bingham numbers. It is clear from this figure that increasing the Bingham number generally reduces
flow intensity and eliminates the vortex formed downstream of the cylindrical obstacle. Thus, a
preliminary analysis of hydrodynamic profiles suggests that increasing the Bingham number, or the
yield stress, decreases flow. However, the thermal analysis shows a clear reduction in the thickness of
the thermal boundary layer, implying an inevitable increase in velocity. This may appear contradictory
to the overall observation. Therefore, it is imperative to consider additional results highlighting details
on velocity profiles in the immediate vicinity of the hot wall to better understand the behavior of the
boundary layer, especially when using Bingham fluids.

Figure 12: Streamlines and isotherms for various Bingham number at Re = 100, Ha = 0, γ = 0, and
ϕ = 0.04

Fig. 13 presents velocity profiles captured at different longitudinal positions downstream of the
cylindrical obstacle for different Bingham numbers. It is noticeable that the flow regime downstream
of this obstacle is not established. Furthermore, all velocity profiles show that the maximum fluid
velocity (peak of the profile) decreases as the Bingham number increases, implying a reduction in
velocity in the middle of the BFS.

4 4.5 5 5.5 6 6.5 7
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Figure 13: Velocity profile downstream of the cylinder at various longitudinal positions for different
Bingham numbers at Ha = 0, Re = 100, and ϕ = 0.04
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However, the flow within this BFS becomes blocky, meaning that the maximum velocity of the
profiles does not concentrate at a specific point but rather within a segment along the height of the
BFS (bloc of maximal velocity). Indeed, this corresponds to an increased solidification of this type
of fluid as the yield stress increases, along with a low velocity gradient in the middle of the BFS.
According to the Bingham equation (Eq. (6)), this implies that the velocity tends to increase near
the walls. Effectively, it has been observed that increasing the Bingham number leads to an increase
in velocity near the walls, where the velocity gradient reaches more pronounced values. As this non-
Newtonian fluid’s viscosity is not fixed based on velocity, or more precisely, on the velocity gradient,
in our situation, viscosity tends to increase in the middle of the BFS, while decreasing near the walls
despite the presence of friction. This interpretation explains the reduction in the thickness of the
thermal boundary layer observed in Fig. 12. Nevertheless, we consider that overall the flow is reduced
as velocity decreases in the majority of the BFS. Therefore, we suggest using Bingham nanofluid in
such thermal situations if the aim is to decrease boundary layer thickness.

Fig. 14 presents the distribution of the local Nusselt number along the hot wall for different
Bingham numbers. Along this entire wall, the Nusselt number increases as the Bingham number rises,
indicating the significance of convective heat transfer and the cooling process in the immediate vicinity
of this hot wall. This is primarily due to the exceptional increase in velocity near the BFS profiles under
the effect of visco-plasticity (fluid with yield stress). On the other hand, it is observed that if the Nusselt
number had been plotted along a line passing through the BFS axis where the velocity significantly
decreased, the Nusselt number would have decreased due to low inertia.
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Figure 14: Local Nusselt number along the heated wall for different Bingham number at Re = 100,
Ha = 0, γ = 0, and ϕ = 0.04

6 Conclusion

This paper presents a numerical investigation into the behavior of a yield stress nanofluid within
a backward-facing step (BFS), examining the influence of several parameters, including inertia,
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magnetic field and its inclination, nanoparticle concentration, and yield stress. The key conclusions
derived from the results can be summarized as follows:

• The flow intensity increases as the velocity of the nanofluid within the BFS rises. Additionally,
the thermal boundary layer becomes thinner with higher nanofluid velocity, indicating an
improvement in convective heat transfer.

• A horizontal magnetic field adversely affects the flow within the BFS, leading to a reduction in
the heat transfer rate compared to cases without a magnetic field.

• Unlike the magnetic flux density, the inclination angle of the magnetic field has a positive impact
on the nanofluid flow and heat transfer rate. Notably, inclining the magnetic field to 90° results
in a significant enhancement in heat transfer.

• Incorporating nanoparticles into the base fluid substantially improves heat transfer within the
BFS. However, no observable effect on the hydrodynamic behavior has been noted.

• The yield stress of the Bingham fluid generally diminishes flow intensity and suppresses the
vortex formation downstream of the cylindrical obstacle. Nonetheless, thermal analysis reveals
a reduction in thermal boundary layer thickness, resulting in an inevitable increase in velocity.

• All velocity profiles indicate that the peak fluid velocity decreases as the Bingham number
increases, reflecting reduced velocity in the central region of the BFS. Overall, the flow
diminishes as velocity decreases across most of the BFS.

• Utilizing Bingham nanofluids in thermal applications is recommended to reduce boundary
layer thickness and thereby enhance heat transfer rates, particularly near heated surfaces.
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