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ABSTRACT

This paper presents a numerical study on natural convection and heat transfer using a hybrid nanofluid within
a three-dimensional cavity under the influence of a magnetic field. The primary objective of this research is to
analyze how various magnetic field conditions affect the thermal performance of the hybrid nanofluid, particularly
in terms of heat transfer and fluid motion. Specific objectives include evaluating the effects of the Rayleigh number,
nanoparticle volume fraction, and Hartmann number on the dynamic and thermal fields, as well as the overall heat
transfer efficiency. The transport equations were discretized using the finite volume method, and the SIMPLEC
algorithm was employed to couple the velocity and pressure fields. The vertical walls of the cavity were subjected
to different heating conditions, while the horizontal walls were assumed to be adiabatic. The results, presented in
the form of isotherms, streamlines, and Nusselt numbers, indicate that at low Hartmann numbers, heat transfer
is enhanced due to better fluid circulation and more effective thermal dissipation, particularly with increasing
Rayleigh numbers and nanoparticle volume fractions. However, at higher Hartmann numbers, the magnetic field’s
influence becomes dominant, significantly reducing heat transfer efficiency. In conclusion, the study shows that the
hybrid nanofluid outperforms pure water and simple nanofluids in terms of thermal performance at low magnetic
field strengths. However, its effectiveness diminishes as the Hartmann number increases. These findings suggest the
need for alternative strategies to improve heat transfer in industrial applications involving strong magnetic fields,
such as in particle accelerators or nuclear magnetic resonance (NMR) devices.
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Nomenclature

B0 Magnetic field strength (T)
γ Dummy variable
Cp Specific heat (J/kg.K)
g Gravitational acceleration (m/s2)
h Local heat transfer coefficient (W/m2.K)
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H Width of the enclosure (m)
Ha Hartmann number
k Thermal conductivity (W/m.K)
Nu Nusselt number
P Pressure (Pa)
Pr Prandtl number
T Dimensional temperature (K)
u, v, w Dimensional velocity components (m/s)
U, V, W Dimensionless velocity components
x, y, z Dimensional coordinates (m)
X, Y, Z Dimensionless coordinates
α Thermal diffusivity (m2/s)
β Thermal expansion coefficient (1/K)
μ Dynamic viscosity (Pa.s)
ν Kinematic viscosity (m2/s)
θ Dimensionless temperature
ρ Density (kg/m3)
σ Electrical conductivity (�m)−1

ϕ Solid volume fraction

Subscripts

avg Average
c Cold
f Base fluid
h Hot
hp Hybrid particles
hnf Hybrid nanofluid
nf Nanofluid
p Particle

1 Introduction

The limitations of conventional fluids, such as oil, ethylene glycol, and water, have prompted
researchers to explore nanofluids, a novel type of fluid introduced by Choi [1]. Nanofluids are
suspensions of nanoparticles uniformly dispersed in a base fluid, offering significant enhancements
in convective heat transfer [2] due to their improved thermal conductivity. These fluids have found
applications in various heat removal systems, including heat exchangers, radars, electronic cooling,
and sensors.

Extensive research has been conducted on the behavior of nanofluids. For example, Khanafer
et al. [3] demonstrated that adding nanoparticles enhances heat transfer irrespective of the Grashof
number. Similarly, Abu-Nada [4] found that increasing the volume fraction of nanoparticles signifi-
cantly boosts heat transfer. Other studies have investigated nanofluids under various configurations
and boundary conditions [5–9]. While considerable work has been done on two-dimensional natural
convection, three-dimensional free convection in cavities filled with nanofluids remains less explored.
Ravnik et al. [10] used the boundary element method to study free convection in a cavity filled
with nanofluids. Selimefendigil et al. [11] analyzed the impact of cylinder angular velocity on the
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average Nusselt number in a cubic tube filled with nanofluid, finding that rotation direction affects
the Nusselt number. In another study, they examined the effects of various parameters, including
Richardson number and nanoparticle volume fraction, on heat transfer with carbon nanotube (CNT)-
water nanofluids in a cubic enclosure [12]. Recent numerical simulations have focused on optimizing
cavity design and nanoparticle dispersion to maximize heat transfer [13–15].

Atashafrooz [16] conducted a three-dimensional numerical study of nanofluid flow on an inclined
step, concluding that temperature distributions are more sensitive to nanoparticle concentration than
velocity distributions. An increase in nanoparticle percentage also led to higher friction coefficients,
mean bulk temperatures, and Nusselt numbers. Sajjadi et al. [17] performed a three-dimensional
mesoscopic simulation of natural magnetohydrodynamic (MHD) convection using the Boltzmann
lattice method, showing that an increase in the Hartmann number decreases heat transfer due to
reduced Nuavg. Zhou et al. [18] employed a similar Boltzmann method to study mixed convection of
Al2O3-water nanofluids in a cubic domain with a magnetic field, finding that heat transfer improves
at high Rayleigh numbers compared to low ones. Recent advancements in MHD simulations have
explored the use of machine learning to predict heat transfer rates under varying magnetic field
strengths [19,20].

Al-Sayegh [21] utilized the finite volume method to study free convection in an open trape-
zoidal enclosure filled with CNT-nanofluid, discovering that increased Hartmann numbers with
high Rayleigh numbers reduce heat transfer, whereas higher nanoparticle volume fractions enhance
heat transfer regardless of magnetic field inclination. Bouchta et al. [22] also used the finite volume
method to investigate the effect of the Hartmann number on flow in a cube, finding that heat transfer
deteriorates under the repulsive effect of the magnetic field. Al-Rashed et al. [23] further explored
the impact of Rayleigh number, nanoparticle volume fraction, and Hartmann number, demonstrating
improved heat transfer with higher nanoparticle percentages and Rayleigh numbers, though heat
transfer decreased significantly with higher Hartmann numbers. Recent studies have focused on the
interplay between magnetic field orientation and nanoparticle type in optimizing heat transfer [24,25].

Alongside the exploration of magnetic field effects on nanofluids, there has been growing interest
in hybrid nanofluids. These fluids, which combine different types of nanoparticles, offer additional
potential for enhancing heat transfer performance, especially in environments with complex conditions
such as magnetic fields or unconventional cavity geometries.

Recently, hybrid nanofluids, which combine different types of nanoparticles, have gained atten-
tion for their potential to further enhance heat transfer performance. Experimental studies have
investigated their rheological behavior and heat transfer characteristics [26–28]. Mehryan et al. [29]
conducted a numerical study of hybrid nanofluid (Al2O3-Cu/Water) in a porous medium, finding that
heat transfer is reduced compared to single nanofluids. Kalidasan et al. [30] simulated free convection
in a square cavity with an adiabatic center element and heating elements on the side walls, concluding
that the primary vortex strength decreases with increased hybrid nanoparticle volume fraction for all
Rayleigh numbers. Recent research has also explored the synergistic effects of hybrid nanoparticle
combinations in enhancing thermal conductivity and reducing viscosity [31–33]. Studies have further
examined the natural convection of hybrid nanofluids in inclined enclosures with heat generation [34],
the effects of nanoparticle shapes and arrangements in porous cavities [35], and the performance of
hybrid nanofluids in microchannel heat sinks [36].

Recent advancements in fractional calculus have provided new perspectives in the study of
nanofluid dynamics. Hejazi et al. [37] investigated the effects of velocity slip on mixed convection
flow of a nanofluid over an inclined surface using fractional differential equations, contributing to
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a better understanding of thermal dynamics under varying conditions. Khan et al. [38] developed a
fractional model to study the radiative thermal flow of a hybrid nanofluid with Jeffrey base material,
incorporating copper aluminum oxide and titanium dioxide nanoparticles, and analyzed the effects
of mixed convection, magnetic forces, slip conditions, and porous media on heat and mass transfer.
Maatki et al. [39] performed a numerical analysis of entropy generation in a 3D differentially heated
enclosure, providing insights into heat and mass transfer influenced by buoyancy ratios and Rayleigh
numbers. Kolsi et al. [40] examined double diffusive natural convection in a square cavity filled with
a porous medium and a power law fluid separated by a wavy interface, highlighting the role of the
wavy interface in enhancing heat transfer. Mahmood et al. [41] analyzed mixed convective stagnation
point flow of hybrid nanofluids over a sheet with variable thermal conductivity and slip conditions,
demonstrating the significant impact of thermal conductivity models on heat transfer. Zafar et al. [42]
studied the effects of thermal conductivity and nanoparticle volume fraction on mixed convective
stagnation point flow over a permeable extending surface, showing notable discrepancies in the mean
Nusselt values generated by various thermal conductivity models.

Recent work by Bayareh et al. [43] explored the magnetic field effect on heat transfer and
entropy generation by convection of a nanofluid in a porous cavity, as well as the application of
artificial intelligence to optimize these processes, taking into account the thermodynamic performance
according to the second law. Mandal et al. [44] studied natural convection heat transfer with hybrid
nanofluids in a porous thermal system under the influence of a magnetic field and multifrequency
heating. It shows that multifrequency heating and corrugated walls enhance heat transfer in a porous
system with nanofluids, while high Darcy and Hartmann numbers reduce convection. Ain et al. [45]
used numerical simulations and a neural network-assisted (ANN) model to analyze heat transfer
in a star-shaped cavity filled with hybrid nanoparticles under a magnetic field. Results show that
nanoparticles enhance thermal transfer, while the magnetic field reduces fluid velocity. Rabby et al. [46]
investigated heat transfer in saw-tooth corrugated pipes carrying a hybrid nanofluid (aluminum oxide
and aluminum nitride suspended in water). Results show that corrugations significantly enhance heat
transfer compared to straight pipes, with increased Reynolds number and nanoparticle concentration
leading to higher thermal transfer. In another study, Chabani et al. [47] numerically analyzed the
laminar flow of the Ag-Al2O3/H2O hybrid nanofluid and its effect on convective heat transfer in a
modified trapezoidal porous enclosure. Results show that increasing Rayleigh and Darcy numbers
improves heat transfer and the average Nusselt number, while reducing the Hartmann number is
advantageous.

Additionally, recent studies have explored various aspects of nanofluids and hybrid nanofluids.
Feng et al. [48] found that heat transfer in an eccentric tube increases with eccentric distance
under laminar flow. Alami et al. [49] reviewed heat transfer enhancement in heat exchangers using
nanofluids, noting discrepancies and calling for more research. Kalsi et al. [50] highlighted recent
developments in nanofluids and their applications, emphasizing the benefits of hybrid nanofluids.
Jiang et al. [51] showed that parameters like the Hartmann number significantly affect heat transfer in
iron oxide/multi-walled carbon nanotube (Fe3O4/MWCNT)-water hybrid nanofluids under magnetic
fields. Rashad et al. [52] found that increasing nanoparticle volume fraction enhances heat transfer in
TiO2–Ag/water hybrid nanofluids, while higher Hartmann numbers reduce it.

The objective of this study is to explore the effect of magnetic fields on heat transfer and the
dynamics of a hybrid nanofluid in a three-dimensional cavity, with the aim of optimizing its use in
industrial environments with magnetic fields.
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2 Mathematical Modelling

The physical model is shown in Fig. 1. It is a cube with side walls that are heated differently, while
the other walls are considered adiabatic. A horizontal magnetic field is applied in front of the left wall
of the cube. The cube is filled with water-based nanofluid and hybrid nanofluid, consisting of spherical
nanoparticles with an average diameter between 20 and 50 nm, with a monodisperse distribution (a
single particle size).

Figure 1: The geometry of the current problem

The flow is assumed to be Newtonian, incompressible, and laminar. This means that the fluid’s
viscosity is constant, the density does not change with pressure, and there are no turbulences in the
fluid, respectively. The base fluid (water) and the nanoparticles (Al2O3-Cu) are assumed to be in
thermal equilibrium, indicating that the temperature is uniform between them with no significant
internal temperature gradients. The thermal and physical properties of the nanomaterials and water (at
300 K) are listed in Table 1. The different thermal and physical properties of the two fluids (nanofluid
and hybrid nanofluid) are considered constant, except for the density, which varies based on the
Boussinesq approximation, as described by Bejan [53]. This approximation accounts for buoyancy
effects due to temperature variations, which is essential for accurately simulating natural convection
movements.

Table 1: Thermal and physical properties of nanoparticles and water with T = 300 K [53]

Thermal and physical properties Water Cu Al2O3

cp (J/kg.K) 4179 385 765
ρ

(
kg/m3

)
997.1 8933 3970

k (W/m.K) 0.613 401 40
β (1/K) × 10−5 27.61 1.67 0.85
α

(
m2/s

) × 10−7 1.47 1163.1 131.7
σ

(
(Ω.m)

−1
)

5.5 × 10−6 5.96 × 107 3.5 × 107

The conservation equations namely those of continuity (1), the amount of motion in the x, y and z
directions (2)–(4) and the energy (5) in the stationary state:

∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

= 0 (1)



1870 FHMT, 2024, vol.22, no.6

ρhnf

(
u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

)
= −∂p

∂x
+ μhnf ∇2u (2)

ρhnf

(
u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

)
= −∂p

∂y
+ μhnf ∇2v − σhnf B2

0v (3)

ρhnf

(
u
∂w
∂x

+ v
∂w
∂y

+ w
∂w
∂z

)
= − ∂p

∂Z
+ μhnf ∇2w + g (ρβ)hnf (T − Tc) − σhnf B2

0w (4)

u
∂T
∂x

+ v
∂T
∂y

+ w
∂T
∂z

= αhnf∇2T (5)

We nondimensionalize the equations by introducing dimensionless variables:

X = x
H

, Y = y
H

, Z = z
H

, U = uH
αf

, V = vH
αf

, W = wH
αf

, P = pH2

ρhnf α
2
f

, θ = T − Tc

Th − Tc

(6)

Ra = gβf (Th − Tc)H3

αf νf

, Pr = νf

αf

, Ha = B0L
√

σhnf

ρhnf .νf

(7)

Ultimately, we derive the following dimensionless equations:

∂U
∂X

+ ∂V
∂Y

+ ∂W
∂Z

= 0 (8)

U
∂U
∂X

+ V
∂U
∂Y

+ W
∂U
∂Z

= − ∂P
∂X

+ μhnf

ρnf αf

∇2U (9)

U
∂V
∂X

+ V
∂V
∂Y

+ W
∂V
∂Z

= − ∂P
∂Y

+ μhnf

ρnf αf

∇2V − Ha2PrV (10)

U
∂W
∂X

+ V
∂W
∂Y

+ W
∂W
∂Z

= − ∂P
∂Z

+ μhnf

ρnf αf

∇2W + (ρβ)hnf

ρhnf βf

Ra Prθ − Ha2PrW (11)

U
∂θ

∂X
+ V

∂θ

∂Y
+ W

∂θ

∂Z
= αhnf

αf

∇2θ (12)

Table 2 groups together the set of thermal and physical properties of the hybrid nanofluid
(water/Cu-Al2O3) and of the nanofluid (water/Al2O3).

Table 2: Thermal and physical properties of a nanofluid and hybrid nanofluid
Properties Nanofluid [54] Hybrid nanofluid [55]

Density ρnf = (
1 − ϕp

)
ρf + ϕρp ρhnf =

(
1 − ϕhp

)
ρf + ϕAl2O3

ρAl2O3
+ ϕCuρCu

Heat capacity
(
ρcp

)
nf = (

1 − ϕp
) (

ρcp
)
f + ϕ

(
ρcp

)
p

(
ρcp

)
hnf =

(
1 − ϕhp

) (
ρcp

)
f + ϕAl2O3

(
ρcp

)
Al2O3

+ ϕCu
(
ρcp

)
Cu

Thermal expansion
coefficient

(ρβ)nf = (
1 − ϕp

)
(ρβ)f + ϕ (ρβ)p (ρβ)hnf =

(
1 − ϕhp

)
(ρβ)f + ϕAl2O3

(ρβ)Al2O3
+ ϕCu (ρβ)Cu

(Continued)
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Table 2 (continued)
Properties Nanofluid [54] Hybrid nanofluid [55]

Viscosity μnf = μf(
1 − ϕp

)2.5
μhnf = μf(

1 − ϕhp

)2.5

Thermal conductivity
knf

kf
=

kp + 2kf − 2ϕp
(

kf − kp
)

kp + 2kf + ϕp
(

kf − kp
) khnf

kf
=

ϕAl2O3
kAl2O3

+ ϕCukCu

ϕhp
+ 2kf + 2

(
ϕAl2O3

kAl2O3
+ ϕCukCu

)
− 2ϕhnf kf

ϕAl2O3
kAl2O3

+ ϕCukCu

ϕhp
+ 2kf −

(
ϕAl2O3

kAl2O3
+ ϕCukCu

)
+ ϕhnf kf

Thermal diffusivity αnf = knf(
ρcp

)
nf

αnf = khnf(
ρcp

)
hnf

Electrical conductivity σnf = (
1 − ϕp

)
σf + ϕσp σhnf =

(
1 − ϕhp

)
σf + ϕAl2O3

σAl2O3
+ ϕCuσCu

The volume fraction of the nanoparticles of the hybrid nanofluid is calculated according to the
following formula:

ϕCu + ϕAl2O3
= ϕhp

with
ϕCu

ϕAl2O3

= 1.

The boundary conditions of our study for are:

U = V = W = 0 On every wall (13)

θ = 1 With X = 0 (14)

θ = 0 With X = 1 (15)

∂θ

∂n
= 0 For the others (16)

where n denotes the normal directional derivative.

The evaluation of the heat transfer is done by calculating the average Nusselt number expressed
by:

Nuavg =
∫ 1

0

∫ 1

0

−knf

kf

(
∂θ

∂X

)
X=0

dZdY (17)

3 Grid Dependency

The numerical simulation was tested to verify the sensitivity of the results to the mesh with the
parameters Pr = 6.8, Ra = 105, ϕ = 0.05, and Ha = 30. As shown in Fig. 2, a 3D mesh of 61×61×61
was used for this analysis. The results presented in Table 3 indicate that the numerical solution is only
slightly affected by the chosen mesh size, demonstrating the stability and accuracy of the simulation
under these specific conditions. The visualization of the 3D mesh helps to better understand the mesh
density and its ability to capture the details of the flow, ensuring a reliable modeling of the studied
system.
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Figure 2: 3D mesh grid used for numerical simulation with 61 × 61 × 61 elements

Table 3: Grid sensitivity study

Grid size Nuavg

413 3.00896
513 2.98149
613 2.96249
713 2.96169
813 2.96186

4 Numerical Method

We use the finite volume method to discretize the equations of the mathematical model.
The obtained equations are solved by the usual iterative method, Tri-Diagonal Matrix Algorithm
(TDMA) [56]. The iterative process takes into account the pressure correction by implementing the
SIMPLEC algorithm [57], and reaches convergence when the variation of the dependent variables
(U , V , W , P or θ ) is no longer significant. A test for stopping the iterative process at convergence is
established at each stretch according to the following criterion:
∑imax,jmax,kmax

i,j,k=1

∣∣∅n+1
i,j,k − ∅n

i,j,k

∣∣∣∣∅n
i,j,k

∣∣ ≤ 10−5 (18)

where ∅ is one of the field variables (U , V , W , T , P) and i, j and k are the grid positions. n represents
the time step number.

A numerical code is developed in FORTRAN to implement this algorithm, as shown in Fig. 3,
which follows several steps to ensure the accuracy and stability of the solution.

This process is repeated until the convergence criteria are met, ensuring the accuracy of the final
results. To verify our numerical program, the results obtained are compared to the results available
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in the literature. The first comparison involves a three-dimensional numerical simulation of free
convection of air and water (Pr = 0.71) at Rayleigh numbers ranging from 103 to 106. Table 4 shows
the comparisons between our results and those in the literature. After reviewing them, we find that our
numerical results are in complete agreement with those in the Reference [58].

Figure 3: Sequence of steps in the SIMPLEC flowchart

Table 4: Comparison our Nusselt number values with [58]

Ra Air Water

Ravnik et al. [58] Present Ravnik et al. [58] Present

103 1.071 1.0607 1.071 1.0639
104 2.0564 2.0464 2.078 2.0583
105 4.3432 4.2979 4.51 4.5237
106 8.6792 8.6461 9.032 9.3897

The second test is heat transfer in a cubic enclosure containing the nanofluid Cu − water. The
results obtained are confronted with the results of Ravnik et al. [58]. Fig. 4 illustrates the variations
of the mean Nusselt number found in this simulation, and that of Ravnik et al. [58]. As can be seen in
Fig. 2, there is a very good concordance of the two results.

The curve of nondimensional vertical velocity W and nondimensional temperature θ for natural
convection of a nanofluid (water-Cu) in a cubic cavity (Ra = 10, 104, 106) is presented in Fig. 5 and
compared with the results of Ternik [59]. It is visible that the present simulations are also in agreement,
the difference being about 1.82%.
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Figure 4: Comparison with the results of Ravnik et al. [58] for water/TiO2 nanofluid
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Figure 5: (a) Variation of dimensionless temperature θ, (b) Dimensionless vertical velocity W for Y =
Z = 0.5

According to these successful comparisons, the present numerical code is considered to be suitable
for the present investigation.

5 Results and Discussion

For this study, simulation results are obtained for the case of a pure fluid, nanofluid, and hybrid
nanofluid. In order to identify all the impacts of the magnetic field on heat transfer and thermal and
dynamic fields, we examine the effects of Ra, Ha and ϕ of nanoparticles. The results are analysed,
through the hydrodynamic and thermal fields, of variations in the average and local Nusselt number
and velocity profiles.

Fig. 6 shows the three-dimensional temperature distribution in the cube for three Hartmann
numbers: 0, 30, and 70. The fluid moves from the hot wall to the cold wall, ensuring that the heat
transfer rate is consistently maintained within the cube. As the Hartmann number increases, the flow
of the nanofluid is significantly affected. Specifically, at higher Hartmann numbers, the magnetic field
exerts a force opposing the fluid movement, which reduces the flow velocity and alters the temperature
distribution. This change in nanofluid flow becomes particularly noticeable as the Hartmann number
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increases from 0 to 70, highlighting the substantial impact of the magnetic field on heat transfer within
the system.

�� = 0 �� = 30 �� = 70

Figure 6: Isotherms in 3D with Ra = 105 for Al2O3-Cu/Water (ϕ = 0.05)

Fig. 7 shows the effect of the magnetic field on streamlines and isotherms for a Rayleigh number
Ra = 105, with three Hartmann numbers (0, 30, and 70). These isotherms and streamlines are
presented for the case of the hybrid nanofluid (Al2O3-Cu/Water) with a volume fraction ϕ = 0.05.

�� = 0 �� = 30 �� = 70

Figure 7: Isotherms and streamlines for different Hartmann numbers, Ra = 105 for hybrid Nanofluid
Al2O3-Cu/Water (ϕ = 0.05)

In the absence of a magnetic field (Ha = 0), the isotherms are horizontally stratified in the
middle of the cube and are concentrated near the side walls. This configuration indicates that heat
transfer primarily occurs in the vertical direction, with a significant temperature gradient near the
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walls. The streamlines show relatively uniform circulation throughout the volume, with recirculation
cells forming due to the temperature gradients.

As the magnetic field intensity increases (Ha = 30 and Ha = 70), significant changes are observed
in the structure of the isotherms and streamlines. The initially horizontal isotherms tend to become
more vertical. This phenomenon is attributed to the Lorentz force, which is perpendicular to both the
magnetic field and the fluid flow direction. This force acts as a resistance, decreasing the flow velocity
and altering the temperature distribution.

With higher Hartmann numbers, the Lorentz force becomes more pronounced, reducing the
fluid’s flow rate and modifying the internal circulation. Specifically, at Ha = 30 and Ha = 70, the
recirculation cell that was circular at Ha = 0 rotates clockwise. At Ha = 70, this cell becomes almost
vertical. This change is a result of the decreased flow rate due to the opposing Lorentz force, which
acts against the natural fluid movement.

The reduced fluid circulation due to the magnetic field effect also leads to a decrease in heat
transfer. The isotherms become less horizontal and more vertical, indicating less effective convection.
The magnetic field exerts a force that constrains the fluid movement, thereby altering the temperature
distribution and reducing the overall thermal transfer within the system.

Fig. 8 shows the velocity profiles V at Y = Z = 0.5, with a volume fraction ϕ of 5% and a Rayleigh
number Ra = 105, for three Hartmann numbers: 0, 30, and 70.

0.2 0.4 0.6 0.8 1.00
-0.03

-0.02

-0.01

0.00

0.01

0.02

V

X

Ha = 0
Ha = 30
 Ha = 70

Figure 8: Velocity profiles V = f (X) for different Hartmann numbers Ha; Y = Z = 0.5; ϕ = 0.05;
Ra = 105

Without a magnetic field (Ha = 0), the velocity profile displays a typical natural convection
pattern. Higher velocities are observed near the heated walls due to buoyancy forces caused by
temperature gradients. This creates well-defined convection cells where the hot fluid rises along the
walls and sinks in the center, promoting effective thermal mixing within the cavity.

At a moderate Hartmann number (Ha = 30), the introduction of a magnetic field starts to
influence the fluid flow. The Lorentz force, which acts perpendicular to both the magnetic field and the
fluid flow, begins to resist the circulation. This results in a reduction of the convective velocities near
the heated walls and a general decrease in the overall circulatory motion of the fluid. While convection
cells are still present, they are less pronounced compared to the case without a magnetic field.

At a high Hartmann number (Ha = 70), the impact of the magnetic field becomes dominant.
The velocity profile flattens out and approaches near-zero values throughout the cavity, indicating
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that fluid motion is almost entirely suppressed by the Lorentz force. The significant decrease in fluid
velocity suggests that natural convection is greatly hindered, limiting thermal mixing and leading to a
more uniform but less efficient heat transfer distribution.

Fig. 9 illustrates the effect of the Rayleigh number on the velocity profile for a fixed Hartmann
number, Ha = 30. As the Rayleigh number (Ra) increases, the velocity within the fluid also increases.
This is due to the enhanced inertial forces of the fluid, which amplify convective movements. A higher
Rayleigh number corresponds to a larger temperature gradient between the heated and cooled regions,
which generates stronger buoyancy forces. These forces drive more intense convective flows, resulting
in increased fluid motion.
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Figure 9: Velocity profiles V = f (X) for different Ra; Y = Z = 0.5; ϕ = 0.05; Ha = 30

For Ra = 106, positive velocities are observed in the regions 0 < X < 0.25 and 0.70 < X < 1.
These positive velocities are indicative of ascending currents created by the presence of recirculation
cells within the fluid. In these regions, the fluid near the heated walls warms up, decreases in density,
and rises towards the cooler areas, forming upward currents.

As the Rayleigh number increases, these natural convection currents become more pronounced,
leading to higher velocities in the regions where the warm fluid rises, and the cooler fluid descends. This
increase in convection enhances thermal mixing within the cavity, resulting in more substantial fluid
motion and higher velocity profiles in these areas. Consequently, the overall heat transfer efficiency
within the cube is improved due to the intensified circulation and mixing of the fluid.

Fig. 10 shows the temperature isosurfaces for different Hartmann numbers (Ha = 0, 30, and 70).
In the absence of a magnetic field (Ha = 0), the isotherms are horizontally stratified within the
enclosure. This horizontal stratification indicates that heat transfer is primarily governed by natural
convection, with the temperature distribution reflecting the thermal gradients created by the heated
and cooled walls.

As the Hartmann number increases, this horizontal stratification becomes more vertically aligned.
At higher Hartmann numbers (Ha = 30 and Ha = 70), the increasing strength of the magnetic field
restricts convective motion, causing the temperature distribution to resemble that of pure conduction.
The magnetic field exerts a force that opposes fluid movement, leading to a more uniform temperature
distribution across the enclosure. This uniformity is characteristic of a conduction-dominated regime,
where heat spreads more evenly in the absence of significant convective currents.

Fig. 11 illustrates the influence of the Hartmann number on the average Nusselt number Nuavg at
different Rayleigh numbers (Ra = 103, 104, 105, and 106) for the three fluids: pure water, nanofluid
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(water/Al2O3, ϕ = 5%), and hybrid nanofluid (water/Al2O3-Cu, ϕ = 5%). At Ra = 103, where
heat transfer is predominantly conduction-dominated, the magnetic field has only a minor effect on
improving heat transfer. This is because, at low Rayleigh numbers, conduction dominates and the
influence of convection, altered by the magnetic field, is minimal. A slight increase in Nuavg with
increasing Ha is observed, with the hybrid nanofluid showing a more pronounced effect, likely due
to its superior thermal properties compared to the other fluids.

Figure 10: Isosurfaces of temperature for nanofluid hybrid (ϕ = 0.05) at Ra = 105

Figure 11: Evolution of Nuavg according to Ha for different Ra, in the case of nanofluid, hybrid
nanofluid, and pure water
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For Ra = 104, during the transitional phase between conduction and convection, the magnetic
field begins to negatively impact heat transfer. This is attributed to the interaction between the
magnetic field and the fluid, where Lorentz forces oppose the fluid motion, reducing circulation and
mixing. This effect is evident in the decrease in Nuavg with increasing Ha. Note that for Ra = 103

and 104, Nuavg stabilizes beyond Ha = 40, suggesting that the impact of the magnetic field reaches a
saturation point at certain Ha values.

At higher Rayleigh numbers, where natural convection dominates, the magnetic field continues
to exert a negative influence on heat transfer. As Ha increases, Lorentz forces oppose the fluid flow
more strongly, decreasing the effectiveness of thermal transfer. This results in a reduction in Nuavg with
increasing Ha, indicating that the magnetic field impedes convective heat transfer by diminishing the
fluid’s kinetic energy.

In the absence of a magnetic field (Ha = 0), the hybrid nanofluid promotes heat transfer more
effectively than pure water and the nanofluid, thanks to the enhanced thermal conductivity of the
nanoparticles. However, in the presence of a magnetic field, starting from a certain Ha value, such as
for Ra = 106 and Ha > 40, water and nanofluids exhibit a slight advantage over hybrid nanofluids.
This can be explained by the complex interactions induced by the magnetic field on hybrid nanofluids,
which may not promote heat transfer as effectively as simpler fluids. Thus, across the range of Ra
considered in this study, Ra = 106 provides the highest values for the average Nusselt number,
emphasizing the importance of high Rayleigh numbers for optimizing heat transfer in the presence
of nanofluids.

Fig. 12 illustrates the influence of the nanoparticle percentage on heat transfer. At Ha = 0, heat
transfer increases with the percentage of nanoparticles for all Rayleigh numbers. This enhancement is
due to the improved thermal conductivity of the fluid resulting from the presence of nanoparticles.
Nanoparticles enhance the fluid’s ability to conduct heat, leading to higher Nusselt numbers and
therefore better heat transfer.

However, for Ha = 70 and 100, the negative effect of the magnetic field becomes evident,
particularly at Ra = 106. Despite the increase in the percentage of nanoparticles, the average
Nusselt number decreases. This phenomenon can be attributed to the complex interaction between
nanoparticles and the magnetic field. The Lorentz forces generated by the magnetic field oppose
the fluid motion, reducing circulation and mixing within the fluid. While nanoparticles enhance
thermal conductivity, their effect is overshadowed by the magnetic field’s impact, which inhibits natural
convection. Consequently, the magnetic field diminishes the overall heat transfer efficiency, even with
higher concentrations of nanoparticles.

To quantify the heat exchange within the cavity, Fig. 13 illustrates the variation of the local
Nusselt number along the Z-axis (at X = 0 and Y = 0.5) for different Hartmann numbers (Ha).
The results show that in the absence of a magnetic field (Ha = 0), the heat transfer is most
effective. In this scenario, natural convective movements are maximized, allowing for efficient fluid
circulation and better thermal mixing, which enhances heat transfer. However, the introduction of
a magnetic field significantly alters the flow structure. For Hartmann numbers of 30 and 70, the
Lorentz force generated by the magnetic field opposes the direction of fluid flow, drastically reducing
fluid movement and circulation. This resistance suppresses natural convection, thereby decreasing the
effectiveness of heat transfer. The reduced fluid motion results in flatter isotherms, indicating a more
uniform but less effective distribution of heat.

These observations demonstrate that the influence of the magnetic field becomes more pro-
nounced as the Hartmann number increases, ultimately reducing the overall heat transfer efficiency.
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Figure 12: Evolution of Nuavg as a function of ϕ for different Ra, in the case of hybrid nanofluid
(water/Al2O3-Cu)

Figure 13: Local Nusselt number along Z (X = 0 and Y = 0.5) for different values of Ha

6 Conclusion

The numerical method developed in this study has proven effective in accurately simulating the
effect of a magnetic field on a hybrid nanofluid. Several key parameters, such as the Rayleigh number,
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Hartmann number, and nanoparticle volume fraction, were analyzed to assess their impact on the
dynamic and thermal fields as well as heat transfer. The main findings are as follows:

Heat transfer enhancement: Heat transfer improves with an increase in the Rayleigh number due
to the intensification of convective effects, which promotes better fluid circulation and more efficient
thermal dissipation.

Performance of the hybrid nanofluid: At low Hartmann numbers, the hybrid nanofluid outper-
forms both the simple nanofluid and pure water due to its superior thermal conductivity. However, at
higher Hartmann numbers, the heat transfer efficiency of the hybrid nanofluid decreases because the
magnetic field inhibits fluid motion.

Impact of the magnetic field: The negative effect of the magnetic field on heat transfer becomes
particularly pronounced at high Rayleigh numbers (Ra = 106). The magnetic field impedes natural
convection by generating Lorentz forces that oppose fluid movement, thereby reducing thermal
transfer.

Reduction in heat transfer: Heat transfer is reduced by approximately 50% when the Hartmann
number increases from 0 to 70, due to the magnetic field’s inhibitory effect on convective movements.

Effect of nanoparticle volume fraction: Increasing the nanoparticle volume fraction does not
enhance heat transfer at high Hartmann numbers (70 and 100). At these levels, the adverse effects
of the magnetic field outweigh the benefits of increased thermal conductivity.

These findings have significant implications for the development of new thermal technologies,
highlighting the need to reconsider materials or configurations to maximize efficiency in environments
where magnetic fields are present.

For future research, it would be beneficial to experimentally validate numerical results and
investigate the effects of magnetic field orientations and intensities on heat transfer. Incorporating
chemical interactions such as pH, zeta potential, and redox potential could enhance the understanding
of nanoparticle dispersion. Models that consider variable thermophysical properties could also
improve simulation accuracy.
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