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ABSTRACT

In the current work, inclined magnetic field, thermal radiation, and the Cattaneo-Christov heat flux are taken into
account as we analyze the impact of chemical reaction on magneto-hydrodynamic Casson nanofluid flow on a
stretching sheet. Modified Buongiorno’s nanofluid model has been used to model the flow governing equations.
The stretching surface is embedded in a porous medium. By using similarity transformations, the nonlinear partial
differential equations are transformed into a set of dimensionless ordinary differential equations. The numerical
solution of transformed dimensionless equations is achieved by applying the shooting procedure together with
Rung-Kutta 4th-order method employing MATLAB. The impact of significant parameters on the velocity profile
f (ζ ), temperature distribution θ(ζ ), concentration profile ϕ(ζ ), skin friction coefficient (Cf ), Nusselt number
(Nux) and Sherwood number (Shx) are analyzed and displayed in graphical and tabular formats. With an increase
in Casson fluid 0.5 < β < 2, the motion of the Casson fluid decelerates whereas the temperature profile increases.
As the thermal relation factor expands 0.1 < γ1 < 0.4, the temperature reduces, and consequently thermal
boundary layer shrinks. Additionally, by raising the level of thermal radiation 1 < Rd < 7, the temperature
profile significantly improves, and an abrupt expansion has also been observed in the associated thermal boundary
with raise thermal radiation strength. It was observed that higher permeability 0 < K < 4 hinders the acceleration
of Casson fluid. Higher Brownian motion levels 0.2 < Nb < 0.6 correspond to lower levels of the Casson fluid
concentration profile. Moreover, it is observed that chemical reaction 0.2 < γ2 < 0.5 has an inverse relation with
the concentration level of Casson fluid. The current model’s significant uses include heat energy enhancement,
petroleum recovery, energy devices, food manufacturing processes, and cooling device adjustment, among others.
Furthermore, present outcomes have been found in great agreement with already published work.
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Nomenclature

μf Viscosity of the fluid (Kg/ms)
ρ f Density of the fluid (kg/m3)

ν f Kinematic viscosity (m2/s)
k Thermal conductivity (J/kg.K)

α Thermal diffusivity
σ Electrical conductivity
u,v x,y-component of fluid velocity (m/s)
B0 Magnetic field constant
k1 Permeability constant
qr Radiative heat flux
q Heat generation constant
σ∗ Stefan Boltzmann constant
k∗ Absorption coefficient
Cf Skin friction coefficient
β Casson fluid parameter
R Thermal radiation parameter
M Magnetic parameter
K Permeability parameter
Pr Prandtl number
Nb Brownian motion parameter
Nt Thermophoresis parameter
Sc Schmidt number
γ1 Relaxation time parameter
γ2 Chemical reaction parameter
Nu Nusselt number
Sh Sherwood number
f Dimensionless velocity
θ Dimensionless temperature

1 Introduction

Colloidal suspension of nanoparticles into base fluid has introduced a new class of fluids called
nanofluids. Nanofluid passes remarkable properties that the technology was unlikely to attain through
conventional fluids. When the nano-meter-sized nanoparticles are dispersed in the convectional
fluid, the formed mixture exhibit enhanced chemical reactivity, electrical conductivity characteristics
and in particular heat transfer and thermal conductivity. Applications of nanofluids in sectors
like aeronautics, medicine, and pharmaceutics have produced numerous innovative products. These
products include brake fluids, nuclear reactions, improvements in cooling transformer oil, power
plants, and space technologies. Choi et al. [1] is the person who introduced the term nanofluids through
his experimental work. This invention opened doors for other researchers and provided humanity with
a platform to extract more out of it. The earliest works done on nanofluids were by Wang et al. [2] and
Jahani et al. [3]. Buongiorno [4] introduced the nanofluid model. Later, Hussain et al. [5] extended the
model for exponentially expanding surfaces.
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Khan et al. [6] were able to generate the first-ever paperwork on the laminar flow of nanoflu-
ids over a stretching surface emphasizing that behavior can also be well observed in nanofluids.
Noghrebatadi et al. [7] and Hady et al. [8] performed similar experiments depicting the behavior
of nanofluids. Wang [9] discovered theoretically and experimentally the flow towards a shrinking
sheet. Out of many significant characteristics, the most advanced to grasp interest are MHD and
thermal radiation effects. Nadeem et al. [10] used the Homotopy method to investigate the two-
dimensional flow of heat transfer considering Williamson nanofluids. His work was followed by
Prasannakumara et al. [11] analysing chemical activity over a porous medium. Danish et al. [12]
provided a thorough extension to this phenomenon. More work on Williamson nanofluids was
presented by Srinivasulu et al. [13] who studied MHD and the thermal effects of Williamson flow. The
presentation of heat transfer on a hybrid nanofluid model with effects of MHD and thermal radiation
was made in its earliest form by Zainal et al. [14]. Reddy et al. [15] investigated thermal radiation
improvement on stagnation point flow. Mondal et al. [16] who performed comparative studies keeping
in view heat transfer under thermal radiation impact. Further, many researchers have investigated the
thermal radiation regimes under the effect of distinct external forces [17–20].

Multiple slips influence on MHD with chemical reaction with heat flux was studied by
Gul et al. [21]. Moreover, Pramanik [22] explored heat transfer in the Casson nanofluid flow with
thermal radiation. Mahanthesh et al.’s [23] analysis of the flow through an elongating surface was
motivated by many physical factors. The difficult problem was reduced to a simpler one by utilizing
the boundary layer approach before being resolved using the shooting method. In their analysis, they
established a comparative study. Mohyud-Din et al. [24] studied the compressed flow of gas using
Non-Newtonian fluid. A thorough explanation of the MHD Casson fluid including the properties
of Hall and Dufour was conducted by Vijayaragavan et al. [25]. Yousef et al. [26] examined the
dissipative Casson-Williamson fluid under the influence of the chemical reaction. Mukhopadhyay [27]
investigated the Casson fluid with heat transfer over a nonlinear stretching surface. Dero et al. [28]
explored the impact of viscous dissipation on the Casson fluid over the nonlinear stretching and
shrinking surface. Recent research [29–31] has described various elements of these flows utilizing the
Casson fluid.

Khan et al. [32] discussed heat transfer in nanotechnology with Casson fluid flow. Mabood
et al. [33] investigated boundary layer flow over a nonlinear stretching sheet. Zhang et al. [34]
performed a similar investigation of events but using a porous medium, whereas Krishna et al. [35]
performed Newtonian heating on MHD hybrid nanofluid, and Nadeem et al.’s [36] work targeted a
porous stretching sheet. Bhatti et al. [37] critically evaluated Reynolds number in relation to magnetic
field. Manvi et al. [38] studied MHD Casson fluid with boundary layer and Brownian motion, heat
production, and thermal profile which were later validated by Popey et al. [39] under the effects of
MHD. Chamkha et al. [40] successfully described MHD boundary layer flow with convective slip flow
under the effects of heat. Malik et al. [41] unlike others chose a non-Newtonian fluid for instant Casson
nanofluid to discuss velocity changes under MHD effects. Ganga et al. [42] and Waheed et al. [43]
also contributed significantly by considering unsteady MHD in the fluid flow problems. As discussed
by Biswal et al. [44], most chemical reaction processes are determined by the presence of species.
Chamkha et al. [45] analyzed heat produced or absorbed by a uniform vertical permeable surface
with MHD effects.
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In the present work, we discuss the steady 2D MHD flow of Casson nanofluid past a stretching
sheet with the boundary conditions by using the thermal radiation. The impact of the inclined
magnetic field, Cattaneo-Christov heat flux, and chemical reaction field have also been discussed.
For the proposed problem, we utilized the well-known shooting technique, the shooting method
is implemented in MATLAB to obtain the solution of a reduced system of nonlinear ODEs with
the boundary conditions. The current model’s significant uses include heat energy enhancement,
petroleum recovery, energy devices, food manufacturing processes, and cooling device adjustment,
among others. The numerical solution for various parameters is discussed for the dimensionless
velocity, temperature, and concentration. Investigation of achieved numerical outcomes is given
through tables and graphs.

2 Modeling of Problem
2.1 Statement of Problem

Consider steady 2D non-Newtonian MHD Casson nanofluid flow in a porous medium past a
stretching sheet with y = 0. The flow is considered along the y-axis with y > 0. Magnetic field
of strength B is applied in the horizontal axis. Energy transport analysis is also carried out in the
presence of thermal radiation and Cattaneo-Christov heat flux. Moreover, the concentration of flow
is discussed in the presence of a first-order chemical reaction. The sheet is stretched with a velocity of
Uw (x) = ax, where Tw is surface temperature and a fluid concentration of Cw.

2.2 Problem Governing Equations
In this section, a mathematical model has been developed using the constitutive relation. Casson

fluid constitutive relations have been used for formulation and Cattaneo-Christov model has been used
to formulate the energy equation. The modified Buongiorno nanofluid model has been implemented
in the present formulation. Fig. 1 illustrates the coordinate system and problem schematic. Flow
governing PDE’s are given as follows:
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Associated boundary conditions have been taken as

u = uw (x) = ax, v = 0, T = Tw, C = Cw at y = 0
u → 0, T → T∞, C → C∞ as y → ∞

}
. (5)
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Figure 1: Geometry of presents model

In the above model, qr denotes radiative heat flux and q represents heat generation, respectively.

The radiative heat flux is specified by qr = −4σ ∗

3k∗
∂T 4

∂y
, with a negligible temperature differential, then

the temperature T 4 can be linearize using the Taylor series omitting the more complex expressions,
we have T 4 = 4T 3

∞T − T 4
∞. Following similarity transformation [45] has been used to convert PDEs

Eqs. (1)–(4) into system of ODEs.
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where ζ(x, y) is similarity variable. Eqs. (2)–(4) can be construed as the succeeding ODEs by applying
the transformation.(
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The modified BC’ss are as follows:

f (0) = 0, f ′ (0) = 1, θ (0) = 1, φ (0) = 1

f ′ (∞) → 0, θ (∞) → 0, φ (∞) → 0

}
. (10)

Different dimensionless variables are formulated as
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2.3 Skin Friction, Nusselt and Sherwood Numbers
The important parameters of interest include skin friction coefficient, local Nusselt number, and

local Sherwood number, which are formulated as follows:

Cf = τw

ρU 2
w

, Nux = xqw

k(Tw − T∞)
, shx = xqw

DB(Cw − C∞)
. (11)

Here, the skin friction or shear stress is represented by τw, Here, qw stands for the surface wall heat
flux. and concentration flow flux from the surface, denoted as qm and are specified by

τw = μ

(
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)
y=0
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(
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. (12)

Dimensionless formations of friction, Nusselt & Sherwood numbers are

Re1/2
x Cf = f ′′ (0), Re−1/2

x Nux = θ ′ (0), Re−1/2
x Shx = −φ ′(0). (13)

3 Numerical Solution

To numerically solve ODEs ((7)–(9)) subject to the boundary circumstances ((10)), the shooting
technique has been used in MATLAB. The notations listed below have been taken into consideration.

f = Y1, f ′ = Y ′
1 = Y2, f ′′ = Y

′′
1 = Y

′
2 = Y3.

Transformed first ODEs is created by converting the momentum (Eqs. (7)–(9)).
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)
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The RK-4 method will be used to numerically solve the above mentioned initial value problem.
The bounded domain [0, ζ∞] has been used in place of the unbounded domain [0, ∞) for the numerical
results with the thought that it produces solutions that approach convergence asymptotically. The
omitted condition ‘s’ is selected so that the subsequent relation is met.

Y2 (ζ∞, s) = 0.

Newton’s system updates the missing condition m, and the procedure is repeated until the
following requirements are satisfied.

|Y2 (ζ∞, sn) | < ε.

where ε is a small positive integer. In this article, Every numerical value is stated in terms of 10−10.
After that, the shooting procedure is used to numerically solve Eqs. (8) and (9) while assuming that f
is a known function. The following notations are used for this.

θ = Z1, θ ′ = Z
′
1 = Z2, φ = Z3, φ ′ = Z

′
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1 + 4

3
R

)
, A2 = (

A1 − Prγ1f 2
)

.

The following set of first order coupled ODE’s may be used to represent the system of Eqs. (9)
and (10):
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The RK-4 technique will be used to numerically solve the initial value problem mentioned above.
The missing conditions p and q in the above system of equations must be selected in such a way that
the following condition is satisfied:

Z1 (ζ∞, p, q) = 0, Z3 (ζ∞, p, q) = 0.

Fig. 2 illustrates the computational approach for solving our problem. Using Newton’s technique
and the following stopping criteria, the two equations above are resolved:

max {|Z1 (ζ∞, pn, qn)|, |Z3 (ζ∞, pn, qn)|} < ε.

Figure 2: Solution flow chart
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4 Results and Discussion

In this section, physical interpretations are provided for the influence of flow parameters such as
Casson fluid parameter 0.5 < β < 2, inclined magnetization 2 < M < 8, and porosity parameter
0 < K < 4 on the velocity f ′(ζ ) and temperature θ(ζ ) profiles of the flow. Additionally, thermal
radiation 1 < Rd < 7 and thermal relaxation 0.1 < γ1 < 0.4 influence is also demonstrated on
temperature profile θ(ζ ). Further, Brownian motion 0.2 < Nb < 0.6, chemical reaction 0.2 < γ2 < 0.5
and Schmidt number 3 < Sc < 9 impact has been presented on concentration profile. Skin friction
and Nusselt number coefficients have been presented in the tabulated data set.

4.1 Code Validation and Analysis of Results
In this subsection, the validation of the presented outcomes has been presented and analyzed in

comparison with Reddy et al. [46]. Reddy et al. [46] employed Buongiorno nanofluid model with heat
generation/absorption effect in the presence of chemical reaction over the porous medium for non-
Newtonian Casson fluid. Additionally, they ignored the Cattaneo-Christov heat flux while modeling
the problem. Whereas, in this work, we have addressed the Cattaneo-Christov heat flux with in the
presence of thermal radiation, chemical reaction, and Buongiorno nanofluid model. The outcomes
in the present study have been obtained using MATLAB using the shooting method. We reproduce
Reddy et al.’s [46] skin friction coefficient to ensure the accuracy of our findings. The comparison
presented in Table 1 for this comparison we have chosen K = 0.3 and β = 0.5. Moreover, Table 1
illustrates good agreement between our results and those obtained by Reddy et al. [46].

Table 1: Validation of the coding scheme and numerical findings

M −f ′′ (0)

Present results Reddy et al. [46]

0.1 0.6833 0.6831
0.2 0.7072 0.7071
0.3 0.7304 0.7303
0.5 0.7746 0.7746

4.2 Velocity, Temperature, and Concentration Profiles
In this section, the outcomes of the present study have been presented and discussed under varying

influence of the different study parameters such as Casson fluid parameter 0.5 < β < 2, inclined
magnetization 2 < M < 8, and porosity parameter 0 < K < 4 on the velocity f ′(ζ ) and temperature
θ(ζ ) profiles of the flow. Additionally, thermal radiation 1 < Rd < 7 and thermal relaxation 0.1 <

γ1 < 0.4 influence is also demonstrated on temperature profile θ(ζ ). Further, Brownian motion 0.2 <

Nb < 0.6, chemical reaction 0.2 < γ2 < 0.5 and Schmidt number 3 < Sc < 9. The main goal of the
current research is to investigate the effects of various factors on the velocity f ′(ζ ), temperature θ(ζ )

and concentration distribution ϕ(ζ ).

Fig. 3a,b represents the impact of Casson parameter β on the velocity profile f ′(ζ ) and tem-
perature profile θ(ζ ), respectively. By enhancing the value of β, the velocity of fluid decreases and
temperature of fluid increases. When Casson fluid parameter β, values are increased, the yield stress is
decreased and Casson acts like Newtonian fluid. Furthermore, it is inferred that the velocity of Casson
fluid exceeds that of Newtonian fluid. Fig. 3c,d shows the influence of magnetic parameter M on the
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velocity distribution f ′(ζ ) and the temperature profile θ(ζ ). As the magnetic parameter increases, the
velocity profiles decrease. This is due to the Lorentz force increasing along with M, which causes it to
resist the fluid motion simultaneously. Consequently, an increase in the magnetic parameter M causes
an increase in temperature. Furthermore, the improvement is rather noticeable close to the sheet, while
the improvement is hardly noticeable farther away.

Figure 3: The influence of distinct study parameters on velocity and temperature profiles. (A) Effect of
β on velocity profile f (ζ ). (B) Influence of β on temperature profile θ (ζ ). (C) Impact of M on velocity
profile f (ζ ). (D) Influence of M on temperature profile θ(ζ )

Fig. 4a,b depicts effects of the permeability parameter K on the temperature distribution and
velocity field. These outcomes indicate that when the porosity K of material is raised, the velocity
profile drops. This outcome is attributed to the fact that when K is raised, the porous layer is amplified,
reducing the thickness of the momentum boundary layer. Similarly, a rise in K improves the boundary
layer region’s temperature of the fluid. Darcian’s body force is transferring that heat from the solid
wall to the stream zone. Fig. 4c,d indicates the impact of Nb on the dimensionless temperature and
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concentration distribution. It has been seen that when Nb rises, the temperature field expands while
the concentration profile contracts. Brownian motion refers to the movement of particles as a result,
the more heat is created and the temperature rises, the more actively the particles move.

Figure 4: The impact of distinct study parameters on velocity and temperature profiles. (A) Effect
of K on velocity profile f (ζ ). (B) Influence of K on temperature profile θ(ζ ). (C) Impact of Nb on
temperature profile θ(ζ ). (D) Effect of Nb on concentration profile φ(ζ )

Fig. 5a,b represents the impact of thermal radiation R and thermal relaxation time factor γ1 on
temperature θ(ζ ). In this graph, we observed that on rising values of R, the temperature profile θ(ζ )

also increases. The system generates more heat as a result of a high value for the radiation parameter,
which ultimately raises the fluid’s temperature and lengthens the thermal boundary layer. It is obvious
that the mean absorption coefficient decreases as it rises, which may be the cause of the rising thermal
field. Temperature increases are influenced by the magnetic field as well. This demonstrates that for
a better cooling process, heat radiation should be kept to a minimum. We find a relationship between
temperature and γ1 is inverse. Furthermore, for increasing R, the temperature rises closer to the state
of a free stream at shorter levels above the surface. Fig. 5c,d illustrates the impact of Schmidt number
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and chemical reaction parameter γ2 on concentration profile. Fluid’s concentration exhibits a behavior
that is decreasing as Sc achieves greater values. The inverse connection between the Sc and the mass
diffusion rate is the source of this behavior. As a consequence, when Sc is increased, the mass diffusivity
process decelerates, which results in a fall in concentration as well as a decline in the width of the
concentration boundary layer. The concentration gradient is also affected by a chemical reaction factor
(γ2) in a similar manner. Raising the value of γ2 causes a decrease in chemical molecule diffusion,
which in turn causes the fluid’s concentration to de-escalate and the width of the related concentration
boundary layer to decline.

Figure 5: The distinct study parameters vs. temperature and concentration profiles. (A) Effect of
R on temperature profile θ(ζ ). (B) Impact of γ1 on temperature profile θ(ζ ). (C) Effect of Sc on
concentration profile φ(ζ ). (D) Impact of γ2 on concentration profile φ(ζ )

4.3 Nusselt Number and Skin Friction
The validation of our results has been presented for the skin friction coefficient in Table 1 under

varying effects of magnetization force, a good agreement has been found with already published results
and present outcomes. In this section, numerical outcomes of the skin friction coefficient, local Nusselt



1272 FHMT, 2024, vol.22, no.4

number, and Sherwood number for the distinct values of parameters namely, magnetization force,
Casson fluid parameter, permeability parameter, thermal radiation, and chemical reaction parameter
are shown in Tables 2 and 3.

Table 2: The skin friction coefficient Re1/2
x Cf

M β K γ Re1/2
x Cf

0.2 0.5 0.3 π/2 −0.708328
0.3 −0.731248
0.4 −0.753517
0.5 −0.775183
0.2 1.0 π/2 −0.866426

1.5 −0.948907
2.0 −1.000155
0.5 1.0 −0.856584

2.0 −1.032826
3.0 π/2 −1.183221

Table 3: Results of −Re−1/2
x Nux and for−Re−1/2

x Shx Pr = 7.0, Nt = Nb = 0.1, γ1 = 0.1, γ2 = π/2

M β K R γ2 Sc −Re−1/2
x Nux −Re−1/2

x Shx

0.2 0.5 0.3 0.25 0.1 0.2 1.492466 −0.852443
0.3 1.487909 −0.849706
0.4 1.483438 −0.846982
0.5 1.479050 −0.844273
0.2 1.0 1.459881 −0.832206

1.5 1.442362 −0.820468
2.0 1.431331 −0.812810
0.5 1.0 1.462255 −0.833576

2.0 1.424576 −0.807844
3.0 1.391445 −0.783494
0.3 1.0 1.128307 −0.500887

2.0 0.886442 −0.269262
4.0 0.651553 −0.044377
0.25 0.0 1.503385 −0.904284

0.2 1.482109 −0.802869
0.3 1.472266 −0.755380
0.1 0.0 1.538993 −1.038993

0.2 1.515655 −0.946103
0.4 1.447742 −0.667713
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Table 2 shows the numerical outcomes for the skin friction coefficient under the influence of the
magnetization force, Casson fluid, and permeability parameters. It can be noted from the outcomes
of skin friction that when permeability levels are increased the skin friction is enhanced whereas
reduced skin friction rates have been obtained under the varying impact of magnetic field and
Casson fluid parameter. Table 3 demonstrates Nusselt number and Sherwood number outcomes under
the effect of different varying study parameters. It is worth mentioning here that raising the levels
of permeability and chemical reaction decreases the Nusselt number whereas raising the levels of
thermal radiation, magnetization force, and Casson fluid parameter enhances the rate of heat transfer
coefficient. Moreover, raising the Schmidt number reduce Sherwood’s number as compared to other
study parameters.

5 Conclusions

In this paper, two-dimensional Casson nanofluid flow across a stretched sheet under the impact
of the inclined magnetic field, Cattaneo-Christov heat flux, and first-order chemical reaction has
been investigated numerically using the shooting method in MATLAB. The results of the current
investigation can be categorized as follows:

• The temperature profile of the fluid and its velocity are directly and inversely proportional in
Casson fluid, respectively.

• Magnetization force is inversely proportional to the velocity of the fluid and directly propor-
tional to the fluid temperature.

• The temperature distribution gets larger with increasing values of thermal radiation.

• Enhancing the magnetic parameter M results in a rise in the skin friction coefficient.

• The behavior of the temperature profile decreases as the thermal relaxation time parameter γ1

increases.

• The Nusselt number decreases as the value of the chemical reaction parameter rises.

• An increment is noticed in the temperature distribution by raising the values of Brownian
motion Nb.

• The concentration profile can be reduced by raising the values of the chemical reaction
parameter γ2.

• Due to the increasing values of the thermal radiation R, the values of Nux are decreased while
Shx is increased.
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