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ABSTRACT

In the process of production or processing of materials by various methods, there is a need for a large volume of
water of the required quality. Today in many regions of the world, there is an acute problem of providing industry
with water of a required quality. Its solution is an urgent and difficult task. The water quality of surface water
bodies is formed by a combination of a large number of both natural and anthropogenic factors, and is often
significantly heterogeneous not only in the water area, but also in depth. As a rule, the water supply of large
industrial enterprises is located along the river network. Mergers are the most important nodes of river systems.
Understanding the mechanism of transport of pollutants at the confluence of rivers is critical for assessing water
quality. In recent years, thanks to the data of satellite images, the interest of researchers in the phenomenon of
mixing the waters of merging rivers has increased. The nature of the merger is influenced by the formation of
transverse circulation. Within the framework of this work, a study of vorticity, as well as the width of the mixing
zone, depending on the distance from the confluence, the speeds of the merging rivers and the angle of confluence
was carried out. Since the consumer properties of water are largely determined by its chemical and physical
indicators, the intensity of mixing, determined largely by the nature of the secondary circulation, is of fundamen-
tal importance for assessing the distribution of hydrochemical indicators of water quality in the mixing zone.
These characteristics are important not only for organizing water intake for drinking and technical purposes with
the best consumer properties, but also for organizing an effective monitoring system for confluence zones.
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Nomenclature
q Density of the liquid
vi Components of the average velocity
i ¼ x; y; z Cartesian coordinates
l The dynamic viscosity of the liquid
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dij The Kronecker symbol
lt The turbulent viscosity
k The turbulent kinetic energy
e The turbulent kinetic energy dissipation rate
r The nabla operator
J The vector of the diffusion flow of the impurity
Dm The molecular diffusion coefficient
Dt The effective turbulent diffusion coefficient
Sct The turbulent Schmidt number

1 Introduction

Mergers are the most important nodes of the river network. Understanding the mechanism of pollutant
transport at the confluence of rivers is critical for assessing water quality. It is proved that any differences in
the characteristics of tributary water (for example, temperature, and concentration of suspended particles) can
cause stratification of waters [1–4]. Within the framework of these studies, the mechanisms of the confluence
of the Kama and Vishera rivers, below which the water supply of large industrial enterprises of
the Solikamsk-Berezniki industrial complex is located downstream, have been studied. Assessing the
intensity of mixing of merging rivers is of both theoretical and practical interest related to the
construction of schemes for the most rational use of water resources. In the last 20–30 years, the interest
in this topic has increased significantly due to the wide availability of images of good resolution of river
confluence zones. A completely natural question arises: why for some rivers mixing occurs very
intensively, and for others very slowly, while significant differences are also observed according to the
seasons of the year. The literature offers various explanations for this phenomenon. In the works of [3,4],
a hypothesis on the connection of this phenomenon with secondary circulation is suggested and verified.
The present work examines the influence of various factors (merging angle, flow rate ratio) on secondary
circulation and mixing intensity.

In recent years, thanks to the data from satellite images, the interest of researchers in the phenomenon of
“non-mixing” of rivers has increased. The width of the river mixing zone is not always proportional to the
total width of the merging rivers. Sometimes it is several dozen times larger than the width of the tributaries
[5–7]. Theoretical analysis [8] has shown that the distance required for mixing in the downstream direction is
proportional to the square of the width of the flow after merging. This dependence explains why large rivers
take longer to mix than small ones. However, as the study [6] showed, the nature of the formation of
transverse circulation may be of fundamental importance for the phenomenon of “non-mixing”.
Transverse circulation, in turn, is determined by the nature and structure of secondary currents.
Makkaveev in 1947 [9], based on the works of Schmidt 1917, 1926 [10], suggested that the mixing of
waters in rivers occurs according to the scheme of Fick diffusion [11]. However, this scheme does not
take into account the complex structure of currents in channel flows, which leads to anisotropy of
diffusion. Taylor back in 1953 [12] found that the unevenness of the field of averaged flow velocities can
greatly affect the nature of not only longitudinal, but also transverse diffusion. Prandtl et al. [13] showed
that even in rectilinear sections, due to the uneven distribution of tangential stresses, secondary flows,
called “secondary flows of the second kind”, can occur. The unevenness of tangential stresses is due to
the non-circular shape of the bottom, the roughness of the bottom. Currents of the first kind arise when
the direction of flow in the channel changes. Although the velocities of these currents are small and do
not exceed 2%–3% of the velocity of the averaged longitudinal flow, their contribution is comparable to
the contribution of turbulent pulsations [14,15].
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Currently, there are several hypotheses explaining the occurrence of secondary vortices of the second
kind. In [16], the occurrence of secondary flows is explained by the distribution of the average pressure
in the cross section, or in other words, the balance of viscous friction forces and Reynolds stresses.
Another explanation proposed in [17], reference [18] was based on the analysis of the terms of the kinetic
energy balance equation of turbulent pulsations. If at some point in the flow the kinetic energy production
is significantly greater than the viscous dissipation, then a secondary flow occurs, transferring liquid
particles with greater kinetic energy from this region to the region where the energy production is less
than the dissipation. An alternative mechanism for the occurrence of secondary vortices, proposed in [19],
is that longitudinal vortices are formed under the action of turbulent pulsations, in which the pulsations of
the longitudinal component of vorticity are specially phase-coordinated with the pulsations of the
longitudinal component of velocity.

In the present paper, the area of confluence of the Kama and Vishera rivers is considered as an object of
transverse circulation research. These rivers are characterized by fairly similar values of flow rates and water
density. Due to the fact that the Kama River crosses a very large swamp massif before merging with the
Vishera, the color of the water in the Kama is darker than in the Vishera, which is very clearly visible on
satellite images (see Fig. 1). The confluence of the Vishera and Kama Rivers is located directly above the
largest river in the basin. Volga mining complex of the Solikamsk-Berezniki industrial hub, developing
one of the world’s largest Verkhnekamskoye deposit of potash and magnesium ores.

The confluence of rivers is a complex process that depends on such factors as the type of confluence
(symmetrical, i.e., Y-shaped; asymmetric), the angle of confluence, the width and depth of the river, the
slope of the riverbed, the flow rate, the direction of flow, the roughness of the bottom and the Froude
number-the ratio between the force of inertia and the external force in the field which is moving [20]. In
this paper, the calculation of the confluence of rivers in a model rectangular geometry is carried out. The
use of model geometry is intended to eliminate other effects that affect fusion. The confluence of rivers at
an angle of 0 degrees is also considered, in other words, the flow in the channel. It is assumed that in

Figure 1: Aerial photographs of the confluence of the Kama (left) and Vishera (right) rivers
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such a configuration, there are no flows of the first kind according to Prandtl. The vast majority of theoretical
and experimental works [21–25] devoted to the confluence of rivers consider small (the ratio of width to
depth W/H is less than 10) and medium-sized rivers (10 < W/H < 50). This selective interest of
researchers is due to natural features: most of the rivers are small or large. This paper considers the
confluence of large rivers (W/H > 50). Calculations were carried out on the basis of the RANS turbulence
model, which includes seven equations [26–29]. The results are presented for a model confluence of
rivers at an angle of 0, 30, 45, and 60 degrees. For a confluence close to real conditions (45 degrees),
2 models were calculated, differing in the rate of inflows: 0.5 and 0.6 m/s. Graphs of the mixing zone
width, the maximum vorticity value, concentration fields, and vorticity contours for various cross sections
after the confluence site are obtained.

2 Problem Statement

2.1 Geometry and Grid
To clarify the mechanism of mixing flows in the confluence of rivers, calculations were carried out for a

model configuration in the case of two rivers characterized by the same spatial dimensions as the Kama and
Vishera rivers, but with rectilinear sections of the channel and constant depth (see Fig. 2).

Calculations were carried out for a section of 11 km in length. The estimated area included sections of
rivers with a length of 500 m to the confluence, and a section with a length of 10 km downstream from the
confluence. The width of the riverbeds to the confluence was considered to be the same and equal to 250 m,
the width of the riverbed flowing from the confluence was assumed to be equal to 500 m. The depth of the
rivers was assumed to be the same, constant and equal to 8 m in the entire area under consideration.
Calculation grid (see Fig. 2) in the horizontal direction consisted of quadrangular cells with a
characteristic linear size of 10 m, evenly distributed along the entire length, vertically 0.1 m. The total
number of grid nodes was 4,800,000.

2.2 Governing Equations
The equation of mass and momentum balance for the Reynolds averaged velocity has the form:

@q
@t

þ @

@xi
ðqviÞ ¼ 0; (1)

Figure 2: (a) geometry of the problem; (b) calculation grid
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Eqs. (1) and (2) contain the following notation: q this is the density of the liquid, vi the components of
the averaged velocity (i ¼ x; y; z-Cartesian coordinates), p is the pressure, l the dynamic viscosity of the
liquid, dij—the Kronecker symbol. The turbulent viscosity lt is a function of the turbulent kinetic energy
k and e its dissipation rate lt ¼ qClk2=e: empirical constant Cl ¼ 0:09 [30].

Closure equations for Reynolds stress:

@

@t
qv0iv0j
� �þ @

@xk
ðqvkv0iv0jÞ ¼ @

@xk

lt
rk

@v0iv0j
@xk

� �
þ @

@xk
l

@

@xk
ðv0iv0jÞ

� �

� q v0iv0k
@vj
@xk

þ v0jv0k
@vi
@xk

� �
� C1q

e
k

v0iv0j � 2

3
dijk

� �
þ 2

3
dijqe;

(3)

where C1 ¼ 1:8 is the empirical constant [30].

Here the turbulent kinetic energy is defined as k ¼ 1

2
v0iv0i. To obtain boundary conditions for Reynolds

stresses, it is necessary to solve the equation of turbulent kinetic energy transfer:

@

@t
qkð Þ þ @

@xi
ðqkviÞ ¼ @

@xj
lþ lt

rk

� �
@k

@xi

� �

þ 1

2
q v0iv0k

@vi
@xk

þ v0iv0k
@vi
@xk

� �
þ Gk þ Gb � qe:

(4)

Here rk ¼ 0:82.

The dissipation rate is calculated using the model transfer equation:

@

@t
qeð Þ þ @

@xi
ðqeviÞ ¼ @

@xj
lþ lt

re

� �
@e
@xj

� �

þ Ce1
1

2
q v0iv0k

@vi
@xk

þ v0iv0k
@vi
@xk

� �
þ C1e

e
k
Gk � C2eq

e2

k

; (5)

where Ce1 ¼ 1:44, re ¼ 1:0, Ce2 ¼ 1:92.

In Eqs. (4) and (5), the following notations are introduced: Gk ¼ ltS
2 is the generation of turbulent

kinetic energy due to the average velocity gradient; S ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
2SijSij

p
is the norm of the tensor of the average

flow strain rate, Sij ¼ 1

2

@vj
@xi

þ @vi
@xj

� �
Gb ¼ � gjðlt=qÞ

Prt

@q
@xj

is the generation of turbulent energy due to

buoyancy force in the gravity field.

The impurity transport equation is written as

@

@t
q cð Þ þ r � q v cð Þ ¼ �r � J: (6)

Eq. (6) contains the following notation: с is the impurity concentration (wt%-weight percent,
concentration varies from 0 to 1), r is the nabla operator; J is the vector of the diffusion flux of the
impurity, defined by the expression:
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J ¼ � q Dm þ Dtð Þrc; (7)

where Dm is the molecular diffusion coefficient, Dt is the effective turbulent diffusion coefficient associated
with the turbulent viscosity lt ratio Dt ¼ lt=qð Þ=Sct, here Sct is the turbulent Schmidt number. Impurity is a
passive scalar introduced for the description.

Parameters used in Eqs. (1)–(7), Prt, Sct,G1e, C2e, rk , and re are empirical constants and their values were
taken from [30], some of them are given earlier in the text, Prt ¼ 0:85, Sct ¼ 0:7. The kinematic viscosity was
assumed to be l ¼ 9:34 � 10�7 m2/s, the molecular diffusion coefficient Dm ¼ 1:0 � 10�9 m2/s. The second-
order accuracy scheme was used to perform spatial discretization of equations.

The boundary conditions for Eqs. (1)–(7) are given below for different boundaries of the system. The
condition of adhesion and the condition of zero mass flow on solid boundaries (bottom and river banks)
were imposed:

vx ¼ vy ¼ vz ¼ 0: (8)

The boundary conditions for the values of Reynolds stresses on solid walls are calculated from the wall
functions. Wall functions are introduced in accordance with the work [16], they are most widely used for
modeling natural flows.

The wall function for the average velocity has the form:

U� ¼ 1

j
ln Ey�ð Þ: (9)

Here U� ¼ UPC
1=4
l k1=2P

sw=q
, y� ¼ qC1=4

l k1=2P yP
l , j ¼ 0:4187 is the Karman constant, E ¼ 9:793 is the empirical

constant, the UP is the average velocity of the fluid at the point P, kP is the the turbulent kinetic energy at
the point P, yP is the distance from the point P to the wall.

The logarithmic law (9) applies when 11:225 < y� < 300. When the grid is such that in the cells
adjacent to the wall y� < 11:225, Eq. (9) has the form U� ¼ y�.

The Reynolds stresses in the cells adjacent to the wall are calculated using the formulas:

v0i2

k
¼ 1:098;

v0j2

k
¼ 0:247;

v0k2

k
¼ 0:655; � v0iv0j

k
¼ 0:255

For the impurity, the law near the wall has the form:

cw � cð ÞqC1=4
l k1=2P

Jw
¼

Sc y� y� , y�c
� �

Sct
1

j
ln Ey�ð Þ þ Pc

� �
y�. y�c
� �

8<
: ;

where both the molecular and turbulent Schmidt numbers define the diffusion flux of the impurity on the
wall. The index w stands for “wall”.

Pc ¼ 9:24
Sc

Sct

� �3=4

� 1

" #
1þ 0:28e�0:007Sc=Sct
h i

Eq. (2) for k is solved in the entire area, including the cells adjacent to the wall. Boundary condition for k
on the wall:

@k

@n
¼ 0;

where k is the coordinate normal to the wall.
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The production of kinetic energy and the rate of its dissipation in the cells adjacent to the wall, which are
the initial terms in the equation, are calculated based on the hypothesis of local equilibrium. Under this
assumption, it is assumed that the production and the rate of energy dissipation in the control volume
adjacent to the wall are equal.

Thus, production is calculated from:

Gk � sw
@U

@y
¼ sw

sw

jqC1=4
l k1=2P yP

The dissipation rate is calculated by the formula: e ¼ C3=4
l k3=2P
jyP

.

At the entrance to the computational domain, the velocity of the main stream was prescribed (the vector
of the flow velocity of the environment is perpendicular to the input boundary ~U ¼ U ; 0; 0f g); the
concentration was set equal to the background concentration of the impurity in the water for each river its
own:

vx ¼ U ; vy ¼ 0; vz ¼ 0; c ¼ c0: (10)

The Reynolds stresses at the input are calculated from the assumption of turbulence isotropy:

v0i2 ¼ 2

3
k; v0iv0j ¼ 0:0:

Here k¼ 3

2
vavgI
� �2

vavg the average flow velocity, turbulence intensity I ¼ 0:16Re�1=8.

The upper boundary of the region corresponding to the free surface of the liquid was assumed to be
undeformable; the conditions for the absence of a normal component of velocity, tangential stresses and
impurity flow were considered fulfilled on it:

ðv nÞ ¼ 0;
@vx
@xz

þ @vz
@xx

¼ 0;
@vy
@xz

þ @vz
@xy

¼ 0;
@c

@n
¼ 0 (11)

The conditions at the output of the computational domain consisted in the fulfillment of the mass balance
condition:I
Sin

qvindS �
I
Sout

qvoutdS ¼ 0

3 Numerical Results

3.1 Features of the Hydrodynamics of the Confluence of Rivers at a Confluence Angle of 45°
Fig. 3 shows the fields of impurity concentration and flow vorticity in the cross sections of the channel

located at different distances from the confluence (0, 1000 m, etc.) for the same velocities of merging rivers
equal to 0.5 m/s. The color scale corresponds to the impurity concentration indicators. The gray lines show
the flow vorticity isolines (x-components of the velocity rotor). As can be seen from the graphs, there is an
increase in the width of the mixing zone and a decrease in vorticity with distance from the confluence site.
The secondary flow is two vortices of different directions.

Based on the results of calculations, the width of the mixing zone was calculated. This characteristic was
defined as the doubled difference between the coordinates of the point at which the concentration is 0.5 (the
middle of the horizontal cross-section y = 250 m) and the point at which the concentration value differs from
zero by 10−4. Fig. 4 shows the dependence of the mixing zone width on the distance from the confluence
point. As can be seen from the figure, the width of the mixing zone increases with distance from the
confluence, especially a sharp increase is observed in the first thousand meters.
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Figure 3: Concentration and vorticity fields for the inflow velocity of 0.5 m/s, confluence angle 45°

Figure 4: The dependence of the size of the mixing zone on the distance after the confluence point for an
angle of 45°
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3.2 Influence of the Velocities of Merging Rivers
Fig. 5 shows the fields of impurity concentration and flow vorticity in the cross sections of the channel

located at different distances from the confluence (0, 1000 m, etc.) for the same velocities of merging rivers
equal to 0.6 m/s. As can be seen from the comparison with Figs. 3 and 5, with an increase in the velocity of
merging rivers, the secondary vorticity of the flow increases. Secondary vortices are realized across the
channel, the main flow is observed along the channel, while the intensity of secondary flows.

For two cases, the input velocity differs by 20%, while the maximum value of vorticity for these variants
correspondingly differs by 13% (Fig. 6).

This result is also illustrated by Fig. 7, which shows the dependences of the vorticity of the flow with the
distance from the confluence for two flow velocities of merging rivers: 0.5 and 0.6 m/s.

Figure 5: Concentration and vorticity fields for the inflow velocity of 0.6 m/s, confluence angle of 45°
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Figure 6: The field of vorticity in the vertical section at a distance of 8000 m from the confluence. The
velocity at the input of the computational domain is constant, equal to (a) 0.5 m/s, (b) 0.6 m/s

Figure 7: The dependence of the maximum vorticity value on the distance downstream from the confluence
for an angle of 45° for the average speed of the main flow in the channels, 0.5 m/s (orange) and 0.6 m/s
(green)
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3.3 Influence of the Angle of Confluence of Rivers
The intensity of secondary currents depends on the angle of the intersection of channels. To study the

changes in the intensity and structure of the secondary circulation from the angle of fusion, a series of
calculations were carried out for the cases of 0°, 30°, 45°, and 60°. A graph of the concentration change
from 0 to 1 wt% with a distance from the left bank is shown in Fig. 8. The graph is plotted for a section
located at a distance of 8000 m from the confluence. The concentration scale is presented on a
logarithmic scale to visualize changes in concentration on a horizontal scale. With an increase in the
angle of fusion, the width of the zone in which the concentration change increases.

Fig. 9 shows the dependence of the mixing zone width on the distance from the confluence site for
4 different confluence angles at a flow velocity of 0.5 m/s. As can be seen, the width of the mixing zone
increases with the increase in the angle of fusion. In all cases, except for the angle of 0°, there is a sharp
increase in the width of the mixing zone in the initial section.

Figure 8: Graph of changes in the concentration of passive impurity with a change in the angle of channel
fusion: 0°, 30°, 45°, 60°

Figure 9: Dependence of the displacement zone size on the distance after the confluence point for different
angles of confluence
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Fig. 10 shows the vorticity fields at distances of 1000 and 8000 m from the confluence point for a
confluence angle of 0°. As can be seen in this case, there are only fairly intense vortices at the lateral
boundaries of the computational domain (river banks). In the rest of the region, the vorticity is close to zero.

4 Conclusion

The hydrodynamic aspects of the confluence of the Kama and Vishera rivers are numerically
investigated. The fields of concentration of passive impurity and vorticity, as well as the width of the
mixing zone depending on the distance from the confluence, the velocities of the merging rivers and the
angle of confluence are obtained.

It is found that:

1) the width of the mixing zone increases with distance from the confluence site, especially a sharp
increase is observed at non-zero fusion angles;

2) as the velocity of merging rivers increases, the vorticity of the current increases;

3) as the angle of fusion increases, the width of the mixing zone increases. The slope of the initial section
of the curve also increases with the increase in the angle of fusion;

4) at a confluence angle of 0°, there are only fairly intense vortices at the lateral boundaries of the
computational domain (river banks). In the rest of the region, the vorticity is close to zero.

Specific values of hydrochemical and physical indicators of water quality are stochastic in nature, the
dispersion of which is determined primarily by the variability of hydrological indicators of merging
rivers, therefore calculations were carried out for some characteristic model conditions for which detailed
measurements were performed. Therefore, it is not correct to consider the obtained estimates as some
typical average annual or even seasonal values. At the same time, due to the remoteness of the research
area and the undeveloped territory, it is not possible to conduct field surveys with a significant frequency
of observations. Despite some “model nature” of the results obtained, they are of fundamental importance
for the formation of programs for further field studies. In particular, due to the labor-intensive nature of
field study implementation, it is necessary to make the most efficient use of the combination of field
studies and computational experiments.

Figure 10: Vorticity of the flow in the channel
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