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ABSTRACT

The influence of Brownian motion and thermophoresis on a fluid containing nanoparticles flowing over a stretch-
able cylinder is examined. The classical Navier-Stokes equations are considered in a porous frame. In addition, the
Lorentz force is taken into account. The controlling coupled nonlinear partial differential equations are trans-
formed into a system of first order ordinary differential equations by means of a similarity transformation.
The resulting system of equations is solved by employing a shooting approach properly implemented in
MATLAB. The evolution of the boundary layer and the growing velocity is shown graphically together with
the related profiles of concentration and temperature. The magnetic field has a different influence (in terms of
trends) on velocity and concentration.
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1 Introduction

Recently, researchers have shown considerable interest in investigating heat transfer and boundary layer
flow over stretching surfaces, primarily because of their relevance in industrial processes like paper
manufacturing, wire production, and plastic wrapping. Moreover, there has been a growing focus on
magneto-hydrodynamic fluid flow involving nanofluids, which consist of a mixture of liquids and
nanoparticles. This surge in interest is driven by numerous applications in industrial and engineering
settings. It is worth noting that conventional fluids like freshwater, ethylene, and mineral oils exhibit
inferior thermal properties when compared to metals, non-metals, and their oxides. Choi et al. [1] was the
pioneering researcher who experimentally demonstrated the significant enhancement of thermal
conductivity by adding nanoparticles to conventional base fluids. Various manufacturing processes,
spanning from microelectronic devices to hybrid engines, fuel cells, nuclear reactors, transportation,
biomedical and pharmaceutical applications, as well as food processing, heavily rely on utilizing
temperature differences. Researchers like Ahmed et al. [2] introduced modified models to describe
nanofluid behavior, with the Boussinesq approximation simplifying the buoyancy term. Ahmed et al. [3]
discussed homogeneous-heterogeneous reactions in the boundary layer flow of water-based nanofluids
near stagnation points. Valipour et al. [4] conducted an analysis on CNT-polyethylene nanofluids under
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the influence of a magnetic field. Li et al. [5] focused on thermal variations in a porous cylinder saturated with
nanomaterials.

Additionally, several studies have explored the behavior of nanoparticles in non-Newtonian fluids. For
example, Zeeshan et al. [6] investigated Casson nanofluids on linear stretching sheets, whereas Murthy et al.
[7] extended their analysis to exponentially stretching sheets. Arian et al. [8] introduced bio-convection
effects into a Reiner-Rivlin nanofluid flow in a rotating frame. Pallavarapu [9] analyzed Williamson
nanofluids with Cattaneo-Cristov (CC) heat flux over a stretching sheet. Reddy et al. [10] studied
Maxwell nanofluids with chemical reactions on a stretching sheet, and Zeeshan et al. [11] delved into
surface chemical reactions with non-Newtonian fluids over a parabolic surface. These studies contribute
to our understanding of nanofluid behavior in diverse applications.

Due to its industrial uses and significant implications for several technological processes, the
investigations on the magneto-hydrodynamic flow and transfer of heat over extending cylinders have
attracted a lot of interest. Crane [12] looked at the flow produced by simply stretching a sheet. The work
of Crane [12] was expanded upon by other scholars, including Gupta et al. [13], Dutta et al. [14], and
Char et al. [15], by including the impact of heat and mass transport analyses under various physical
circumstances. Other researchers, notably Xu et al. [16], Cortell [17,18], and Hayat et al. [19], have
recently looked at various facets of this topic. In the early stages of research on this topic, Wang [20]
investigated the flow characteristics across stretched cylinders. In this study, because we are using the
thin cylinder as a model, it is possible to assume the boundary layer thickness and radius to have the
same order. The flow may thus be conceived of as axisymmetric rather than 2D, and the modified
equations now incorporate the curvature component. This has an impact on the temperature and velocity
fields, which in turn has an impact on the skin’s coefficient of friction and rate of heat transmission.
Similarly, solutions of these types of flows have been described in various physical contexts by Ishak
et al. [21], Elbashbeshy et al. [22], Bachok et al. [23], and Poply et al. [24]. Despite having various uses
in several sectors including, the cooling of things, electricity production, and petroleum refining,
magnetic influence has not yet been taken into consideration. There have been studies on this impact on
material parameters in the literature (Dessie et al. [25], Vajravelu et al. [26], Singh et al. [27], Ahmed
et al. [28], Zeeshan et al. [29] Babazadeh et al. [30], Shiekhoslami et al. [31]), with the magnetic
influence on porous and free stream velocity described for linear and non-linear stretching surfaces,
respectively, in Yadav et al. [32] and Singh et al. [33].

The properties of heat transportation and boundary layer flow over a stretched cylinder under the
influence of a magnetic field and porous media, however, have received much attention. Numerous
technical issues, including those involving magnetohydrodynamic (MHD) power generators, the
petroleum industry, plasma research, and geothermal energy extraction, greatly benefit from the use of the
MHD flow and heat transfer. Nield et al. [34] and Ishak et al. [35] investigated the impact of MHD
caused by a stretched cylinder. Loganathan et al. [36] and Ganesan et al. [37] found that the increment of
the magnetic field reduces the velocity boundary layer and thickens the temperature boundary layer.

The primary objective of this research is to assess the influence of thermophoresis and Brownian motion
on the introduction of minute nanoparticles in a porous reference framework. The study incorporates the
utilization of nanofluids and mixed convection. The obtained findings are juxtaposed with previously
published data, considering various temperature exponent values. To illustrate the impact of these relevant
parameters, the research presents graphical representations and tabulated results for concentration,
velocity, and temperature configurations. The numerical computations are executed using a shooting
algorithm implemented with MATLAB software.
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2 Mathematical Model and Description

Let us consider the two-dimensional, incompressible, boundary layer mixed convective nanofluid flow

towards a stretchable cylinder (see Fig. 1) with surface velocity ~U xð Þ ¼ U0x

l
in the axial direction and the

surface temperature is Tw ¼ T1 þ T0
x

L

� �N
. A magnetic field is employed with strength B0 in the normal

direction. Temperature exponent N is considered in a porous frame of reference.

The nanofluid is governed by the following expression [33,34,37–39]:
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With boundary conditions:

u ¼ ~U xð Þ; m ¼ 0; ~T ¼ ~Tw xð Þ;DB
@ ~C

@r
þ DT

~T1

@~T

@r
¼ 0 at r ¼ R;

u ! 0; ~T ! ~T1 ~C ! ~C1 as r ! 1; (5)

Figure 1: Physical sketch of the model
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By applying similarity transformation, we have

g ¼ r2 � R2
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The reduced form of the ODE can be achieved when Eqs. (5), (6) are used into Eqs. (1)–(4).

1þ 2Agð Þf 000 þ 2Af 00 þ ff 00 � f 02 � Df 0 þ kh�Mf 0 ¼ 0; (7)

2Ah0 þ 1þ 2Agð Þh00 þ Pr f h0 � Nf 0hð Þ ¼ 0; (8)

1þ 2cgð Þf00 þ 2c
Nt

Nb
h0 þ 2cf0 þ PrLef f0 þ 1þ 2cgð Þ Nt

Nb
h00 ¼ 0: (9)

The corresponding reduced form of Boundary conditions are:

f 0ð Þ ¼ 0; f 0 0ð Þ ¼ 0; h 0ð Þ ¼ 1 ; Nth0 0ð Þ þ Nbf0 0ð Þ ¼ 0 at r ¼ R (10)

f 0 gð Þ ! 0; h gð Þ ! 0; f gð Þ ! 0 as g ! 1: (11)

where v; uð Þ are the components of velocity in the r; xð Þ direction, T is temperature, f is the dimensionless
velocity, h is the dimensionless temperature, f is the dimensionless concentration, A is the curvature
parameter, M is the magnetic field parameter, D indicates the porous medium, k represents mixed
convection, Pr is the Prandtl number, DB is the Brownian coefficient, G is the acceleration due to gravity,
Dn is the diffusion coefficient, C1 and T1 signify the free stream of concentration and temperature, s is
the heat capacitance, a is the normal stress moduli, Tw is the surface temperature, B0 is magnetic
induction, r is electrical conductivity, Cw is the surface concentration, DT is the thermophoresis
coefficient, j denotes the thermal diffusivity of liquid, Le is the Lewis Number, Nt is the thermophoresis
coefficient parameter and Nb is the Brownian motion parameter.

3 Numerical Scheme

The firing approach was employed to perform the mathematical calculations using the shooting
technique as shown in the flow chart (Fig. 2). The following assumptions were made when simulating the
numerical computations to arrive at the problem’s first order system.

f ¼ m1; f
0 ¼ m2; f

00 ¼ m3; f
000 ¼ m0

3; h ¼ m4; h
0 ¼ m5; h

0 ¼ m0
5 f ¼ m6;f

0 ¼ m7; f
00 ¼ m0

7 (12)
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The dimensionless system of Eqs. (7)–(11) in view of the above defined variables are:

m0
3 ¼ � 2cm3 þ khþ m1m3 � m2

2 �Mm1 � Dm3ð Þ
1þ 2cgð Þ ; (13)

m0
5 ¼ � 2Am5 þ prfm5 � prNm2m4ð Þ½ �

1þ 2cgð Þ ; (14)

m0
7 ¼ � 1

1þ 2cgð Þ 2cm7 þ 2c
Nt

Nb
m5 þ PrLem1m7 þ 1þ 2cgð Þ Nt

Nb
m0

5

� 	
: (15)

The corresponding dimensionless boundary conditions are:

m2 0ð Þ ¼ 1þ m3 0ð Þ;m2 0ð Þ ¼ 0; m4 0ð Þ ¼ 0; Ntm5 þ Nbm7 ¼ 0 (16)

m2 1ð Þ ¼ 0; m4 1ð Þ ¼ 0;m6 1ð Þ ¼ 0: (17)

Figure 2: Flow chart of the scheme
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4 Validation

As a limiting case, the resulting numerical findings are validated in Table 1. The outcomes were
compared with those obtained by Ishak et al. [35] and Mukhopadhya [38], and the numerical values show
good agreement between the previous ones. There is a slight accuracy between the two investigations.

5 Results and Discussion

In this portion, the influence of emerging parameters on non-dimensional velocity profile f 0, temperature
profile h and concentration profile f are investigated as shown in Figs. 3–9.

Figs. 3 and 4 illustrate the concentration profiles for distinct values of the Brownian parameter (Nb) and
the thermophoresis parameter (Nt). The graphs depict that a decrement occurs in the concentration profiles
for higher values of Nb. Enhancing the thermophoresis process increases particle movement from the upper
to the lower temperature difference, which consequently increases the nanoparticles concentration in the flow
regime. Physically this happens by increasing Nb, resulting in the fluid within the barrier becoming warmer,

Table 1: Comparative analysis of obtained numerical results f 00 gð Þ for distinct values of the temperature
exponent N

N Ishak et al. [35] Mukhopadhyay [38] Present results

−2.0 −1.00000 −1.0000 −1.000

−1.0 0.00000 0.0000 0.0000

0.0 0.58201 0.5820 0.5820

1.0 1.00001 1.0000 1.0000

2.0 1.33333 1.3333 1.3332

Figure 3: Implication of Nt on f gð Þ
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exacerbating the random motion of particles, and thus reducing the concentration profile. The influence of
Lewis number Le on the concentration profile is displayed in Fig. 5. Raising the value of Le slows down
the concentration field and associated thickness of the boundary layer; because Le is not directly related
to the Brownian coefficient, any increment in Le leads to a slowdown of the concentration field.

Figure 5: Implication of Le on f gð Þ

Figure 4: Implication of Nb on f gð Þ
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Fig. 6 illustrates the influence of the permeability parameter on the velocity profile. The pouring medium
imposes a greater restriction on the fluid flow, causing its motion to reverse backwards The fluid velocity
reduces while the fluid temperature and concentration profile increase for numerous values of the porosity
medium (D). The influence of the magnetic parameter (M) on the temperature, velocity, and concentration
fields is illustrated in Fig. 7. The velocity profile reduces with increments in M. From a physical
perspective, a Lorentz force exists, which opposes the fluid’s motion and reduces the velocity field.

Fig. 8 illustrates the variation in temperature profile for distinct values of N, for a stretched flat plate
(c ¼ 0). Heat accumulates with rising values of N, such that temperature exceeds the thermal properties
at the boundary layer’s edge when N is greater than 0. Although the temperature significantly increases

Figure 7: Implication of M on f 0 gð Þ

Figure 6: Implication of D on f 0 gð Þ
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with N, there is no thermal runaway for the stretched cylinder (c ¼ 1), and so, temperature and
concentration decrease with increasing values of N.

Fig. 9 illustrates the effect on velocity profile of both surfaces by convection (λ); it is noted that note fluid
velocity affects both situations by raising the values of (k). Technically, this is related to the enhancement of
the thermal buoyancy force. So, increasing the scores of mixed convection led to increases in speed with-in a

transition zone. Table 2 presents the numerical values of friction factor f 00 gð Þð Þ, heat transfer rate ðh0ðgÞÞ; and
concentration profile f gð Þð Þ for some physical arguments.

Figure 9: Implication of k on f 0 gð Þ

Figure 8: Implication of N on h gð Þ
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6 Conclusions

This paper primarily investigates the impacts of Brownian motion and thermophoresis on nanoparticles
suspended in a base fluid characterized by low thermal conductivity. Thermophoresis is responsible for
moving these nanoscale particles from warmer areas to cooler ones, while Brownian motion represents
the random motion of particles, especially causing heavier particles to settle. Consequently, in this study,
we assess the influence of magnetohydrodynamics (MHD) on the boundary layer flow around a
cylindrical object, considering the Lorentz force.

� We examine the effects of various physical parameters on velocity, temperature, and concentration,
and we present these outcomes using tables and graphs. In summary, the key findings of this
research are as follows: By enhancing the magnetic field M, tempera the ture, velocity and
concentration profiles decrease.

� The temperature and concentration profiles are enhanced by increases in the values of D, while the
velocity profile reduces.

� The velocity profile decreases when the parameters D and M are increased.

� The temperature profile is lowered when the parameters A, N, and Pr are increased.

� The concentration profile is reduced by increasing the parameters A, N, Le, and Nb.

� There is a notable increased in the concentration profile when the thermophoresis parameter Nt
incorporating the nanoparticles into the fluid increases its thermal conductivity.
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