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Magnetohydrodynamics Stability of Natural Convection
During Phase Change of Molten Gallium in a

Three-Dimensional Enclosure

S. Bouabdallah1,2 and R. Bessaïh1

Abstract: In this paper, a numerical study of magnetohydrodynamics stability
during phase change of a pure metal (liquid Gallium) in a cubical enclosure is pre-
sented. An external magnetic field is applied in X-, Y-, and Z-directions separately.
Two electric potential boundary conditions are considered: electrically conducting
and insulating walls. The finite-volume method with enthalpy formulation is used
to solve the mathematical model in the solid and liquid phases. The Grashof num-
ber is fixed at Gr =105 and the Hartmann number is varied from Ha= 0 to 200.
The effect of magnetic field on the flow field and heat transfer, and on the inter-
face position between the solid and liquid phases is presented. Stability diagrams
(Vmax-Ha) and (Nuavg-Ha) in each direction of magnetic field are obtained and dis-
cussed. We show that the strangest stabilization of the flow field and heat transfer
is obtained when the magnetic field is applied in the horizontal direction Bx, and
when all walls of the cubical enclosure are electrically conducting.
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1 Introduction

Phase change has a great importance in many industrial applications, e.g. in casting,
solar energy, food processing, growth of single crystals from melts. . . etc. During
the crystal growth by the horizontal Bridgman technique, sufficiently high varia-
tions in temperature can occur between the melt and the solidification front, which
generate convective flows. Because of the appearance of striations which can af-
fect the growth rate and structure of the solid and thus its quality, the convection
and oscillatory instabilities can be eliminated by the application of a magnetic field
(Hurle,1966).
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Many researchers have done a large number of studies of natural convection in cav-
ities (Achoubir et al.,2008; Bucchignani et al., 2009;Djebali et al., 2009; Mezrhab
and Naji, 2009). Ben Hadid and Henry (1997) carried out a numerical study of
the natural convection in a parallelepiped cavity for a highly conducting fluid with
a given temperature distribution in presence of an external magnetic field. They
show that the direction and the intensity of the magnetic field have an important
influence on the flow evolution. Mössner and Müller (1999) highlighted the effect
of Lorentz force on the organization of the flow and heat transfer, and observed a
relative intensification of the flow in the corners of the cavity. They show that for or-
thogonal magnetic field to the isothermal walls is more efficient in influencing heat
transfer and fluid flow. Juel et al. (1999) observed similar changes of structures
from numerical and experimental results, traduced by a bidimensionnalization of
the flow convection and a suppression of their oscillations, in a horizontally length-
ened cavity filled by a gallium and exposed to uniform orthogonal magnetic field
to the principal flow.

In a geometry similar to the horizontal Bridgman configuration for crystal growth,
Bessaïh et al. (1999) studied numerically a combined effect of wall electrical con-
ductivity and magnetic field orientation on the liquid metal flow. Fischer et al.
(1999) investigated numerically and experimentally the effect of a rotating mag-
netic field on buoyancy-driven convection in Rayleigh-Bénard configuration, and
the one Marangoni-convection in a floating zone configuration. The main important
result of this study is that the temperature fluctuations caused by time-dependent
buoyancy and Marangoni-convection can be damped by using a rotating magnetic
field with relatively small field strength. Gelfgat and Yoseph (2001) studied numer-
ically the effect of an external magnetic field on oscillatory instability of convective
flow with different magnitudes and orientations in a rectangular cavity. Stability di-
agrams for the dependence of the critical Grashof number on the Hartmann number
were obtained by the authors. They show that a vertical magnetic field provides a
strongest stabilization effect, and also that the multiplicity of steady states is sup-
pressed by the electromagnetic effect. Wang and Nobuko (2002) showed the strong
dependence of magnetic damping of natural convection in low-conducting aqueous
solution on the aspect ratio of a rectangular cavity. Burr et al. (2003) confirmed
experimentally that for a large Hartmann number, there is a strong suppression of
the convective flow, and the heat transfer is reduced to a purely conductive mode in
a eutectic mixture of sodium potassium filled in a vertical cavity.

In the presence of magnetic field, Wen and Su (2005) studied experimentally the
natural convection in a square Hele-Shaw cell with heat transfer measurements and
liquid crystal thermography. They show that the vertically imposed magnetic field
has a destabilizing influence, and that the flow instability modes become different



Magnetohydrodynamics Stability of Natural Convection 253

from that in two-dimensional cavity cases with and without magnetic field, where
a pair of symmetric counter-rotating vortices is observed for the 2D instability
mode. Hennenberg et al. (2005) showed that an analysis of the Rayleigh–Bénard–
Marangoni problem of a ferrofluid submitted to a weak magnetic field needs a very
argumented choice for proper scaling, when the width of the layer is larger than
the capillary length, so that the Kelvin term intervenes in the momentum balance.
Xu and Stock (2006) show experimentally that the natural convection in a Gallium
contained in a rectangular box with the two opposite vertical walls held at different
temperatures is suppressed with an imposed magnetic field, and the damping effect
increases with a strength magnetic field.

The study of convective flow suppression has not been limited to magnetic sup-
pression only; electric and electromagnetic field have also been applied to control
the flow field. Kaneda et al. (2006) related the effect of an electrical current on
the natural convection of a liquid metal under a uniform magnetic field in a cubic
cavity. Their results show that, when only a magnetic field applied parallel to the
heated and cooled walls, the natural convection is deadened by the Lorentz force.
However, when electrical current and a magnetic field are applied, the heat trans-
fer rate of the heated wall toward the cooled wall differs with the case in which
only a magnetic field is applied. Kader et al. (2007) focused their attention on
two major effects influenced by forced convection induced by a traveling magnetic
field: the macro-segregation and the grain structure for Al-Ni alloys. They show
that this configuration can control macro-segregations and that, moreover, the den-
dritic primary spacing may be modified by varying the applied field. They show
that the effect of the traveling magnetic field on the constitutional under-cooling
and on the refiner distribution induces a directional to an elongated transition. Re-
cently, Kolsi et al. (2007) carried out a numerical study of natural convection in
a differentially heated cubic cavity for Pr=0.045 under the presence of an exter-
nal magnetic field orthogonal to the isothermal walls. They observed a damping
and laminarization effects of the external magnetic field, and an organization of the
central three-dimensional motion. Battira and Bessaïh (2009) show that the effect
of a magnetic field in either the longitudinal or vertical direction provides a notable
change on the flow and thermal structures of three-dimensional natural convection
in the horizontal Bridgman configuration. Also, wall electrical conductivity has
an effect on the average Nusselt number. Schwesig et al. (2004) showed numeri-
cally that the use of traveling magnetic field offers in contrary to the one rotating
a significant improvement with respect to the bending of the solid/liquid interface
as well as the resulting thermo-elastic stress and stability of the flow regime in the
vertical gradient freeze growth of InP crystals. Lantzsch et al. (2008) showed that
in growth of Ge crystals in doped vertical gradient freezing (VGF) with traveling
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magnetic field (TMF) has a considerable effect on the deflection of the solid–liquid
interface, whereas the doping segregation does not change significantly compared
to the growth without magnetic field.Very recently, Mechighel et al. (2009) car-
ried out a numerical study to investigate the three-dimensional buoyant flow in a
parallelepiped box heated from below and partially from the two sidewalls. The
influence of an applied horizontal magnetic field on the stability properties of the
flow has been considered. Numerical and experimental study of forced mixing
with static magnetic field on SiGe system has been carried out by Armour and Dost
(2009). The 3-D numerical simulation results verify the experimental observations
and show that the flow structure of the melt has dramatically changed under the
effect of magnetic field.

In the present work, the magnetohydrodynamics stability with phase change (so-
lidification) in a cubical enclosure is studied. The cubical enclosure heated from
one vertical wall and cooled from an opposing wall is used as a benchmark sys-
tem. We applied an external magnetic field in horizontal, vertical, and transversal
directions separately; and we consider two electric potential boundary conditions:
electrically conducting and insulating walls. The shape and the interface location of
phase change are intended with and without magnetic field, and stability diagrams
are obtained. We note that the interface location of three-dimensional flows has
almost never been considered, exception the recent study of Douglas et al. (2005).
Section 2 presents the mathematical formulation. Section 3 discusses the numerical
method and techniques, which have been used for the computation, the grid inde-
pendence study, and the comparison between our predictions and the experimental
results found in the literature. Section 4 presents the results and discussion. Finally,
a conclusion is given.

2 Problem statement and mathematical formulation

The physical system for the problem under consideration, as shown in Figure 1, is
a cubical enclosure of length L, which contains a liquid metal (Gallium) charac-
terized by a low Prandtl number (Pr=0.020). The left and right vertical walls are
maintained at a local hot temperature Th (Th > Tm) and a local cold temperature Tc

(Tc < Tm), respectively, where Tm=302.78 K is the melting temperature. The other
walls are adiabatic. A uniform magnetic field is applied in three-directions Bx,
By, and Bz separately.The interaction between the magnetic field and the flow field
involves an induced electric current density ~j, defined as (Moreau,1990):

~j = σ

[
−~∇ϕ +~V ×~B

]
(1)

Where ~V is the velocity vector and ~B is the magnetic flux density vector. The
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divergence of Ohm’s low, ∇.~j = 0, produces the equation of the electric potential
ϕ:

∇
2
ϕ = ~∇

(
~V ×~eB

)
(2)

~eB is the unitary vector of the direction of ~B. By neglecting the induced magnetic
field, the dissipation and Joule heating, and using L, νl/L, l2/νl , ρ (νl/L)2, νlB0,
(hh−hC) as typical scales for lengths, velocities, time, pressure, potential, and
enthalpy , respectively.

The thermo-physical and electrical proprieties of the Gallium used in this study are
given in Ref. (Metal Handbook, 1990) and the work of Douglas et al. (2005).

The thermo-physical and electrical proprieties of the 
Gallium used in this study are given in Ref. (Metal 
Handbook, 1990) and the work of Douglas et al.  (2005).  
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In eqs. (3), (4), (5), and (6), FEMX, FEMY, FEMZ , U, V, and W are 
the dimensionless components of the Lorentz force and 
dimensionless components of the velocity in the X-,Y-,and Z- 
directions, respectively. Expressions of the Lorentz forces FEMX, 
FEMY, and FEMZ for each direction of the magnetic field are 
obtained in detail in the work of Bessaїh et al., 1999. The 
Hartmann and Grashof numbers are defined, respectively, as:     
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These terms are necessary for the suppression of velocities  U, V 
and W, when the control volume is occupied by the solid phase.  
The values of 910=ξ Kg/m3 and 005.0=ε  are constants, 
which were used  in the work of Sin et al. (2001). The enthalpy 
method is introduced and the expressions of the liquid fraction fl 
in the solid, liquid and mushy regions are given in detail in our 
previous study (Bessaїh and Bouabdallah, 2008):  
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Figure 1: A cubical enclosure

2.1 Governing equations

For an incompressible flow considering a phase-change problem, Newtonian fluid
with the Boussinesq approximation are described by the continuity and Navier-
Stokes equations coupled with the energy equation, in the Cartesian coordinates
system (X, Y, and Z), written in dimensionless as follows:

Continuity equation:

∂U
∂X

+
∂V
∂Y

+
∂W
∂Z

= 0 (3)
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X-momentum equation:

∂U
∂τ

+
∂ (UU)

∂X
+

∂ (VU)
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∂Z
=

− ∂P
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Z-momentum equation:
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−∂P
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In eqs. (3), (4), (5), and (6), FEMX , FEMY , FEMZ , U, V, and W are the dimensionless
components of the Lorentz force and dimensionless components of the velocity in
the X-,Y-,and Z- directions, respectively. Expressions of the Lorentz forces FEMX ,
FEMY , and FEMZ for each direction of the magnetic field are obtained in detail in
the work of Bessaïh et al. (1999). The Hartmann and Grashof numbers are defined,
respectively, as:

Ha = B.L
√

σ/ρ.νl (7)

Gr =
ρlgβl(Th−Tc)L3

ν2
l

(8)

Where g is the magnitude of gravitational acceleration, βl the thermal expansion
coefficient of the fluid,νl the kinematical viscosity of the fluid, ρl the density, and σ

the electrical conductivity of the fluid. The Darcy termsSU , SV and SW are defined,
respectively, as (Sin et al. 2001):

SU =−ξ
(1− fl)

2(
f 3
l + ε

)U (9a)

SV =−ξ
(1− fl)

2(
f 3
l + ε

)V (9b)
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SW =−ξ
(1− fl)

2(
f 3
l + ε

)W (9c)

These terms are necessary for the suppression of velocities U, V and W, when the
control volume is occupied by the solid phase. The values of ξ = 109Kg/m3 and
ε = 0.005 are constants, which were used in the work of Sin et al. (2001). The
enthalpy method is introduced and the expressions of the liquid fraction fl in the
solid, liquid and mushy regions are given in detail in our previous study (Bessaïh
and Bouabdallah, 2008):

fl =


0 hS ≤CSTm

(h−CSTm)/LV CSTm < h < CSTm +LV

1 h≥CSTm +LV

(10)

Energy equation (enthalpy):
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Where C = Cl/Cs represents the ratio of specific heats of the liquid phase to the
solid phase, Pr = νl/αl is the Prandtl number, and K is the ratio of the thermal
conductivity of the solid phase to the liquid phase:

K =

{
ks
kl

= 70.98[W.m−1.K−1]
31.24[W.m−1.K−1] = 2.271 In the solid phase

kl
kl

= 31.24
31.24 = 1 In the liquid phase

2.2 Initial and Boundary conditions

The governing equations (3) –(6) and (11) are subject to the following dimension-
less initial and boundary conditions: At: τ = 0:

U = V = W = 0, θ = h̄ = 1 (12a)

For τ > 0:

X = 0 : U = V = W = 0, h̄ = 1 (12b)
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X = A : U = V = W = 0, h̄ = 0 (12c)

Y = 0 : U = V = W = 0,
∂ h̄
∂Y

= 0 (12d)

Y = 1 : U = V = W = 0,
∂ h̄
∂Y

= 0 (12e)

Z = 0 : U = V = W = 0,
∂ h̄
∂Z

= 0 (12f)

Z = 1 : U = V = W = 0,
∂ h̄
∂Z

= 0 (12g)

In addition, for the electric potential boundary conditions on the walls of the enclo-
sure are:

• Electrically conducting walls: ϕ = 0.

• Electrically insulating walls: ∂ϕ/∂n = 0, where n is the normal on the wall
considered.

3 Numerical method

The governing equations (3) – (6) and (11), with the associated boundary con-
ditions (12a-g), were solved by using the finite-volume method, as described by
Patankar (1980). The components of the velocity (U, V and W) are stored at
staggered locations, and the scalars quantities (P, θ , ϕ and h̄) are stored in the
centers of these volumes. The numerical procedure called SIMPLER algorithm
(Patankar,1980) is used to handle the pressure–velocity coupling. The second-
order-accurate central difference scheme is used to discretize the convection and
diffusion terms. This approach was utilized successfully by Zhou and Zebib (1992).
The discretized algebraic equations are solved by the line-by-line tridiagonal matrix
algorithm (TDMA). Convergence at a given time step is declared when the max-
imum relative change between two consecutives iterations levels fell below 10−4

for U,V,W and h̄. At this stage, the steady-state solution is obtained. A parallel
test was made to guarantee that the energy balance between the hot and cold walls
is less than a prescribed accuracy value, i.e., 0.2%. Calculations were carried out
on a PC with a 3GHz CPU, and the average computing time for a typical case was
approximately 24hours. The numerical solution is obtained as follows:

Step. 1: Give the initial values of U , V , W and h̄.

Step. 2: Predict FEMX , FEMY , FEMZ , SU , SV and SW , according to Esq. (9a), (9b),
and (9c).
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Step. 3: Solve Eqs. (3)–(6) and (11) for U , V , W and h̄.

Step. 4: If the convergence is achieved, repeat steps 2 and 3 for the next time step.

3.1 Grid Independence Study

Three uniform grids were used in order to determine the appropriate grid size:
36×36×36, 52×52 ×52, and 82× 82×82 nodes. In Figures 2a-c, we have pre-
sented the evolution of the vertical and horizontal velocity and the temperature in
X-direction at the middle of the enclosure at Y=0.5 and Z=0.5. The dimensionless
temperature θ is scaled by the temperature difference between the hot and cold
walls (Th− Tc). These Figures show a small difference between the grids sizes.
The influence of grid size on the interface location Xint is shown in Table 1. In
order to optimize the CPU time and the cost of computations, the grid correspond-
ing to 52×52 ×52 nodes is used for all simulations, as a result of performing grid
independence tests.

Table 1: Interface location (Xint), for three grids size.

Interface location, Xint Grid 36×36×36 Grid 52×52 ×52 Grid 82× 82×82
(Y=0,Z=0.5) 0.58483 0.59841 0.59790

(Y=0.5,Z=0.5) 0.63500 0.62912 0.64030
(Y=1,Z=0.5) 0.68016 0.66013 0.67749
(Y=0.5,Z=0) 0.61931 0.62251 0.63499
(Y=0.5,Z=1) 0.61931 0.62251 0.63499

3.2 Validation of the computer code

A first comparison between our predictions and the experimental data of Becker-
man and Viskanta (1989) is presented in Figure 3, which shows a dimensionless
temperature distribution in the enclosure at Y= 0.133, 0.5, and 0.867. A good
agreement is observed with the work of Beckerman and Viskanta (1989). A second
comparison is presented in Table 2 between our numerical results and the predic-
tions of Douglas et al. (2005) of the interface location (Xint) for Pr=0.020 and
Gr=8.0358×104. A good agreement is obtained with the work of Douglas et al.
(2005).

4 Results and discussion

We fixed the Grashof number at Gr=105, Prandtl number at Pr=0.020, and we var-
ied the Hartmann number from 0 to 200. In the absence of magnetic field the Hart-
mann number, Ha=0. However, in the presence of magnetic field, Ha6=0, which is
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 Figure 2: Evolution of the vertical velocity V , horizontal velocity U , and the tem-
perature θ at middle of the enclosure for different grids size and Gr=105

oriented in X-direction Bx, in Y-direction By, and in Z-direction Bz separately. A
dimensionless time step is equal to ∆τ=10−5 , which is used in all simulations, and
the variables U , V , W , h̄ and ϕ are presented in dimensionless form.

4.1 Flow field

The situation considered herein is a very important example of convective circula-
tion inside an enclosed region, in which vertical hot and cold walls contribute in
driving the flow in the melting region.
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Table 2: Comparison of the interface location Xint between our study and the pre-
dictions of Douglas et al. (2005).

Interface location, Xint Douglass et al. (2005) Present work
(Y=0, Z=0.5) 0.60706 0.59798

(Y=0.5,Z=0.5) 0.62684 0.62716
(Y=1, Z=0.5) 0.66000 0.66149
(Y=0.5, Z=0) 0.62684 0.61916
(Y=0.5,Z=1) 0.62684 0.61916

X

θ

0 0.25 0.5 0.75 1
0

0.2

0.4

0.6

0.8

1

Experiment at Y=0.133
Experiment at Y=0.50
Experiment at Y=0.867

Present study

 

Figure 3: Temperature distribution θ : Comparison between our numerical results
and the experimental data of Beckerman and Viskanta (1989)

In the absence of magnetic field, Ha=0, Figure 4a shows the horizontal distribution
of the components of the velocity (U, V, and W) in the middle of the enclosure
at Y=0.5 and Z=0.5 for Gr=105. We can see the change the magnitude of veloc-
ities in the liquid part of the enclosure, and a strong change in value appearing
in the vertical velocity V. The horizontal velocity U changes from -0.15 to 0.05
and the V changes from -0.55 to 0.55, but no-change in the transversal velocity
W. The similar change is observed for the temperature in X-, Y-, and Z-directions
(Fig.4b). The strongest change in the temperature appears in X-direction. We can
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concluded that the two-dimensional solution provides only an approximation of the
problem physics. All the movement of phase change are due to the gravitational
force (natural convection) created in the fluid part of the enclosure. These results
are confirmed in the work of Semma and El-Ganaoui (2003) and Douglass et al.
(2005).
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(a) Components of the velocity U, V, W                (b) Temperature Ө 

 Figure 4: Evolution of the velocity components (U, V, W) and temperature in the
middle of the enclosure for Gr=105 and Ha=0

Figures 5a-d show the velocity-vectors in the enclosure for Gr=105 and various val-
ues of the Hartmann number. For Ha= 0 (Fig. 5a), it is clear from this figure, which
show a single clockwise-rotation convection cell, that the fluid in the liquid phase
rises along the hot wall (at X=0) and then circulates towards the solid phase along
which it falls and circulates towards hot wall. In the center of this convection cell,
the velocities have a lower magnitude. In the solid region, there is no movement of
the fluid. The velocities of the fluid in the boundary layers near the hot wall and
solid phase are higher than the velocities along the horizontal top and bottom walls;
a similar variation was founded by Wolff et al. (1988) in their numerical simulation
of natural convection of liquid metals in vertical cavities.

When the magnetic field is applied in three-directions separately and for Ha=50
(Figs. 5b-d), the magnitude of velocity-vectors decreases from Bz to Bx. So that,
the strongest stabilization effect in the velocity field is achieved when the magnetic
field is applied in the X-direction. This has been experimentally and numerically
verified by many studies (Dost et al. 2002; Liu et al. 2002; Sheibani et al. 2003;
Dost et al., 2003; Liu et al. , 2004).
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Figure 5: Velocity-vectors in the enclosure for three-directions of magnetic field,
and for Gr=105 and Ha= 50

4.2 Phase field

The characteristics of this problem are such that the interface location is a good
measure of phase change, because at a strong magnetic field, the processes essen-
tially become conductive (Grandet and Alboussiere,1999). The interface location
in 3D flow is fully implicit, as presented in Figure 6a, for Gr=105 and various val-
ues of the Hartmann number (Figs.6b-c) . For Ha=0 (Fig. 6a), the shape of the
interface becomes inclined surface in the better side of the enclosure. The interface
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is placed between X= 0.59 and 0.66, Y= 0 and 1, Z=0 and 1. This shape is caused
by the convection flow in the liquid part of the enclosure, and is better developed in
the bottom wall by buoyancy force. When the magnetic field is applied in the hor-
izontal direction Bx and for Ha=25, the interface location is developed by change
in their location, stabilized between X= 0.60 and 0.64, Y= 0 and 1, Z=0 and 1 (Fig.
6b) , for Ha= 50 between X= 0.61 and 0.63, Y= 0 and 1, Z=0 and 1 (Fig. 6c) , and
finally for Ha= 100 at X= 0.62, Y= 0 and 1 , Z=0 and 1 (Fig. 6d). We conclude that
the horizontal magnetic field Bx removes the natural convection flow and stabilizes
the shape of the interface for high values of the Hartmann number, and the shape
of the interface between the liquid and solid phases is depended to the magnitude
and orientation of magnetic field.

4.3 Thermal field

Figures 7a-d show four iso-surfaces of the temperature (θ= 0.8, θ = 0.6, θ = 0.4
and θ = 0.25) at different locations of the enclosure, for Gr=105 and various values
of the Hartmann number (Ha=0, 25, 50, and 100). The dimensionless melting
temperature of the molten Gallium, θ= θm =0.25. For Ha= 0 (Fig. 7a), we can see
a distortion of the temperature, decreasing in the left iso-surface (liquid part) to the
one right (solid part).This effect is produced efficiently by the natural convection
in molten Gallium and the pure heat conduction in the solid phase. The heat is
transferred from the hot wall to the cold wall by convection and diffusion in the
liquid phase.

When the magnetic field is applied in the X-direction and the Hartmann number
increases from 25 to Ha=100 (see Figs. 7b-d), we can see a disappearance of the
stratification and stabilization of temperature fields, which become parallel to the
vertical walls, indicating the dominance of conduction mode. It is noticed that, the
magnetic field Bx in X-direction and when all walls are electrically conducting,
corresponding the major conditions of stabilization (see, the stability diagrams in
section 4.6). This result is similar to the one of Kolsi et al. (2007), and Battira and
Bessaih (2008). Then, the effect of magnetic field stabilizes the thermal fields by
the suppression of convection in melt part of the enclosure.

4.4 local Nusselt number

The iso-contours of the local Nusselt number on the hot wall in the Y-Z plane of the
enclosure is represented in Figure 8, for Ha=50 and three-directions of magnetic
field. Here, all walls are electrically conducting. It is shown that, the variations
according to Y-direction are attenuated in the presence of magnetic field. This in-
volves an important two-dimensionalization of heat transfer. At Ha=0 (Fig.8a), the
maximum value of the local Nusselt number Nu (defined as: Nu = −∂θ/∂X) is
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Figure 6: The phase field without and with magnetic field for Ha=0,  25, 50 , 
and 100,  and   Gr=105 . Here, the magnetic is applied only in  X-direction Bx , 
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Figure 6: The phase field without and with magnetic field for Ha=0, 25, 50 , and
100, and Gr=105 . Here, the magnetic is applied only in X-direction Bx , and all
walls are electrically conducting walls

1.6, which decreases to 1.30 for Ha=50 when the magnetic field is oriented in the
horizontal direction (Fig.8b), and 1.375 when the vertical magnetic field is oriented
vertically (Fig.8c), and finally to 1.40 when the magnetic is applied in transver-
sal direction (Fig.8d). This analysis signifies that the horizontal magnetic field Bx
reduces the heat transfer more than the vertical magnetic field By and transver-
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Figure 7: Iso-surfaces of temperatures  for  Gr=105 and various Hartmann 
numbers, Ha=0,  25, 50 , and 100. The magnetic field Bx is applied in X-

direction, and all walls are electrically conducting. 
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Figure 7: Iso-surfaces of temperatures for Gr=105 and various Hartmann numbers,
Ha=0, 25, 50 , and 100. The magnetic field Bx is applied in X-direction, and all
walls are electrically conducting.
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sal magnetic field Bz. In conclusion, the important reduction of heat transfer is
obtained with the application of a horizontal magnetic field Bx.

        
 
 

(a) Ha=0                           (b) X-magnetic field, Bx and Ha=50 
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Figure 8: Iso-contours of local Nusselt numbers on the hot wall for Gr=105, various
values of the Hartmann number Ha=0 and 50, and three-directions of magnetic field
Bx, By, and Bz.

4.5 Potential field

To illustrate the three-dimensional electro-magnetically character of this problem,
we have plotted in Figures 9a-c the iso-surfaces of electric potential in the (X-Y)
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plane at the middle of the enclosure. The magnetic field is applied in X-, Y-, and
Z directions separately, the Hartmann number is fixed to Ha=50 and the case of
electrically insulating walls is considered. We can see a different distribution of
iso-surfaces and a dependence of the structure of iso-lines with change of direction
of magnetic field.

The interaction between the convective flows and electromagnetically field can be
explaining by the equation of potential Equation 2, re-written in explicit form below
as:

∂

∂X

(
∂ϕ

∂X

)
+

∂

∂Y

(
∂ϕ

∂Y

)
+

∂

∂Z

(
∂ϕ

∂Z

)
= Sϕ

Sϕ =


∂V
∂Z −

∂W
∂Y

∂W
∂X −

∂U
∂Z

∂U
∂Y −

∂V
∂X

(13)

In this equation, the right hand side contains the velocity gradients, In the solid
phase, these velocity gradients are equal to zero, since the solid material held fixed.
However, in the liquid phase these velocity gradients are present and contribute to
the gradient of the electric potential distribution. A very good similarity can be
observed with these results and of Gonçalves et al. (2005).

4.6 Stability diagrams

In Figures 10a-b, we have presented the stability diagrams (Vmax-Ha) and (Nuavg-
Ha) when the magnetic field is applied in three-directions Bx, By, and Bz sepa-
rately. Two cases of electric potential boundary conditions (electrically insulating
and conducting walls) are considered. These diagrams show the dependence of the
maximal velocity and average Nusselt number with the Hartmann number, the ve-
locity is decreased when the Hartmann number is increased. The strongest damping
of the flow and heat transfer is obtained when the magnetic field is applied in the
X-direction, 5% high to the Y-direction and 9% high to the Z-direction, in the range
of the Hartmann number ( Ha < 200).

Figures 11a-b show a comparison between the stabilization effects in heat transfer
(Nusselt number) by application of magnetic field in, Y-, and Z-directions sepa-
rately. It is shown a low difference between the insulating and conducting walls.
This difference increases when the magnetic field is applied in Y-direction, and
slightly in Z-direction. The contribution of electric potential is significant. This
has been supported by Yildiz et al. (2006).
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(a)X-magnetic field, Bx                            (b)Y-magnetic field, By 

 

 (c) Z-magnetic field, Bz 

 Figure 9: Electric potential field in the (X-Y) plane for Gr=105 and Ha=50. The
magnetic field is applied in three-directions Bx, By, and Bz

5 Conclusion

Three-dimensional natural convection during the process of phase change (solidifi-
cation) of a pure liquid metal in the cubical enclosure has been numerically studied
with and without magnetic field, oriented in X-, Y-, and Z-directions separately.
The finite-volume method has been used to solve the modeling equation, along
with an enthalpy method, which has been used to determine the position of the in-
terface between the solid and liquid phases. The Grashof number was fixed to 105

and the Hartmann number was varied from to 0 and 200. The main results obtained
in this study are:
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• The applied magnetic field involves important regulation on the shape and
the location of the interface between the liquid and solid phases.

• With high value of the Hartmann number, the convection in the liquid part is
suppressed successively and the interface becomes regular.

• The magnetic field involves important two dimensionalization of heat trans-
fer through the isothermal walls.

• Stability diagrams (Vmax-Ha) and (Nuavg-Ha) for each direction and electric
potential conditions are determined. They show the strangest stabilization
of the flow field and heat transfer, when the magnetic field is applied in the
X-direction and when all walls are electrically conducting.

These results help the industrialists to known the shape of interface during the phase
change of a liquid metal. A high quality of material is obtained by an external
magnetic field, with predetermined intensity and orientation.

Nomenclature

B magnetic field Tesla
C specific heat J/Kg.K
E dimensionless electrical field
F dimensionless Lorentz force
f dimensionless liquid fraction
Gr Grashof number
g acceleration of gravity m/s2

Ha Hartmann number
h enthalpy J/kg
h̄ dimensionless enthalpy
J dimensionless density current
K ratio of the thermal conductivity of the solid phase to the liquid phase
k thermal conductivity W/m.K
L length of the enclosure m
Nu local Nusselt number
P dimensionless pressure
Pr Prandtl number
S dimensionless source term
T temperature K
U,V,W dimensionless horizontal, vertical, transverse velocity, respectively.
X,Y, Z dimensionless Cartesians coordinates
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Greek Symbols

α thermal diffusivity m2/s
β thermal expansion coefficient K−1

ν kinematic viscosity m2/s
θ dimensionless temperature
ρ density of the fluid kg/m3

σ electrical conductivity Ω−1.m−1

ϕ dimensionless electric potential
τ dimensionless time

Subscripts and Superscripts

avg average value
h hot wall
c cold wall
l liquid phase
s solid phase
m melting
max maximal value
n normal direction
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