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Determination of Non-Equilibrium Surface Tension Gradients in Marangoni
Thermal Flows: Application to Aqueous Solutions of Fatty Alcohols
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Abstract: This study illustrates a relevant and
practical method to determine the effective sur-
face tension gradient in a layer subjected to a lat-
eral temperature difference. In general, this can
be hardly performed in situ without perturbing the
flow. For this reason we rely on an indirect deter-
mination approach. A simple model is developed
that relates the surface tension gradient to other
quantities that can be measured without introduc-
ing significant disturbances in the system. Mea-
surements of these quantities are performed in a
set-up where the flow corresponds with a good ap-
proximation to a one-dimensional model. A pre-
viously used set-up has been upgraded for such a
scope. The observations have been performed in
fatty alcohol solutions. The results show that the
surface tension gradients responsible for the onset
of flow are not equilibrium ones.

Keyword: Marangoni, Surface tension, Non
equilibrium.

1 Objectives

Aqueous solutions of fatty alcohols present an
equilibrium surface tension minimum as a func-
tion of temperature [Vochten, (1973)] in some
ranges of temperature and composition. This be-
haviour is quite peculiar, since for most of fluids,
the surface tension decreases when temperature
increases, and is thought to induce specific flows
in presence of a surface thermal gradient.

A temperature gradient at the interface will cre-
ate a surface tension gradient inducing a flow that
at the interface goes from regions of low surface
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tension to high surface tension ones (Marangoni
effect). Therefore, for aqueous fatty alcohol solu-
tions, one can expect the fluid to flow in the usual
manner for surface temperatures below the tem-
perature of the equilibrium surface tension min-
imum and in the opposed direction when inter-
face temperatures are above the equilibrium sur-
face tension minimum, at least when consider-
ing the equilibrium surface tension curve. In
the same manner, when the surface temperatures
are ranging from below to above the tempera-
ture Tm of the minimal surface tension, it can
be expected that a thin layer will be “opened”,
that is to say that for a high enough tempera-
ture gradient the solid support of the liquid layer
may de-wet. The guessed surface opening of the
layer has however never been observed, but ex-
periments performed with aqueous solutions of
n-heptanol and n-hexanol showed surface flows
from cold to hot regions, even when surface tem-
peratures where below the static surface tension
minimum Tm [Pétré, (1993)]. For instance, for
water/n-heptanol Tm is at 40°Cbut the Marangoni
flow from cold to hot regions has been observed
with surface temperatures as low as 8.5 °C[Pétré,
(1993)].

These observations show that the equilibrium sur-
face tension curve alone does not allow predicting
the flow motion and the surface flow direction in
these cases. So far, the actual surface tension gra-
dient remains unknown. The main goal of this
work is to determine this quantity.

For this purpose, we carried out experiments on
a new set-up allowing temperature measurements
and developed a simple theoretical model based
on the Navier-Stokes equations.
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2 “One dimensional” process

The purpose of a simple 1-D model is only to
describe the flow in a limited region of the ex-
perimental device where the observations are per-
formed. (see figure 1). The rectangular coordi-
nates are used to describe the experiment, with
x as a horizontal direction, perpendicular to the
channels between which positive thermal gradi-
ent was created, and with z as a vertical direction
. No effect along the third direction was consid-
ered, nor was observed in the limits discussed in
the next sections.

Both liquid and gas phases are considered vis-
cous and obeying to Boussinesq approximation
[Drazin, (1987)]. The density, dynamic viscos-
ity, thermal expansion and heat diffusivity coef-
ficients will be noted respectively ρ , μ , β and χ
with “l” subscript for the liquid and “g” for the
gas. The stationary flows are governed by the
state equations

ρ = rho0 [1−β (T −T0)] (1)

and by the continuity, Navier-Stokes and Fourier
equations.

Accounting for Boussinesq approximation and for
two-dimensionality, the continuity equation reads

∂u
∂x

= 0 (2)

With the same approximations, and after elimina-
tion of the pressure, the Navier-Stokes equations
are for both phases

∂ 3u
∂ z3 =

ρ0.g.β
μ

∂T
∂x

(3)

and the heat equations

χ
∂ 2T
∂ z2 = u(z).

∂T
∂x

(4)

Taking the derivative of Eq. (3) with respect to x,
shows with Eq. (2), that the second derivative of
the temperature with respect to x vanishes. Then
deriving Eq. (4) with respect to x, shows with Eq.
(2) that:

∂T
∂x

= C.
1z+C2 (5)

Using this form of the thermal gradient in the
Navier-Stokes Eq. (3) leads to the general form
the velocity fields

u(z) =
ρ0gβ

μ

(
1
24

C1z4 +
1
6

C2z3
)

+
1
2

C3z2 +C4z+C5

(6)

When using these analytical forms of the tempera-
ture gradient and velocity fields in the two dimen-
sional stationary Fourier Eq. (4), the analytical
expressions of the temperature fields are

T (x, z) =
ρ0gβ
μχ

(
C2

1

6.7.24
z7 +
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6.24
z6

)
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4.6χ

)
z4

+
(

C1C5

2.3χ
+

C2C4

2.3χ

)
z3 +

C2C5

2
z2 +Γ(x).z+Γ◦(x)

(7)

The coefficients Ci ( i = 1 to 5) and the functions of
z introduced are to be determined from the bound-
ary conditions. It has to be noticed that the tem-
perature profiles of Eq. (7) are more general than
those obtained in [Birikh, (1966);Villers, (1987);
Kirdyanshkin, (1984)] , since here the horizontal
thermal gradient may vary with z, so leading in
the velocity fields to the z4 terms and in the tem-
perature fields to the z7 terms.

It can be estimated that the deformation of layer
thickness by the flow remains inferior to 1% in our
experiments. The boundary conditions are there-
fore taken at a constant height.

The boundary conditions used at the gas/solid and
at the liquid/solid interfaces are no slip and con-
stant lateral (horizontal) heat flow:

ug(H) = 0 ul(0) = 0 (8)(
∂T
∂x

)
z=H

= C

(
∂T
∂x

)
z=0

= A (9)

where the C and A are independent of x.

At the liquid/gas interface, a constant lateral heat
flux and the velocity continuity are considered, so
that

ul(h) = ug(h) = uS (10)
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Figure 1: Sketch of the experimental set-up, main dimensions and coordinate system

(
∂T
∂x

)
z=h

= B (11)

where B is independent of x.

From another side, the stress balance at the liq-
uid/gas interface reads

∂σ
∂x

= μl

(
∂ul

∂ z

)
z=h

−μg

(
∂ug

∂ z

)
z=h

(12)

The thermal boundary conditions result from the
approximations leading to the expression Eq. (5)
of the thermal gradient, and from the assumption
that the liquid/gas interface is at constant height
h. Other relations determining the unknowns are
the conditions

h∫
0

u(z).dz = 0 =
H∫

h

ug(z).dz (13)

These relations express that the net volumetric
flow in each section of the liquid or of the gas
layers vanishes and are valid since the set-up is a
closed system and as there is no significant mass
transfer between phases.

With these conditions for the liquid, one obtains

for the velocity profile in the liquid

ul(z) =

Gl

{
B−A
24h

z4 +
A
6

z3 − 3B+7A
40

hz2 +
2B+3A

60
h2z

}

+ uS

(
3
h2 z2− 2

h
z

)
(14)

where

Gl =
ρ0lgβl

μl
(15)

The conditions for the gas are given by the expres-
sion

ul(z) =

Gl

[
B−A
24h

z4 +
A
6

z3 − 9B+16A
80

hz2 +
7B+8A

120
h2z

]

+
1
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[
∂σ
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(
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)
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]
(3z2−2hz) (16)

The comparison of the velocity fields’ expression
allows determining the interface velocity. It is

uS =−3B+2A
240

Glh
3+

h
4μl

[
∂σ
∂x

+ μg

(
∂ug

∂ z

)
z=h

]

(17)
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As a by product, one obtains similarly the velocity
profile in the gas phase, where appears the param-
eter

Gg =
ρ0ggβg

μg
(18)

With these expressions, one obtains the expres-
sion of the interface velocity as a function of mea-
surable temperature gradients and of surface ten-
sion gradients

∂σ
∂x

=uS

(
4μg

H −h
+

4μl

h

)

− ρ0ggβg

60
(H −h)2(2C +3B)

+
ρ0lgβl

60
h2(3B+2A)

(19)

Recall that the quantities A, B and C are the hor-
izontal temperature gradients at respectively the
solid/liquid, the liquid/gas and the gas/solid inter-
faces. Therefore, the previous relation is between
the surface tension gradient and these quantities,
for given physico-chemical properties of the liq-
uid and given thickness of the liquid and of the
gas layers.

Before presenting the experimental results and us-
ing the new expressions of the fields, it is worth-
while to discuss them with respect to the other ap-
proximations used in literature.

The unidirectional flow in a horizontal layer sub-
mitted to a horizontal temperature gradient as-
sumed constant was considered by several au-
thors [Birikh, (1966);Villers, (1987); Kirdyan-
shkin, (1984); Villers,(1985)]. These authors as-
sume also that the thermal gradient is constant
in the vertical direction. Our results do not use
this assumption and are therefore generalizing the
results of the above mentioned authors. In par-
ticular, the natural convection arising in the gas
phase is here quantified (two sided model) and
accounted for in the interpretation of the results
(see next sections). From another side, some au-
thors have studied the stability of such flows with
one sided model [Mercier, (1996); Smith (1983)].
This aspect is not considered here, but we instead
focus on experimental conditions where such in-
stabilities should not occur by selecting perform-
ing experiments with thin enough layers.

The results obtained here have the advantage of
being valid whatever the surface tension depen-
dence on temperature is. It appears here that the
velocity profile in the liquid is a linear superposi-
tion of three, rather than two, contributions. To
the contributions due to buoyancy in the liquid
and the one due to surface tension variations, there
is a contribution linked to the buoyancy in the gas.
Since in practical experiments it is not possible
usually to avoid the latter, it should be taken into
account in order to accurately link the measurable
quantities to the observed flow or to the actual sur-
face tension gradient and/or to design the set up.
Obviously, the relative importance of these con-
tributions to the amplitude of the surface velocity
depends strongly on the thickness. It can be an-
ticipated that a small thickness of the layer will
damp the importance of the buoyancy contribu-
tions up to negligible values.

However, the main result is that within the ap-
proximations performed, the velocity and the
temperature profiles are fully determined by the
knowledge of the surface velocity and the hor-
izontal thermal gradients at the three interfaces.
Our experimental objective is to measure these
quantities that allow evaluating the actual surface
tension gradient.

3 Experimental approach

The experimental set-up is adapted from the one
used in [Pétré, (1993)]. It has been modified to
allow for temperature measurements and video
recording of tracers at the liquid surface. The liq-
uid whose surface velocity is to be measured is
placed in a PYREX Petri box (of inner diameter
of 180 mm, see figure 1). On the underside of the
Petri box two parallel glass channels are glued;
they aim to create the horizontal thermal gradient
in the fluid layers. The distance between the glued
glass channels was of 9.8 mm in [Pétré, (1993)]
and of 12 mm in this work.

A double-wall glass lid of greater diameter cov-
ers the Petri box, to fix the upper temperature at
a fixed value, independent of the horizontal posi-
tion. This temperature is the highest temperature
in the set-up, so as to avoid any condensation that
could hinder the observations of the liquid/gas in-
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terface motions. There are four independent ther-
mostatized baths and the temperatures are set to T1

for one glass channel, T2 for the other one, T3 for
the water bath in which the Petri box is immersed,
and T4 for the cover (slid), with T1 < T2 < T3 < T4.
This means that the Petri box is placed in a water
bath whose temperature is intermediary between
the glass channels temperatures.

A small glass tube through the lid allows the intro-
duction of a thermocouple. A thermocouple type
K of 0.25 mm diameter was used and its verti-
cal displacement was ensured and measured by a
micrometric screw. The lid and the thermocouple
were fixed into the frame of the set-up. The lower
part of the set-up (that includes the Petri box) was
put on a movable plate carried horizontally by a
micrometer, so that precise positioning in both
horizontal and vertical position of the movable
thermocouple can be performed. The temperature
measurements are performed once the steady state
is reached, and the experiments repeated to ensure
reproducibility. The temperatures were so mea-
sured at the interfaces and in the bulk liquid and
gas phases, so providing among others the tem-
perature gradients A and B.

Measurements of interface velocity are preformed
separately. Visualisation of the interface is per-
formed by poring dry talk particles from the above
mentioned lid, once the thermocouple is retrieved.
Velocimetry is performed once the steady state is
reached, by video records of the interface image
obtained with a profile projector (magnifying by
10 on the screen) and the velocities deduced by
measuring the time needed to travel over given
distances on the free surface (3 and 5 mm). The
tracers (talc) velocity at the surface was moni-
tored with a CCD camera through a total reflec-
tion prism (see figure 1).

The liquid thickness is 1.8 mm (50 ml of liq-
uid). The gas layer thickness is 18 mm. The
set up is such that the flow is irrotational in the
observed zone. No hydrodynamic instability are
likely to occur (nor were observed) in the liquid
with the experimental configuration and the range
of parameters selected for our experiments, con-
sistently with the stability analysis performed by
[Villers,(1985); Mercier, (1996); Smith ,(1983)].

The systems studied here are pure water and
a 6.18 mili-molal aqueous solutions of n-
heptanol. Note that the water/n-heptanol solu-
tion has minimum value of the equilibrium sur-
face tension located at a temperature close to
40°C[Vochten,(1973)].

Experiment were first performed in pure water
to calibrate the system, and then in the water/n-
heptanol solution. The main experimental condi-
tions used are reported in table 1.

4 Results of experiments in water

With the experiments performed in pure tri-
distliled water, we wished to validate the pro-
posed analytical model linking surface velocities
to surface tension gradients and thermal gradi-
ents (Equation (19)). The usual delicate precau-
tions and procedure to avoid surface contamina-
tion were used. The imposed temperatures are
given in table 1. We approximate the values
of the physico-chemical coefficients of the liquid
and gas phases by respectively these of water and
moist air at the average temperature of the surface
(28°C) and at 1 atm.

ρ0l = 996kg/m3, ρ0g = 1.17kg/m3

β0l = 0.28510−3K−1, β0g = 3.310−3K−1

μl = 0.83310−3N/m2, μg = 1.8710−5N/m2

The gradients A and B are respectively deduced
from these measurements of the temperatures
recorded in the liquid at the bottom rigid wall
and at the liquid/gas interface millimetre by mil-
limetre. For imposed temperature gradients above
1400 K/m, the tracer trajectories started being 2-
D and remained 2-D in a lateral extension larger
than the distance between the channels. Ulterior
experiments were performed below this gradient,
and could verify in addition of the one dimen-
sionality of the flow, a good uniformity in the re-
gion between the channels. As an example, when
T2−T1 = 6.9 K, the video records provide a mean
velocity of surface tracers of - 4.48 mm/s (from
hot to cold regions) on a span of 3 mm, and a ve-
locity of - 4.50 mm/s on a span of 5 mm. The
mean value of - 4.49 mm/s is considered as usable
for the model.
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Table 1: Main experimental conditions

system T1 Range of T2 T3 T4

(K) (K) (K) (K)
Water 303 307 to 313 303.4 315
Water/n-heptanol
6.18 103 moles/kg

298.4 303.6 to 310 301.6 315

Table 2a summarizes the main overall experimen-
tal results for pure water.

The last column provides the mean values of the
surface velocities for different values of the ther-
mal gradient. From these and using the relation
(19), we deduce the corresponding surface tension
gradient (first column of table 2b). This quantity
is referred here as the “measured surface tension
gradient”.

Table 2b also provides the ratio of the measured
surface tension gradient by the measured free sur-
face thermal gradient (column 3). This ratio fits
well the variation with temperature of the equilib-
rium surface tension (fourth column) i.e (-0,0004
T - 0,1448) mN/(m K) where T is in °C. This pro-
vides good confidence that our model is usable for
the measurement of the surface tension gradient.

5 Results of experiments in water/n-heptanol

The results obtained in water/n-heptanol are now
detailed. The particles moved always from the
cold region to the hot one, although the surface
temperatures were below the temperature of the
minimum of equilibrium surface tension. These
observations were reproduced up to a surface tem-
perature of 8.5 °C. The surface velocities at the
temperature of the surface tension minimum, in-
stead of vanishing, were of the order of 3 10−4

m/s for a difference of temperature between the
channels of T2−T1 = 6 K.

Table 3a summarises the results of surface tension
measurements in the heptanol aqueous solution.
The values are the average values of experimen-
tal points considered as statistical series: temper-
atures as function of position, velocity as function
of position. The “error cross bars” presented in ta-
ble 3a and figures 2 and 3 correspond to twice the
standard deviation (“two sigma”) for the temper-
ature gradients, and to half the standard deviation

for the velocities.

As compared to pure water, but for the same tem-
perature difference between the solids walls and
a same temperature difference between the chan-
nels, the velocities are a few times smaller than
in water and of opposed sign, that is to say, from
cold to hot. Measured liquid temperature gradient
at the solid interface (A) is a few times larger than
in water. Typical shapes of gradients are shown in
fig. 2.
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Figure 2: Example of measurements of liquid
temperatures in water n-heptanol solutions at the
liquid/solid and the liquid/gas interface

The relation between gradients B and A is shown
in (Figure 3). The dependence does not seem per-
fectly a linear one and, although it is not obvious
to decide of this question within the experimen-
tal uncertainties, a better correlation seems more
quadratic for high gradients. The surface velocity
is displayed in figure 4 versus the applied gradient
(gradient A) and in figure 5 versus the liquid/gas
interface measured temperature (gradient B).

The surface velocity does not depend linearly on
any of these gradients and the best polynomial fit
is a quadratic one. In the third column of table 3b
appears the “measured surface tension gradient”
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Table 2a: Measurements performed in water (see also table 1 ). Set temperature differences and measured
gradients at the solid interface (A), at liquid gas interface (B), surface velocities measured on a span of 3
and 5 mm, and the mean value considered.

Applied Measured Mean interface Measured Measured mean surface
(T2 −T1) Liq/sol gradient A temp. Liq/gas gradient B velocity u (10−2m/s)

(K) (K/m) (K) (K/m) on 3 mm. on 5 mm Mean value
4 53.3 305 28.6 -2.61 -2.62 -2.61

6.9 89.9 306.45 49.9 -4.48 -4.50 -4.49
8.5 111 307.25 59.9 -5.44 -5.78 -5.61
10 142 308 75 -6.79 -6.82 -6.81

Table 2b: Analysis of experiments in water: value of the surface tension gradient deduced from table 2
with expression (19), mean surface temperature, experimental surface tension/temperature coefficient, and
equilibrium value of the surface tension / temperature coefficient

∂σ
∂x Mean interface temperature ∂σ

∂x /B
(

∂σ
∂T

)
eq

(10−5N/m2) (K) (10−5N/m/K) (10−5N/m/K)
-45.9 305 -1.60 -1.576
-79.2 306.5 -1.59 -1.587
-92.8 307 -1.55 -1.587
-119 308 -1.59 -1.588

Table 3a: Analysis of experiments in a water-heptanol solution: driving set temperature difference between
the channels (T2-T1), measured mean temperature gradient at the interface (B), the surface tension gradient
deduced from table 3 with expression (19), and the product of the equilibrium surface tension coefficient by
B.

Applied Measured Liq/sol Mean interface Measured Liq/gas Measured mean surface
(T2 −T1) (K) gradient A (K/m) temp. (K) gradient B (K/m) velocity u (10 −3m/s)

A 3σ B 3 σ u 1/2σ
3.37 180 12 299.95 187 7 0.27 0.049
5.31 251 28 300.85 312 17 0.31 0.057
5.61 315 68 300.55 461 19 0.43 0.062
7.35 440 29 301.85 564 29 0.72 0.236
8.67 514 37 301.45 331 22 0.67 0.187

11.12 512 69 300.65 440 102 1.14 0.063
11.43 596 60 302.65 467 17 1.46 0.339
12.24 696 74 302.55 547 58
12.96 753 3 302.55 597 3 1.62 0.394
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Table 3b: Analysis of measurements performed in a water-heptanol solution (see also table 1): measured
surface tension gradient, mean temperature of interface, ratio of surface tension gradient to surface temper-
ature gradient and equilibrium value of the surface tension/temperature coefficient.

∂σ
∂x Mean interface ∂σ

∂x /B
(

∂σ
∂T

)
eq

(10−5N/m2) temperature (K) (10−5N/m/K) (10−5 N/m2/K)
50.6 299.9 2.71 -0.98
58.8 300.8 1.88 -0.89
80.8 300.5 1.75 -0.92
134 301.8 2.38 -0.80
126 301.4 3.81 -0.84
212 300.6 4.82 -0.91
272 302.6 5.82 -0.73
343 302.5 5.75 -0.74
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Figure 3: Correlation between the measured mean
thermal gradients at the liquid/solid interface (A)
and at the liquid/gas interface (B)

dσ/dx deduced as for pure water from formula
(19). The static surface tension/temperature co-
efficient multiplied by the measured free surface
thermal gradient is provided in the fourth column
of table 3b. The good agreement found above for
water, collapses for water-n-heptanol. This dis-
agreement is mainly on the sign, as shown on fig-
ure 6.

The flow is going from the hot region to the cold
one, although the interface temperature is below
the minimal surface tension temperature. Note
that in the set-up we used, the terms involving
buoyancy are together inferior to 1% to the ob-
tained value of the surface tension gradient. For
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Figure 4: Free surface velocities (us) as a function
of the gradient applied at the level of the channels.
The 3 points without crossbars are the estimates
obtained with a single measurement (not reported
on tables)

y = 5E-06x
2
 - 0,0001x

R
2
 = 0,7987

0

0,5

1

1,5

2

2,5

0 100 200 300 400 500 600 700

measured mean surface gradient (K/m)

m
e

a
s

u
re

d
 m

e
a

n
 s

u
rf

a
c

e
 

v
e

lo
c

it
y

 (
m

m
/s

)

Figure 5: : free surface velocities (us) as a func-
tion of the measured mean gradient at the liq-
uid/gas interface (B). The correlation is forced to
pass by origin

instance, comparing the different thermal contri-
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Figure 6: Estimation of the surface tension gra-
dient obtained with formula (19) versus the mea-
sured gradients. Triangles refer to the measured
velocities and diamond shapes refer to product
B by the equilibrium surface tension temperature
coefficient

butions in expression (19) in the measurement
where B is 187 K/m, the liquid dynamic pressure
is 1.38 10−5mN/m, the gas dynamic pressure is –
1.15 mN/m, and the sum of both is 0.23 mN/m, to
be compared to computed surface tension gradient
of 50.6 mN/m. It can be estimated that an evap-
oration induced solutal contribution in the buoy-
ancy terms is also negligible thanks to the small
thickness chosen for the gaz and liquid layers.
This smallness of buoyancy contribution is how-
ever not a general case and in particular around
8°C, where we observed that the surface veloc-
ity decreases significantly. In any case, although
we obtained an experimental measurement of the
actual surface tension gradient, it seems interest-
ing to consider later on the influence of additional
mechanisms, linked to interface thermal condi-
tions, in order to explain the inversion on the flow
sign and the shift of the temperature of the surface
tension minimum.

6 Conclusions

In this paper we reported experiments on sur-
face tension driven phenomena in water and in
aqueous fatty alcohol solutions and developed a
simple theoretical model based on the Navier-

Stokes equations in order to determine the effec-
tive surface tension gradient at the liquid-gas in-
terface. The experimental set-up was adapted to
mimic the theoretical constraints of the model.
We succeeded to validate this model in the case
of pure water – well documented in literature –
and clearly showed that for the heptanol aque-
ous solution, the experimentally determined sur-
face tension gradient involves other major non-
equilibrium processes. Further studies and elab-
oration are required along these lines.
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